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M. Béhm and G. Junker

Physikalisches Institut der Universitat Wiirzburg, Am Hubland, 8700 Wiirzburg, Federal Republic

of Germany

(Received 2 December 1987; accepted for publication 25 January 1989)

The path integral for the n-dimensional free particle is considered. According to the underlying
symmetry, the short time propagator is expanded in zonal spherical functions of the Euclidean
group G = T'" % SO(n) with respect to the subgroup H = SO(n). The group theoretical
approach to path integration, including the radial part, is explicitly demonstrated.

I. INTRODUCTION

Recently, the present authors’ have developed a general
scheme for path integration on a homogeneous space given
by a group quotient G /H, HC G. For a trivial group H = {e}
the short time propagator has been expanded in group char-
acters of G. In all other cases H #{e} the group expansion
has led to a decomposition of the short time propagator in
zonal spherical functions. Up to now this technique has only
been applied to the generalized polar coordinate path inte-
gral' and to the path integration on spaces with positive and
negative curvature.” The purpose of the present paper is to
include radial path integrals in this group theoretical ap-
proach. The free particle in » dimensions is considered
where the Euclidean space E,, is viewed as the quotient G /H.
Here G is the n-dimensional Euclidean group, which is a
semidirect product of the translation group and the rotation
group in n dimensions, T " ® SO(#n), and H = SO(n).

This paper is organized as follows. In the next section,
the n-dimensional Euclidean group and its representations
are discussed in some detail. The Fourier decomposition of
functions f(g) of geG, satisfying f(h ~'gh) =f(g) for
heH, is constructed explicitly. In Sec. I1I this decomposition
is applied to expand the short time propagator in zonal
spherical functions D &, (g) of GD H. An integral represen-
tation of the free particle propagator is obtained, leading to
the well-known result of Feynman.?

Il. THE EUCLIDEAN GROUP IN n DIMENSIONS,
G=T"% SO(n) :

The Euclidean group G = 7" ® SO(n) acts as a trans-
formation group in the Euclidean space E,, of n dimensions
via the map

~ gra—ha+r, geG, 2.1)

where 4 is an n X n matrix representation of the subgroup
H=S0(n). The parameters of the group element
g = g(r,h) are the n(n — 1)/2 Euler angles of # and the n
coordinates of the translation vector r given (for conven-
ience) in polar coordinates (#,¢;,95,....¢¢, —1). The group
composition law is

g(ri,h))g(roh,) = g(r, + hiryhihy). (2.2)

A general group element may be decomposed into a transla-
tion and a rotation (see Ref. 4, p. 548)

g(r,h) =g(r,1)g(o,h) =g(o,h)g(h ~'r,1), (2.3)
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where 1 stands for the # X 7 unit matrix and o is the n-dimen-
sional null vector. Obviously any point r in £, may be ob-
tained via a translation of the origin o,

g 0T (2.4)

Accordingly we may restrict gin (2.4) to the form g(r,1), as
the origin is invariant under pure rotations g(o,4). More-
over, any function f (r) defined over E, may be viewed as a
function f(g) on the group manifold of G. Especially if
f(r)=f(r) depends only on the radial distance r, it is a
function invariant under rotations g(o,4). The zonal spheri-
cal functions D & (g) having this property are given by Bes-
sel functions (see Ref. 4, p. 553)

D& (8) =T (n/2)(2/kr) =220, 5y 0 (kr), (2.5)
where r is the radial polar coordinate of the translation vec-
torr in g(r,A). The basis states of G are usually labeled by £,
1, and M corresponding to the conserved energy (E = #°k %/
2m), angular momentum, and its degeneracy, respectively.

For a translation by r along a fixed axis a, e.g., the unit

vector in x,, -direction, the associate zonal spherical function
reads (see Ref. 4, p. 554)

D%,(g(ra1))

= i’r(n/Z)[(21+ n—2) Td+n=2)p”

INr(n—-1)

2 \(n—2)/2
X( ) Jiv iy (kP

(2.6)
kr

where L stands for the (n — 1)-tuple L = (/,0,...,0), with
[=0,1,2,.... Note that any r may be obtained from ra
through a pure rotation #€SO(n), r = h(ra). (See Ref. 1.)
As is known, a function f (g) invariant under a rotation
g(0,h) may be expanded in zonal spherical functions:

@ =f dk F(k)d, D 5 (g), (2.7)
0
where
Fk) =f dg f(g)D(g). (2.8)
G

In the above, dg is the invariant volume element of G given
by

dg =dr dh, (2.9)

where dh is the normalized invariant Haar measure of
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H = SO(n), fy dh =1 and dr is the usual Euclidean mea-
sure. The “dimension” d, is defined by’

Sk —k
-S—;-——)- f dg D (2)D (o). (2.10)
Using the explicit form (2.5) we find
5(k~—k’)___ (-f_l_) 2n—~1,n_n/2
dk 2 (kkr)(n—Z)/Z

Xf drrd e, _ o0 (kr) 0y (K'7).
(4]
(2.11)

Comparison with the closure relation of Bessel’s function®

f dr i, (knJ,(k'r) =—11;-6(k—k') (2.12)
0
leads to the identification

d, = kr=1/{2" '7" T (n/2)]. (2.13)

For n = 2, d, agrees with Barut and Raczka® who discuss
the harmonic analysis of 72 ® SO(2).

Finally we would like to mention that for f(r)
zf(g)r(n — 1)/2(277,)'1/2 and i’(k) = F(k)k (n—1/2 {he
transformation (2.7) leads to the Hankel transformation of
orderv= (n—2)/2:

Fin = r dk F(k)J, (kr)kr,
Ow (2.14)

Fo =J drf (nJ, (kr)\kr.
0

lI. PATH INTEGRATION OVER G

As an application of the above group expansion we con-
sider the Feynman propagator of an n-dimensional free par-
ticle given in the sliced time basis

11 {G) ool 5]

K(r,r,;T) = lim

N oo
N—1
X 11 dr;, (3.1)
i=1
where the short time action is given by
S, = (m/2€)(Ar))*. (3.2)

Here we have adopted the usual notation Ar; =r1; — 1, _,,

r.=7r, I,=ry and an isometric time slicing
€N= tb b ta == T
Let us consider the group element g; = g(r;,1). Obvi-

ously the origin is mapped onto r; via the translation g;. The
combination,

gohg =g '(r_,Dgr,) =g(r; —r;_,,1), (3.3)
is just the translation mapping o onto Ar;. Therefore the
short time propagator in (3.1) may be considered as a func-
tion f (gj ', g;) on G which depends only on the parameter
r = |Ar; | of the group element (3.3). Hence the Fourier de-
composition (2.7) may be applied to exp{(i/ﬁ)Sj}, where
the coefficient (2.8) is given by (z = m/2ifie),
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F(k) — 217n/2(2/k)(n~ 2)/2

X f drr?e™"J 4, (k). (3.4)
(4]

In (3.4) the integration over the subgroup H and the group
parameters (@y,...,@, ) of the translation vector r has been
performed. Using the integral formula’

f dx x”+'e™**J (Bx)
0

=B"(2a) "~ exp{ — B*/4a},

Rea>0,8>0,Rev> — 1, (3.5)
we find

F(k) = (1/2)"?* exp{ — k*/4z}. (3.6)

To be more explicit we have derived the decomposition

m n/2 lm
im . Az}
(Zﬁiﬁé) exP{ﬁZG ||

“ ik
:J(; dkexp{~l me} d/\Dg()(gj-__llgj). (3‘7)
With the aid of the orthogonality relation,
Jdr D (818D s* (g7 '8 1)
S5k —k' _
=2 Dl (g g ), (3.8)
k

the path integration can be performed leading to the follow-
ing integral representation of the free particle propagator:

K(r,r;1)
w0 . ﬁZkZ
=J; dk exp{ — -—;— . T} d D (87 '8s)-

The energy spectrum may be identified tobe E, = #k2/2m.
In order to obtain the normalized wave functions we make
use of the group property

(3.9)

D&)(g gb)“’ZDLO(gb)D 5(8.)- (3.10)

As r=h(ra), it follows from (2.3) that g=g(r1)
= g(0,h)g(ra,1)g(0,h ~') and the associate spherical func-
tions

Dio(glo,h)g(ra1)g(o,h ")) =D o(g(0,h)g(ra1))
decompose into
Di,(g) = ZD (g(0,m)D7 i (g(ra,1)). (3.11)

Note that the sum vanishes unless L' is of the form L' =
(1,0,..,0) (see Ref. 4, p. 555) and D%, ,(g(0,h)) reduces
to the associate  spherical functions of SO(n),

.glo,h))=d t10 (B), given in Ref. 1. Collecting every-
thmg, the propagator (3.9) is rewritten as

K(rb’ra;T)
=" drexpl — —"-)E T}
J:) exP{ (ﬁ k

Xz\l’kw(rb)\l’fm(ra) (3.12)
%4
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with
W (r) = @Dﬁro(g(m,l))dilo (h)
=il(k/r?) UZJH (n—2ys2 (kr)

XNE(n/2)/27"* Y 5 (€). (3.13)

In the last step, we have used Eq. (2.6). Y, (e) are the
hyperspherical harmonics in n dimensions.! The integers m;
of the set M= (m,..,m,_,) are related by
mi>my>>m, _,>|m, _,|>0. With Eq. (2.12) the
normalization

fdr Won (WL, (1) =8k — k')8,. 84y (3.14)

is shown immediately.
Performing the integration in (3.12) by using formula
#6.6332 of Ref. 7, we obtain

K(l'b,l'a§T)

et el 2 4

© mr,r
a’b
Xy 11+(n—2)/2( )
=

T
C{n/2)

XY ——~ Y (e,) Y3 (e,).
; Py mM\Cp )Ly

For n =3, (3.15) reduces to the result of Peak and Ino-
mata.’

Finally we would like to mention that the & integration
can be directly performed in Eq. (3.9) via (3.5), leading to
the original result of Feynman,’

m n/2 lm
K(r,r;T) = ) { r,—r, 2}.
(ForasT) (2m'hT eXP| 2 o el
(3.16)

(3.15)

(V. DISCUSSION

In the present work we have applied the expansion in
zonal spherical functions, developed in Ref. 1, to the path
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integration over the Euclidean group in # dimensions. The
technique has been explicitly demonstrated for the n-dimen-
sional free particle. Our result for the free particle coincides
with that obtained via the Gaussian path integration, as ex-
pected. However, in the present approach the application of
group theoretical methods has been extended to include the
radial path integration. Until now only the angular path in-
tegration over rotation groups had been considered. Now we
may conclude that the complete path integral treatment can
be incorporated in the formalism of Ref. 1. Here the Euclid-
ean group has been considered. However, the same tech-
nique may be applied, for example, to the path integration
over the pseudo-Euclidean group 7" ®» SO(n — 1,1) in n
dimensions.
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In this paper, it is the intent to apply the Riemann-Hilbert transformation developed by
Hauser and Ernst [J. Math. Phys. 21, 1126, 1418 (1980)] in providing a new representation of
the Virasoro group. It is found that the Geroch group that acts on the solution space of the
Einstein field equations is extended to the semidirect product of the Virasoro and Kac-Moody
groups; also, the relationship between the infinitesimal transformation given previously [B. Y.
Hou and W. Li, Lett. Math. Phys. 13, 1 (1987); J. Phys. A 20, L897 (1987); W. Li, Phys.
Lett. A 129, 301 (1988)] and the infinitesimal Riemann-Hilbert transformation is pointed

out. Finally, it is shown that the well-known Neugebauer-Backlund transformation can be

derived from the Riemann—Hilbert transformation.

I. INTRODUCTION

Several years ago Hauser and Ernst' first pointed out
that the Riemann—Hilbert transformation is associated with
the infinite-dimensional loop group: They were able 1o give
the explicit action of the Geroch group,? which is shown to
be isomorphic to an affine Kac-Moody group,’ in the two-
dimensional ‘Einstein field equations, the Ernst equation.
The work of Hauser and Ernst developed the result of Kin-
nersley and Chitre,* who gave an infinite set of generators of
the Geroch group. The Hauser—Ernst method can also offer
an effective and powerful technique for generating a new
solution of the Ernst equation from the known solution. Lat-
er, Ueno and Nakamura® applied the Hauser-Ernst method
to the principal chiral model and the self-dual Yang—Mills
fields and established similar representations of the Kac—
Moody groups in these systems. Moreover, Ueno and Naka-
mura pointed out the link between the Kac—Moody algebra
found by Dolan® and the so-called hidden symmetry trans-
formations.” Thus far much investigation and application
has been made toward understanding the Hauser—Ernst
method as related to the Riemann-Hilbert transformation
for some integrable systems.®

In this paper we shall find a way to extend the Hauser—
Ernst method to the more general case. We shall indicate
that the Riemann-Hilbert transformation for the Hauser—
Ernst approach can be related with the Virasoro group as
well as the Kac-Moody group and has a richer structure
than previously expected. The Riemann-Hilbert transfor-
mation gives rise to the construction of the semidirect prod-
uct of the Kac—-Moody and Virasoro groups.

In a series of recent papers,”'? the present authors have
succeeded in constructing an infinite set of infinitesimal
transformations for the Ernst equation. Our transforma-

*) Permanent address: Institute of Modern Physics, Northwest University,
Xian, China.
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tions are different from those given by Kinnersley and
Chitre.* Careful calculation shows that these new transfor-
mations constitute a representation of the Virasoro algebra
which has no central extension and no highest weight, so
that the representation is nonunitary. As a result, anew sym-
metry, like the Kac-Moody symmetry, is confirmed to exist
in the solution space of the Ernst equation and the Geroch
group is thus extended by the Virasoro and Kac-Moody
groups.

We are motivated to find the exponentiation of our in-
finitesimal transformations and give the representation of
the enlarged Geroch group. The problem can be solved by
giving an integral equation which will be proved by means of
the Riemann-Hilbert transformation in Sec. III; it is given
by

—1
lf Fu) Fo)) ™"y (1.1)
CU.I

2_771' s(s—1)

where C represents a circle surrounding the origin and ¢ in
the complex s plane; u(s) and v(s) are, respectively, a 22
matrix function and a scalar function of s; and F(s) and
F,(s) satisfy the Hauser—Ernst linearization equations. The
details of the restrictions to the quantities in (1.1) will be
given in Sec. III.

We see that if v(s) =5, the integral equation (1.1) is
identical with that initially given by Hauser and Ernst' and is
used to provide the representation of the Kac-Moody group.
If u(t) = I (where [ is a unit matrix), the successive trans-
form of F(¢) for Eq. (1.1) is offered by

Uy = 000, or v,(2) = vy(v,{(2)). (L2)

We know that according to the representation theory of an
infinite-dimensional group,'' Eq. (1.2) is the composition
law of the Virasoro group, for which elements consisting of
the set of functions v(r) satisfy the conditions given in Sec.
II1. It is apparent that our work generalizes the application
of the Riemann-Hilbert transformation and presents a new
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approach for generating solutions of the Ernst equation.

The structure of this paper is organized as follows. In
Sec. II we recall the formulation developed by Hauser and
Ernst' for the Ernst equation which will be used in the fol-
lowing discussions. In Sec. II1, we shall describe how to gen-
eralize the Hauser and Ernst approach to the Riemann-Hil-
bert transformation. Then we shall exploit the Riemann—
Hilbert transformation to prove the integral equation (1.1).
In Sec. IV, we derive the infinitesimal transformations given
in (1.1) and identify the infinitesimal Riemann-Hilbert
transformations with those of the Virasoro algebra. Finally,
we shall discuss the group structure of the Riemann—Hilbert
transformation and apply it to rederive some known Back-
fund transformations such as the Neugebauer'? and Mai-
son—-Cosgrove transformations.'?

Il. NOTATIONS AND CONVENTIONS

In order to describe our objective more clearly, it is help-
ful to introduce a few of the notations and conventions that
shall often be used in this paper.

We first start with the metric of the space-time, which
admits two commuting Killing vectors under the line ele-
ment

ds’ =g, dx'dx’+g, dx dx_, 2.0

whereg; (i,j=1,2) and g, _ are functions of x . and de-
fined by

x, =57+ AxY), x_=i(x— Ax%). (2.2)

Here we have two cases to be distinguished for the space-
time: If one of the Killing vectors is timelike, i.e., the space-
time possesses the stationary and axially symmetric fields,
we take the value of A as — j; if both Killing vectors are
spacelike, i.e., the space-time has the cylindrically symmet-
ric fields or the gravitational plane-wave fields, we take A as
1. The treatments in the following discussion are very similar
for these two cases; thus we no longer underline their differ-
ences.

The reduction of the vacuum Einstein field equations
leads to

d.(a'gQd_g)+d_(a 'gQd,g) =0, (2.3)
where
ad d
(9 = - a_ =
Toax, ox_
0 , (2.4)
a=(2, o)
—i 0/

and g is the 2 X 2 symmetric real matrix whose elements g,
are the metric components in the line element (2.1) satisfy-
ing

detg = (Aa)> (2.5)
We will not consider the remainder of the vacuum Einstein
field equations governing the metric componentg | _ in this
paper.

We then introduce the matrix Ernst potential £, which
is a 2 X 2 matrix field and may be defined as a solution of

208+ Aa)d . E=(E+ENQJ.E,

(2.6)
20— ANa)d_E=(E+ENYQ4I_E
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such that
g=UE+E" —pBQ, (2.7)
28 = tr( EQ), (2.8)

where the dagger stands for the Hermitian conjugation. It is
not difficult to show that Eq. (2.3) is equivalent to Egs.
(2.6).

According to the definition of the fields @ and £ from
Eq. (2.3), it is apparent that a and £ are solutions of the
wave equation in two dimensions and have the relation

.= +AN3d.a, . B=—AN3_a. (2.9)
By defining

N, =B+ Aa, n_=B- A, (2.10)
Eq. (2.9) implies that

d,m_=d_n,.=0. (2.11)

Following Hauser and Ernst’s treatment for the lineari-
zation of Eq. (2.6), we define a set of 2 X 2 matrix functions
Fof x, and x_ and a complex parameter ¢ such that for a
given E, F(t) = F(x,,x_;t) isany solution of the lineariza-
tion equations

I F(1)=[t/(1 =2t )] 3. EQF(1),

A_F(ry=1[t/(1 —2ty_)] I_E QF(1).

In the sense of Frobenius the integrable condition of Egs.
(2.12) has to be identical to that of Eq. (2.6). We know that
the linearization equations do not define F(¢) uniquely; thus
we need to suppress some subsidiary conditions consistent

with Eqs. (2.12) such that F(¢) is holomorphic in a neigh-
borhood ¢ = 0 and F(¢) satisfies

(2.12)

F(0) =1, (2.13)
F(0) = EQ, (2.14)
det F(2) =4 ~ (1), (2.15)
F(O)IQ4A()F() = Q, (2.16)
where
. dF (1)
F(1) =—=+,
® at
F(1)' = Hermitian conjugate of F(z*) (2.17)
and
A() =[(1=2m,)(1 —2tq_)1""2,
(1) = [( 7. ( tm_)] (2.18)

Aty =I—t(E+ EHQ.
[Also, I denotes the 2 X2 unit matrix and the asterisk de-
notes the complex conjugation. ]

On the other hand, Egs. (2.6) can be written in the form

A [t/(1 -2y, )]0, E=1t0, E. (2.19)
We then operate A(¢) on the linearization equations (2.12)
and use Eq. (2.19) to obtain

A()I, F(t) =td  EQF(1),

which will be used in the following discussion.

Except for these restrictions on F(z) there still exists the
general gauge transformation of the function F(¢), i.e., for
given any solution F(¢),

F'(ty=F(u(t)

(2.20)

(2.21)
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is a solution of the linearization equations (2.12) also, where
u(t) is any 2 X 2 matrix function of ¢ only and (¢) is holo-
morphic in a neighborhood # = 0 satisfying

u(0) =1,
u()Qu(t) =Q, detu(s)=1.

(2.22)

Since we know that the analytic properties of the function
F(1) play animportant role in our discussion we thus hope to
restrict the gauge to one for which the set of z-plane singular-
ities of the function F(¢) is minimized. Hauser and Ernst''*
proved that for fixed (x_, x_) the function F(¢) has #-plane
singularities at £ = 1/27, and ¢z = 1/27_ regardless of the
choice of gauge: For this reason we can always choose the
gauge such that for fixed (x, x_) F(#) is a holomorphic
function of ¢ on the whole ¢ plane except for the points # = 1/
29, and t=1/27_.

1ll. PROOF OF THE INTEGRABLE EQUATION

Before describing the proof of the integrable equation
(1.1) given in Sec. I, we would like to briefly recall the for-
mulation of the Riemann—Hilbert transformation, which is
an essential tool to our discussion.

First, let us select a circle Csurrounding the origin in the
complex ¢ plane, in which the interior and exterior regions of
C are, respectively, denoted by C and C_. Then there exist
a pair of functions X, (#) and X _ (¢#) ofx_ , x_ and a param-
eter ¢ such that X (#) and X_ (¢) are holomorphic in C
and C_, respectively, and both are continuous on C. If a
given function G(¢) on C, called the kernel, is analytic and
connects X (¢) with X_ (¢) by a relation

X ()=X,()G(t) on C, (3.1)

the solutions X, (¢) and X_ (#) to Eq. (3.1) are unique: This
is the so-called Riemann—Hilbert transformation. It is well
known that the Riemann—Hilbert transformation can be
used in connection with the generation of a new solution to
some nonlinear equations from prior solutions once the ker-
nel G(r) is explicitly given.

The key to the problem is how to find an explicit expres-
sion of G(¢) and solve X (¢) and X_(¢) in the different
regions. Hauser and Ernst''* proposed that for a given solu-
tion F,,(¢t), which is assumed to be holomorphic on the whole
tplane exceptat /. = 1/29, and f_ = 1/2%_ and lying in
C_, the kernel G(#) can be constructed by the form

G(1) = Fy(Du()F§ (1), (3.2)
where u(#) is defined as a 2 X 2 matrix function of 7, indepen-
dentofx, andx_, such that u(¢#) isholomorphicinC + C_
and satisfies the conditions

() Qu(t) =90, detu(s) =1. (3.3)

Then Hauser and Ernst were able to verify that with the aid
of the solutions X, (¢) and X _(¢) to the Riemann—Hilbert
transformation, with the boundary condition

X, (0)=1, (3.4)

one can construct a new solution F(¢) to Egs. (2.12)~(2.17)
by defining
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F() =X, ()F,(1) in C,,

=X_()F,(Du(t)™" in C_, (3.5)
with the new matrix Ernst potential E:
E=E,+X,_(0). (3.6)

Further investigation shows that the Hauser-Ernst ap-
proach to the Riemann—Hilbert transformation establishes a
simpler representation of the Geroch group, a group whose
elements consist of the set of 2 X2 matrix functions u(#)
subject to the conditions (3.3) and whose composition law
corresponds to the exact form of the Kac-Moody group.
However, for our purpose we would like to extend the
Hauser-Ernst method to the more general cases in which the
Virasoro group, of which an infinite set of infinitesimal gen-
erators were found to act on the solution space of the Ernst
field equations, will be described in addition to the Kac-
Moody group.

Now let us first define a scalar function v(#) such that
v(?) is independent of x, and x_ and is holomorphic on
C + C_ except at infinity, where v(¢) tends to linear diver-
gence and such that v(¢) is a linear function or has singulari-
ties in C__ . We further state the restriction that for fixed x
and x__, £, and ¢_ are single-value solutions to

(1= 20(0)n )1 — 2v(DHy_) =0, (3.7)

which liein C_; 0(¢ . ) #0. We introduce the new notations

7", and °_ such that
t, =129, =v='(1/29,),
=129 =v '(1/29_).
From Eq. (2.11), we can easily prove that %', and "_ satis-
fy

(3.8)

(3.9)

In fact, Eqs. (3.8) can be interpreted as the transforms
of variables between different coordinate systems. Thus we
define that under the transformations (3.8) the given solu-
tion F,(¢) to Egs. (2.12)-(2.16) is changed into F{(?),
which satisfies the linearization equations and correspond-
ing subsidiary conditions by replacing 7 and %_ with ',
and n’_ . Thus we have E .

Hence we prefer to select the kernel G(#) as the form

G(t) = Fi(u(t)Fy{v(t))™" on C, (3.10)

where u(?) is the same as given above. Thus in our case the
Riemann-Hilbert transformation can be written in the form

X_=X_Gw

d,q_ =d_m, =0.

=X, (OF (DHu(t)Fyv(5))~' on C, (3.11)
with the boundary condition
X (0)=1L (3.12)

Similar to Hauser and Ernst,"'* we shall exploit X, (¢) and
X_ () in order to construct the new function F(¢) by

F(t) =X ()F4(t), in C,,
=X_(O)Fylv())u~"(¢) in C_.

We shall show that F(¢) constructed in Egs. (3.13) isa
solution to the following:

(3.13)
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(3.14)
d_F(t) = [t/(1 =2m"_)]0_E QF(1),
A()d, F(t) =3, EQF(t), (3.15)
A()I_F(t) =3_E QF(1),
F(0) =1, (3.16)
F(0) = EQ, (3.17)
det F(t) =A'(t) "}, (3.18)

F()'QA(n) F(r) = Q, (3.19)
where

E=E;+X' (0)Q, (3.20)

Ay =1—-1(E+ENHQ, (3.21)

Ay =[=2m, )1 -2 )]"2 (3.22)

To prove Eqgs. (3.14), we operate Egs. (3.13) in differ-
entiation with respect to x_, and obtain

AFFO) "=, X . (OX, (O '+ [t/A =29 )] X, (DI, E; QX' () in C,

=3, X_(OX_) '+ {v)/[1 =20  1}X_()d,E, QX ~ () in C_.

Since X (¢) and X_(¢) are, respectively, holomorphic in
C, and C_ and v(¢) is holomorphic in C_ we observe Eqgs.
(3.23) such that there exists only one simple singularity at
t=1/27", on the whole ¢ plane. Thus Egs. (3.23) imply
that

A F)F() ' =P+ [t/(1 -2ty )]Q, (3.24)

where P and Q independent of ¢ are undetermined. From
Egs. (3.12) and (3.23) we obtain

P=0, Q=09,(X, (0)+E;Q). (3.25)
If we set
Q=9.E, (3.26)

we obtain Eqgs. (3.14) for x _, together with Eq. (3.20); in a
similar way, we can verify a component of Eqs. (3.14) for
X

Before we prove Egs. (3.15), we show

X745 X ')
=X ') X 2N (D)

= QA(1) (3.27)
and
QANI,. X, () X 7'(D)

+tX;'(0'Qd, E; QX (0t

=Q4A)I,  X_(1) X Z'(1) (3.28)

+o X -'()H'Q3, E, QX 2 ()
=104, E.

The first equality of Eq. (3.27) is derived from Egs. (2.16)
and (3.13); it can be expressed as a linear function of ¢ since
v(?) is linear in ¢ as well as 4 (v(¢)) when ¢ tends to infinity.
After determining the coefficients of this linear function, we

confirm the second equality of Eq. (3.27). Under similar

consideration and using Eq. (2.20), it is not difficult to prove
Eq. (3.28).

Therefore, it follows from Egs. (2.16), (3.27), and
(3.28) that
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(3.23)
r
A()d F(t) =A(1)d, Fi(r)
+AMNX, ()d, Fi(1)
=A()d, Fo(t) + QX (1)Q
X Ag(t)d, Fi(t
0 + Folt) (3.29)

=A()d, Fy(t) + QX (H)Q
Xd, EqQF{(1)
=3I, EQX (1) Fi(1)
=t d, EQF(2).
Thus we complete the proof of Egs. (3.15).
To prove Eq. (3.18) from Egs. (3.14), we observe that

det X, (1) = det X_(D)[A ()4 (D]. (3.30)

Since the singularities at ¢, and ¢_ on the rhs of Eq. (3.30)
can be eliminated, the functions on both sides entice func-
tions for all . Under the restriction of boundary condition
(3.12) we conclude that the function is equal to 1. As a
consequence of Egs. (2.15), (3.13), and (3.30}, we can ob-
tain Eq. (3.18).

By using Egs. (2.16), (3.3),and (3.27), we observe that

F(t)IQA(HF(1)
=u" " (O FLO' X, (DA X (1) Fy(DHu~'(2)
=u " (OVF )AL Fi(Hu'(1)
=u"'"()'Qu="(1)
=Q. (3.31)

Now let us prove that the integral equation (1.1) given
in Sec. I is identical to the representation of the Riemann—
Hilbert transformation, i.e., both are equivalent. To do this,
we note that since X_ (¢) is analytic in C 4+ C_ (including
t = o), we have

1 X_(s) .
— | —=——=—ds=0 (¢ C.), 3.32
27riLs(s——t) (fn €y ( )
where we used
1 I _4s=0(¢incC,). (3.33)

% cs(s—1t)
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In terms of the Cauchy theorem, we substitute Eq. (3.13)
into Eq. (3.32) to obtain

1 1

— F(sYu(s) Fg '(v(s))ds =0 (3.34)
2mi Jc,, s(s — )

subject to the conditions
F(0) =1, F(0)=EQ. (3.35)

Therefore, we complete our proof of the integral equation
(1.1).

Finally, we should prove that E given in Eq. (3.20) sat-
isfies the Ernst field equations and that its trace is equal to 3 ;
we can obtain the new metric g from this new Ernst poten-
tial.

From Egs. (3.14) and (3.15), we have

AN, F(t) = (1 =2t 77, )3, F(1). (3.36)

Differentiating (3.36) twice with respect to ¢ and setting
t =0, we see that E satisfies Eqs. (2.6) with "_.
We then take the trace to Eq. (3.20) to obtain

te(EQ) =tr(E[ Q) =28’
because
tr X, (0) = tr(X . (0) X ; '(0))

(3.37)

=(detX+(0))“g;(detX+(0))=O, (3.38)

where we used X, (0) = I. Equation (3.37) is equivalent to
E—_ET=23'Q, (3.39)
where the superscript T stands for the transport operator.
According to the definition of g,
g=4E+E")—-B'Q, (3.40)
itis obvious that g1s Hermitian. If we show that g is real, then
it must be real symmetric. From Eq. (3.39), it follows that

E=YE—EN+{ET+EN -B'Q

=WET+E"
=g*. (3.41)
It is not difficult to deduce
detg = (Aa')?, (3.42)
which follows from
A(DTQA(t) =det A(HQ =A1"2(1)Q (3.43)

and Eqgs. (3.19) and (3.40).

IV. DERIVATION OF THE INFINITESIMAL SYMMETRY
TRANSFORMATIONS

In this section we shall discuss the relationship between
the Reimann-Hilbert transformation and the infinitesimal
symmetry transformations given by us previously.® We pro-
posed’ the infinitesimal symmetry transformations

SF(t) = — [t/(t—t"){tF(O)F ~" (1)

— t'F(t"YF =" (T")}F(1) (4.1)
to the linearization equations (2.12) and
SE= —t'Ft")F~'(+)Q (4.2)
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to the Ernst field equation, where for the convenience of
discussion infinitesimal constants are not written out. We
showed® that these transformations constitute the Virasoro
algebra by expanding the powers of the parameter ¢ '. On the
other hand, as indicated above, the Riemann-Hilbert trans-
formation for u(¢) = I corresponds to the representation of
the Virasoro group; thus we expect to derive the transforma-
tions (4.1) and (4.2) from

1 F(s) Fg ' () de—

— 0, (4.3)
2mi Je,, s(s—1t)

with the boundary conditions
F(0) =1, F(t)=EQ. (4.4)

Let us consider the infinitesimal case for Eq. (4.4). Un-
der the infinitesimal transform, we set

St=v(t) —t (4.5)
and

SFy(t) = F(t) — Fy(1). (4.6)
Substituting Eqs. (4.4) and (4.5) into Eq. (4.3) we have
37 e )+ SRONES(9)

— Fy'(5)8s)ds =0, (4.7)

where we omitted the higher orders of (8s)2. Since F,(¢) is
holomorphic in C__ and F,;(0) = I, we can integrate

1 SFo(s) Foil(s)

— | =20 ds=68F,(t) Fg'(1).  (4.8)
2mi Je,, s(s —t)
Hence Eq. (4.6) can be written in the form
Fy(s) Fy'!
SFy(t) Fg'(1) = — 1 [ B8 F O g
2miJc,, s(s—1)
(4.9)

For convenience, we no longer write the subscript of F,(¢).

According to the definition of v(¢) such that v(¢) has the
singularities of or is a linear function in C, without loss of
generality, we can select

St=86Wt= —t ~*+1 (k>0). (4.10)
Substituting Eq. (4.10)into Eq. (4.9), we have
SPFF ()
—k+ 1 —1
_ __1_7 s F(s) F~'(s) ds (k>0).
27i Je,, s(s—1)
(4.11)

Equation (4.11) is the infinitesimal Riemann-Hilbert trans-
formation for the Virasoro symmetry.*'¢
To derive Eq. (4.1), we obtain

0

SF(= 3 SWF(t)t', (4.12)
k=0
where ¢’ lies in C, . Since we always have |¢'/s|< 1, by using
1 = 'k
- = 4.13
s—1t kgo skl ( )
we thus obtain
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SF(t) F~ (1)
) ke —k+1
= __1_’ ts——F(s)F“(s) ds
27 Jo, k= s(s—1)

- S meyF-s)ds
2miJe,, (s—8)(s—1t")
- —- ! SUFOF /(0 = ' FUNFT 1)) (4.14)
Equation (4.14) implies Eq. (4.2) as a result of Eq. (4.3).
Moreover, we need to give the transform of 7, under
the infinitesimal Riemann—~Hilbert transformation. In terms
of Egs. (3.8) and (4.10), the transform yields

8“n. =0, —n,
=1/ 't ) —1/2t,
= (1/2¢%, ) 6%t ,

=—75, 2. )" (k>0) (4.15)
Then we obtain
677j: = z 6”‘)7]it"‘
k=0
=—-7n, > (29, Ytk
k=0
N+
=07 4.16)
1-2t'p, ¢
or equivalently,
Sa= —a/l? (4.17)
8= — [B(1 —2B) + 2N ta*] /A%, (4.18)

which are the same as derived from the infinitesimal trans-
formation (4.2) directly.

In order to investigate the structures of the infinitesimal
Riemann—Hilbert transformation, we consider the integral
equation (1.1) in the case of v(¢) = ¢. Parallel to the above
treatment, it is known that Kinnesley—Chitre transforma-
tions are given by

YO F@) F (1)

1 SR T, F~(s)
ds

s(s—1t)

(k>0)

2mi Jc,,

(4.19)

if we take
YT, =u(t) =T, = —T,t =% (k>0), (4.20)

where T, (a=1, 2, 3) are generators of the Lie algebra
SL (2,R) for which the structure constant is denoted by C ¢, .
Following the calculations in Ref. 9, we can obtain the fol-
lowing commutations:

[8%,8PE = (k— 1)§%+PE, (4.21)
[5(@, 7/,(,1)]E= — 1Y%+ D E, (4.22)
(7, WP E=Co v " E (4.23)

for all k, />0. Equations (4.21)-(4.23) reveal the fact that
the infinitesimal Riemann—Hilbert transformations span the
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structure of the semidirect product of the Kac-Moody and
Virasoro algebras.

According to the previous discussion, it should be em-
phasized that the infinite-dimensional Lie algebra only has a
positive part because k and / are not allowed to be negative.
In another paper,'® we considered the transform ¢— 1/¢ for
the linearization equations: Using solutions to these new lin-
earization equations, we proceeded to find another type of
infinitesimal transformations constituting the negative part
of the infinite-dimensional Lie algebra. We combined these
two parts to form the full algebra, which still lacks the cen-
tral term. In a similar way, in the present paper we can also
show that the other type of infinitesimal transformations
originate from the infinitesimal Riemann-Hilbert transfor-
mation. Therefore, we can drop out the restriction of the
positive k and / in Egs. (4.21)-(4.23).

V. DISCUSSION AND APPLICATION

To examine the structure of the infinite-dimensional
group for the new form of the Riemann-Hilbert transforma-
tion, let us take the following cases into account.

(1) If u(2) = 1, Egs. (3.13) will give rise to

Fiy=X_() Fi(t) in C_,

=X_(H)Fv()) in C_. (5.1)
Now we take the transformations
Fi(t)=X° (1) F5(1) in C,,
=X° () Fylvo(t)) in C_ (5.2)
and
F(y=X' () Fi(1) in C,,
=X" (O)F{p, (1)) in C_. (5.3)
Then we define the new transformation
F () =X? () F§(1) in C,
=X2 (D) Fyv,(0)) in C_, (5.4)

where F [ (1) denotes the transform of F,,(¢) by replacing 1/
29, in v, '(1/27%,). Using Eqgs. (5.2) and (5.3), the
successive transform of F,(¢) can be expressed by

U, (8) = oo, (8)), (5.5)
where vy(2), v,(#), and v,(#), respectively, transform Fy(1)
into F,(2), F,(t) into F,(t), and F,(¢) into F,(¢) and where
X 2(¢) will be determined by the forms X °(¢) and X '(¢) in
terms of the inside or outside of circle C. As explained above,
this formulation will provide us with a representation of the
Virasoro group.

(ii) If u(r) = I, Egs. (3.13) will be reduced to the origi-
nal Riemann-Hilbert transformation proposed by Hauser
and Ernst,’ i.e,

F(t)=X_ ()F,(t) in C_,
=X_(OF,(Hu(t)"' in C_. (5.6)

Similar to procedure (i), we can express a successive trans-
form of F(¢) as the form

u, (1) = up(Hu, (1), (5.7)
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where u, (1), u,(¢), and u,(¢), respectively, transform Fy(¢)
into F, (1), F,(2) into F,(¢), and F(t) into F,(¢). This corre-
sponds to a representation of the Kac—-Moody group.

(ii1) In general, neither v(#) #¢ nor u(t) #1, the Rie-
mann-Hilbert transformation given in Sec. 111, admits the
representation of the semidirect product of the Kac—-Moody
and Virasoro groups. This expression of the Riemann-Hil-
bert transformation is very important and useful because it
becomes possible to prove a Geroch conjecture stating that
any given stationary axisymmetric vacuum space-time can
be generated from Minkowski space by an infinite set of the
symmetry transformations.'*

In order to see how to apply our method to the deriva-
tion of some useful Backlund transformations, let us give a
simpler example. Under our consideration, we set

u(t)y ==s
and

v(t) =7t + 1, (5.9)
where b1is an element of SL (2, R) independent of tand ~and
L are parameters. Thus the corresponding Riemann—Hilbert
transformation can be written in the form

FObF; ' (rt4+p) =X_(1). (5.10)

Since the lhs of Eq. (5.10) is analytic on the whole ¢ plane,
we can always set

(5.8)

X_(t) =38, (5.11)
where B is independent of ¢. From F(0) = 7, it follows that

B=bFy '(u). (5.12)
Thus we finally obtain that

F(t)y=bFy "(u)F(rt +u)b ", (5.13)

which is the formulation of the Neugebauer Backlund trans-
formation found by Cosgrove.'? If we set & = I, the transfor-
mation (5.13) is reduced to the combination of the Maison—
Cosgrove transformation.’> We would like to emphasize
that from the Hauser-Ernst formalism' of the Riemann—
Hilbert transformation one cannot derive the Neugebauer
Backlund transformation because it was proved'? that the
Neugebauer Backlund transformation lies outside of trans-
formations of the Kac-Moody group. However, since we
enlarge the Geroch group by the Virasoro group, we can
state that the Neugebauer Backlund transformation is still
included in the Geroch symmetry transformations.

It is interesting to compare the present formalism of the
Riemann-Hilbert transformation with the Belinskii-Zak-
harov transformation.’® We notice that in the Belinskii—
Zakharov method some scalar functions are put into a solu-
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tion to the Belinskii—Zakharov linearization equations to ob-
tain a new solution. This treatment is similar to the present
paper. However, the new ’, and n’_ in our case are still
solutions of the wave equation (2.11); this is not true for the
Belinskii-Zakharov method. This is the reason why we, un-
like Belinskii and Zakharov, need not redefine the determi-
nant of the new metric to satisfy the wave equation. On the
other hand, it is shown'® that the Belinskii-Zakharov for-
malism does not correspond to the Hauser-Ernst formal-
ism' completely. Thus we conclude that the Belinskii-Zak-
harov transformation must be associated with the Virasoro
symmetry transformation. We need to further investigate
these relationships in the future.

Finally, we point out that the approach to the Riemann—
Hilbert transformation introduced in this paper can also be
applied in other nonlinear systems such as the two-dimen-
sional Heisenberg model and the nonlinear Schrodinger
equation.'” We are hopeful that we can use this new transfor-
mation to generate some new solution of the Einstein field
equations, which is of much interest in physics, from the
known solution.
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Certain aspects of symplectic group representation theory are investigated. In particular, it is
shown that every irreducible representation of Sp(n) admits a relatively large class of states,
referred to herein as canonical states, which possess properties analogous to the Gelfand—
Tsetlin states appearing in the theory of the orthogonal and unitary groups. The properties of
canonical states are investigated and some matrix element formulas are derived.

I. INTRODUCTION

The theory of Lie groups has now been established as an
invaluable tool in physical applications. In particular, physi-
cists are familiar with the well-known treatment of the quan-
tum theory of angular momenta, where the group of interest
is SU(2). The theory of angular momenta is of fundamental
importance in atomic and nuclear physics, where it has been
applied to the calculation of wavefunctions, energy levels,
and transition probabilities.

Since the development of the angular momenta theory,
principally by Racah and Wigner, it has become apparent
that higher order Lie groups play an important role in phys-
ics. For example, the unitary group U(#) plays a fundamen-
tal role in the second quantized formulation of the quantum
many-body problem and was made the cornerstone of Mo-
shinsky’s work on the nuclear shell model.! The orthogonal
and symplectic groups also play an important role in phys-
ics, particularly in connection with parastatistics,2 wave
equations, and for the classification of states in atomic and
nuclear physics.® Lie groups also figure prominently in the
classification of symmetries in elementary particle physics,
which have been extensively studied since the early 1960’s.
More recently, the group theoretical methods of Moshinsky
on the nuclear many-body problem have been extended* to
the many electron problems of atomic physics and quantum
chemistry, allowing large-scale configuration interaction
calculations to be performed’ which would be interactable
by other methods.

Therefore, it is not surprising that a great deal of interest
has been generated in extending the Racah—Wigner theory
of angular momenta to all the classical Lie groups. The first
major step in this direction was made by Gelfand and Tsetlin
(GT),® who constructed a full set of basis vectors for the Lie
groups U(n) and O(n): The matrix elements of the (ele-
mentary) group generators in the GT basis were also ob-
tained. This work was subsequently extended by Baird and
Biedenharn,” who obtained the matrix elements of all U(n)
generators in the GT basis. Moreover, the structure of the
matrix elements (as a product of a reduced matrix element
and a Wigner coefficient) was determined and hence the
fundamental (i.e., vector) Wigner coefficients for U(n)
were given for the first time. The evaluation of all multiplic-
ity-free Wigner coefficients for U (n) was subsequently given
by Biedenharn and Louck'® and Baird and Giovannini.'
Recently, an alternative algebraic approach to this problem
was presented by Gould'? and extended to the orthogonal
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groups’® in order to yield a pattern calculus for the Lie
groups U(n) and O(#n).

Although considerable progress has been made in the
representation theory of the orthogonal and unitary groups,
the symplectic groups, the remaining family of classical Lie
groups, have received comparatively little attention. This is
probably due to the fact that, unlike the Lie groups U(n) and
O(n), there does not exist a canonical orthogonal basis for
the irreducible representations of Sp(»n). The crucial proper-
ty that makes the GT scheme work for U(n) is that in the
reduction of an irreducible representation of U(#) into irre-
ducible representations of U(n — 1) all irreducible repre-
sentations occur with unit multiplicity.>'* This property is
also shared by the orthogonal groups and one would ideally
like to obtain a similar solution for the symplectic groups.
Unfortunately, however, in the reduction of an irreducible
representation of Sp(»n) into irreducible representations of
its subgroup Sp(n — 2) X Sp(2) multiplicities generally oc-
cur'® and extra invariants are required to completely specify
the basis states (the symplectic group state labeling prob-
lem). In such a case there still remains the problem of ob-
taining the eigenvalues of these missing labeling invariants,
which are known to be irrational in general, so that the ac-
tion of the group generators in such a basis is likely to be
complicated. In this respect the symplectic group state label-
ing problem may be regarded as the prototype of all state
labeling problems in Lie group theory and applications.

Recently, Gould and Kalnins (GK)!® obtained a new
projection-based solution to the Sp(#n) state labeling prob-
lem which yields a nonorthogonal GT-type basis for the irre-
ducible representations. Although this solution offers sever-
al nice features, particularly the simple determination of the
action of the group generators, the method involves the cal-
culation of the relevant overlap coefficients, a problem
which is currently unsolved. Nevertheless, the GK solution
affords a useful tool, particularly for providing checks on
our formalism, and will be applied throughout this paper.

This is the first paper in a series of three in which we
investigate certain aspects of symplectic group representa-
tion theory. We shall not discuss the labeling problem in this
series of papers; instead, we focus attention on a relatively
large class of states, herein referred to as canonical states,
which possess properties analogous to the GT states appear-
ing in the representation theory of the orthogonal and uni-
tary groups. The space of canonical states of an irreducible
representation includes all distinct weights of the representa-
tion (at Jeast once) and, in particular, contains all states with
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weight Weyl group conjugate to the highest weight. The re-
duced matrix elements, fundamental Wigner coefficients,
and matrix elements of al/l Sp(n) generators are determined
between arbitrary canonical states, thus completing the first
step in a general (multiplicity-free) pattern calculus for the
symplectic groups. Following the approach of Refs. 12 and
13 to the orthogonal and unitary groups, itis evident that our
formalism may be extended to obtain all multiplicity-free
(canonical ) Wigner coefficients for Sp(#n).

In this paper we introduce canonical basis states and
investigate some of their basic properties. In particular, we
determine some matrix element formulas for a certain class
of canonical states, referred to herein as S dominant, based
on the representation theory of the unitary group U(n). In
the final two papers of the series we will determine the ma-
trix elements of all Sp(n) generators between arbitrary ca-
nonical states. The evaluation of the corresponding reduced
matrix elements and Wigner coefficients are also given and
their generalized Weyl group symmetries are determined.

Other developments in connection with the symplectic
groups have been made by Lohe and Hurst,'” who have ad-
vocated the use of modified boson operators as a method of
constructing basis states for the irreducible representations
of Sp(n), in analogy with the boson polynomials used’ in the
theory of U(#n). Explicit matrix element formulas in certain
degenerate representations of Sp(n) have recently been ob-
tained by Klymik'® and Wong and Yeh.'” The method of
raising and lowering operators to construct bases for the ir-
reducible representations of Sp(#) has been advocated by
Michelsson?® and Bincer.?' The symplectic groups also fig-
ure prominently in Cartan’s classification of homogeneous
spaces, which afford certain degenerate representations of
Sp(n), as studied by Pajas and Raczka.?? A full set of miss-
ing labeling invariants for the symplectic group was recently
constructed by Bincer.”> Finally, the Sp(n)iSp(n —2)
X Sp(2) branching rules were recently investigated by Cer-
kaski?* based on the previous work of Zhelobenko.'?

{l. PRELIMINARIES

We begin by introducing the symplectic group as a sub-
group of the unitary group. The n” generators a i (1<, j<n)
of the Lie group U(n) satisfy the commutation relations

[ayan] = dyay — b,a
and are, moreover, required to satisfy the Hermiticity condi-
tion

ali=a;
on finite-dimensional (i.e., unitary) representations of the
group. To define the symplectic subgroup Sp(n) we intro-
duce an antisymmetric metric g; = — g, in terms of which
our Sp(n) generators a; = a; are expressible (where sum-
mation over p is implied),

Ay =8y + 8ppis (n

and satisfy the commutation relations
[y ] = 8k@u — 8uij + 8% — gy (2)
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We also require the existence of a corresponding contravar-
iant metric g7 satisfying (where the summation convention
over repeated indices is implied)

878 = i
which imposes the usual limitation to even values of n.

Without loss of generality we choose the symplectic
group metric g; to be given by

8,;11, iodd, o
85 = [ —&8,,_1, I even, 1<i,j<n, 3
so that g7 = — g,.. We then introduce the operators
@ =g ay, (4)
which, in view of Eq. (2), satisfy the commutation relations
[a_;:’a;‘] = ajka; - ;C(f + gikajl - gjlakia (5)

where we define
ak = g"faj"‘.
On finite-dimensional (i.e., unitary) representations of the

group the Sp(n) generators (4) satisfy the Hermiticity con-
dition

(@) =da] (6)
and the symmetry property (see Appendix A)

o= — (= D'*d, (7
where i (the opposite index to ) is defined by

- i—1, ieven,

= {i+ 1, iodd.

As a Cartan subalgebra for the Lie algebra of
Sp(n =2k + 2), we take the vector space spanned by the
diagonal generators

al, 1<i<n.

In view of Eq. (7) only 2 + 1 of these operators are linearly
independent, so we only need consider the Cartan generators

21 _ 2i
h;=a3” = —ay,

I<i<h+1

whose eigenvalues provide a unique labeling for the system
of weights. In view of Eq. (6), we note that the Cartan gener-
ators 4; are to be represented by Hermitian matrices on fi-
nite-dimensional irreducible representations.

From the commutation relations (5) we deduce
[h,-,af] = (5§i—1 - 6£i~1 + 55.’ - 5’2(")51;(:

from which it follows that the generators (4) are automati-
cally in Cartan form. If we introduce the fundamental
weights

A, = (0,0,..,1,0,...,0),
consisting of 1 in the rth position and zeros elsewhere, it

follows immediately from the above that the roots for the
symplectic group Lie algebra are given by the weights

I<r<h 4+ 1

i (Al + Aj)’ l‘Qand i (Al - Aj)y l<.]

We take as a system of positive roots the weights
A 4+ A G<), A —4A (<.

M. D. Gould 1206



The corresponding generators are given by
a3y~ i), (29)) (8)
respectively, which constitute the set of raising generators.

We draw particular attention to the elementary raising gen-
erators

2i—1
a1

n—1 2i—1

a, y Ay +1

(1<i<h). (%9

Every symplectic group raising generator (8) may be ob-
tained by repeated commutation with generators of the form
(9). By taking the Hermitian conjugate of Egs. (8) and (9)
we obtain the corresponding set of lowering operators.

We shall be concerned in this paper with the subgroup
imbedding

Sp(n) D Sp(n —2)XSp(2),

where our Sp(n—2) generators are given by g
(1<i, j<n — 2) and our Sp(2) generators are given by

=a?, 1<u, v<2, (10)
where we have adopted the index convention
pL=n—2+up. (1)

Throughout this paper we denote the weights for Sp(n) by
the Greek letter A and the weights of the subgroup
Sp(n — 2) by the subscripted Greek letter 1, We let W
(resp. W,) denote the Weyl group of Sp(n) [resp.
Sp(n — 2)]: Recall that

Wgsh+ 1 @Zg+l

where S, , , is the symmetric group on A + 1 objects. In
other words, the Weyl group of Sp(n) consists of all sign

changes and permutations of the weight components.

The finite-dimensional irreducible representations of
Sp(n) are uniquely characterized by their highest weights
A= (A Az, 44, 1), whose components A, are to be inte-
gers satisfying the inequalities

A Az 24, >0. (12)

We let V(A) [resp. V(4,)] denote the finite-dimensional
irreducible module over Sp(n) [resp. Sp(n — 2)] with the
highest weight A (resp. 4,) and we denote the corresponding
representation by 7, (respectively, 7, ). We let H * (resp.
HY¥) denote the dual of the Cartan subalgebra of Sp(n)
[resp.Sp(n—2)]andwelet A" C H* (resp. A¢" C H¥)
be the lattice of dominant integral weights, i.e., A™ consists
of those weights A whose components are integers satisfying
the inequalities (12). Finally, we denote elements of H *
X H ¥, herein referred to as extended weights, by (A,4,),
where Ae H* A,e HY.

We call an extended weight (1,4,) € AY X Ag" lexical if
the finite-dimensional irreducible Sp(# — 2) module V(4,)
is contained in the finite-dimensional irreducible Sp(n)
module V(A). The set of lexical (extended) weights
L C ATXA; may clearly be deduced from the
Sp(n) D Sp(r — 2) branching rules to which we now turn.

I1l. BRANCHING RULES AND THE GK BASIS

Following Zhelobenko, '’ the branching rules for the re-
duction Sp(n) iSp(n — 2) may be obtained by associating
with each Sp(n) weight A € A™ the patterns

|

Ay A, o An Anin

3! M2 M Heyo, (13)

ﬂo. /102 " /10',
—
where y;, Ao, are integers satisfying the inequalities where @ A b (resp. @ V b) denotes min(a,b) [resp. max
l O, /l )/{ , (a’b)]' . )
h+1 >:uh +1 > ,},U, i+1 (14) Followmg Gould and Kalninsl6 let V(/?.) denote the

:u’i>/{0,->,ui+ 1 I<ih.

The weights 4, = (/10‘,,/102,..., /10,,) occurring in Eq. (13) de-
termine the highest weights of the irreducible Sp(# — 2)
modules which may occur in the irreducible Sp(7) module
V(A). From the betweenness conditions (14) it thus follows
that an extended weight (4,4,) € A* X A4 is lexical if and
only if the components of A and A, satisfy the inequalities

A2 24, (I<i<h), A,3A4, >0. (15)

The multiplicity with which the irreducible L, module
V(Ay) occurs in V(A) is then given by the number of tuples
( f415-» 1y 1 ) of non-negative integers whose components
satisfy Eq. (14). For a given lexical weight (4,4,) we see
that the components z; must satisfy the inequalities

’11>ﬂ|>’lol VAdy Agyel A /lo,,>ﬂh+1>0,
(16)

Aivs N A1 3A 2 V Ag_, 1<i<h—1,
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finite-dimensional irreducible module over U(n =24 + 2),
with the highest weight

A= (Ao Ay 1,0,,0).

Itis well known15 23 that the irreducible Sp (#) module V(4)
occurs in F'(4) with unit multiplicity and hence may be ob-
tained by central projection from V(A). To this end let II (/1)
denote the set of all Sp(n) hxghest weights occurring in
V(/l) but excluding A = (4,,..., 4, ;). Then set
a,—(ay), )
- (02) v ’

A= 17
P ven(il)( (02>,1 an

where o, = @} a’ is the second-order invariant of Sp(n)
and?®

h+1

(0), =2 z v,(v, + n+2-—2r)

r=1
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is the eigenvalue of o, in the irreducible module ¥V (v). We
have the following result.

Lemma 1: The Casimir invariant o, separates 4 from
the weights in [1(1) and, in particular,

V(A) =p V().

Proof: Following Hammermesh,** the highest weights
of the irreducible Sp(#) modules occurring in V(A1) are ei-
ther equal to A or obtained from 4 via contraction. Thus the
highest Sp(n) weights occurring in IT(A) are of the form

A+ 1
v=A— Z mA,, (18)
r=1
where each m, is a non-negative integer (such that m,
+ m, + -+-m, , , is an even positive integer). Thus for v as
in Eq. (18) we have
A+ 1

(02, —{0y), =2 2 m, (A, +v, +n+2—2r).

r=1

which, for simplicity,‘ we write in the form
/Il h+1

Biov1 Hont1” " BEasihen

Ay Aon " A
Hin Map™ " "Hnn

/1211+1"'/1h+1h+1

Ay
M1

’11h+| ’12h+1 ’1h+1h+l
| VS Han 41 Ehrrihen
Atn Aan vero Ay O
Han Han ver M
A Axn. 0
Hi2 2%
A, 0
M

Since v € A* (by assumption) it follows that

Ar+v, +1n+2-2r>0, r=1,.,,A+1;

since m, >0 (1<r<h + 1), the rhs above must be non-nega-
tive and only vanishes when m, = 0 (1<7<h + 1), in which
case v=A.

This proves the desired result that o, separates 4 from
the weights in [1(4). It follows immediately that the projec-
tion operator (17) is well defined and projects ¥(A4) onto the
subspace V(1) as required.

Q.E.D.

The above result shows that we may obtain a set of vec-
tors spanning the irreducible Sp(#7) module V(1) by consid-
ering the central projector (17) applied to the U(n) GT
basis states of the space ¥(4). Following Ref. 16, in order to
obtain a complete set of linearly independent basis states it
suffices to restrict to GT vectors of the form (herein referred
to as allowed GT states)

(19)

We denote the space spanned by all allowed U(#n) GT states (19) by A(4).
From the U(#n) GT betweenness conditions® the integers u; ; and 4, ; in the pattern (19) must satisfy the inequalities

/{lm>ﬂlm>1‘2m>‘“>/{mm >lumm >0'
/u1m>/llm—l>lu2m>”'>im—lm—l>lu‘mm>0’

in agreement with the betweenness conditions of Eq. (14). We sometimes find it more convenient to write the allowed U(n)

GT state (19) in dual-pattern notation:

(/1))
()’

where (1), ( 1) denote the patterns
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(20)
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Alh+1 /121.+| ﬂ'h+lh+l
ilh /12;, ’{'hh
(=] : , (@)=
2’12 '{22
/111

respectively.

Associated with each row 4, in the (upper) (4) pattern
we construct the associated Sp(2m) projector p"" in direct
analogy with Eq. (17). We then construct the compound
projector

h+ 1

II 2™

m=1

It follows from Ref. 16 that the Sp(n) states

(M) (,1))
=P,
‘(u) D w

form a full set of linearly independent basis states for V(1)
which is symmetry adapted to the subgroup chain

Sp(n)D Sp(n—2) D ---D Sp(2).
This is the state labeling scheme obtained by Gould and Kal-
nins.'® We note that the states (21), although not an ortho-
normal set, are orthogonal w.r.t. their upper patterns.

The GK states (21) are weight states of weight
v = (V1,Va...s ¥y, 4 1 ), Where the components v, are given by

P,y =

(21)

i—1

v, =2 z M — 2 '11',:‘ _j;l /Ij"'— 1

Je=1 Jj=1
This result is of importance since it allows us to obtain the
branching rules for the reduction Sp(n)iSp(n—2)
X Sp(2). Associated with each lexical weight (1,4,) € .Z
and pattern (13) is an Sp(n — 2) maximal state of weight 4,
whose corresponding Sp(2) weight (given by the eigenvalue
of the Cartan generator A, , , ) is determined by the integer

a=2j(y)—f(4)—](/lo), (22)
where we define
h+1 h
f(ﬂ.) = 2 Ais f (Ag) = z Ao, etc. (23)
i=1 i=1

The multiplicity m () with which the Sp(2) weight £ oc-
cursis clearly given by the number of 2 + 1 tuples ( z,,15,...,
L4 1) whose components are non-negative integers satisfy-
ing the inequalities (16) and Eq. (22).

We note that for a given lexical weight (4,4,) the maxi-
mum possible values for the integers u, satisfying the in-
equalities (16) are given by

mi=2Ay, =4 1 NA, r=1..h 24)

It follows that the maximum possible Sp(2) weight for a
given Sp(n — 2) weight A, € Ag" occurring in V(4) is given
by
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HFinvr  Hans HBhsingn
Hin Han Honn

M2 H22

M

T

A
Qs =214+ 3 A A /10,] —f(/'-) —J‘(io)

r=1

h
="{l"l" 2 (Ar+i AA’O,_/l,»_'_] VA'O,)

r=1

A
=4, - 2 Mo,_’lr+l B

r=1

(25)

which can be shown to be a non-negative integer.

It thus follows that the irreducible module over
Sp(n — 2) XSp(2) with the highest weight 4,XQ, ; oc-
curs exactly once in the irreducible Sp(#) module ¥(4). The
remaining possible Sp(n — 2) X Sp(2) highest weights oc-
curring for a given lexical weight (4,4,) € .Z are thus neces-
sarily of the form A, X §2, with

0, J A +f (4o) even,
Q= Qaa Qiz, — 200

1, f(i) +f (4,) odd.

The multiplicity M () (possibly zero) with which the cor-
responding irreducible Sp(n — 2) X Sp(2) module occurs in
V(A) is clearly given by

M(Q) =m(Q) —m(Q +2),

with m () as before. We note that the multiplicities m({})
and hence M () can be obtained directly from patterns
(13).

Throughout this paper we denote the irreducible mod-
ule over Sp(n — 2)XSp(2) with the highest weight 4,
X, 4, by V(4,40), herein referred to as a canonical submo-
dule of V(A). Thus the irreducible Sp(n — 2) X Sp(2) ca-
nonical submodule F(4,4,) of ¥(A) is uniquely determined
as that submodule whose Sp(2) representation label takes
the maximum possible value, given by Eq. (25), for given
Sp(n) and Sp(n — 2) representation labels A, 4,, respective-
ly.

IV. CANONICAL STATES AND SIGNATURES

Let € denote the centralizer of Sp(n — 2) XSp(2) in
the universal enveloping algebra U of Sp(»n), viz.,

¢ ={eeUl[a)e] = [ 7%e]

= 0,1<i, j<n — 2,1<p,v<2}. (26)

We remark that Eq. (26) is the algebra from which “missing
labeling invariants” may be chosen to resolve the multiplic-
ities occurring in the reduction Sp(»)iSp(n — 2) XSp(2)
(the so-called symplectic group state labeling problem)
which has been previously discussed by several authors.?*?’
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In view of the work of Joseph,?® we note that the center of the
algebra (26), viz.,

Co=1coeC|lcoc]l =0, ¥V ce ¥}
is given explicitly by
Co=2Z,3,

where Z (resp. Z,, 2) is the center of the enveloping algebra
of Sp(n) [resp. Sp(n — 2), Sp(2)].

If V(1,A,) is an Sp(n — 2) X Sp(2) irreducible canoni-
cal submodule of V(4) it follows, since the
Sp(n — 2) XSp(2) highest weight 4,XQ, ; occurs exactly
oncein V(A), that elements of the centralizer € must reduce
to scalar multiples when acting on V(A4,4,). Thus corre-
sponding to every lexical weight (1,4,) € .%°, we have an
algebra homomorphism

XA,A(,: %—»C, C—’X/{,Au(c), (27)

where y; , (c¢) is the eigenvalue of the centralizer element
¢ € ¥ on the canonical submodule V(4,4,). Conversely, ev-
ery centralizer element ¢ € ¥ determines a function on .
defined by

S L -G (AAg) = Xaa, (0). (28)

We call the algebra homomorphism determined by Eq. (27)
a generalized (or extended) infinitesimal character. This de-
finition extends the definition of Harish-Chandra for infin-
itesimal characters over the center Z of the universal enve-
loping algebra U of Sp(n) to infinitesimal characters over
the centralizer €. It turns out that the form of the (polyno-
mial) function (28) depends explicitly on the signature of a
lexical weight (1,4,) which is defined as follows.

Definition I1: The signature of an extended weight
(A,4o) € H* X H} is defined to be the collection of 4 inte-
gers,

S = (51,525.+4y Sy )»
defined by

s,=sgn(dg —A,,,), 1<r<h 29)
with sgn(0) = 1. We denote the set of all possible signatures
by S: clearly, |S| =2

We say that two extended weights (1,4,), ( u, o) are
equivalent (mod S) (or are S equivalent) if and only if they
have the same signature.

Definition 1 determines an equivalence relation on
H*XH}¥ and partitions H*X H ¥ into 2" distinct equiv-
alence classes, herein referred to as .S classes. Throughout
this paper we denote the set of lexical weights with signature
s simply by .Z,.

Signatures play a fundamental role in the remaining two
papers and are intimately connected with the (generalized)
Weyl group symmetries of Sp(n): Sp(n — 2) XSp(2) re-
duced Wigner coefficients and reduced matrix elements.'%!?

We wish now to generalize the above procedure down
the subgroup chain

Sp(n) D Sp(n—2)XSp(2) D Sp(n — 4)XSp(2)
XSp(2) D---DSp(4) XSp(2) X+~ XSp(2) DG,
(30)
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where G denotes the subgroup

G =Sp(2) XSp(2) X -+ XSp(2) (h+ 1-fold product).
(31)

The corresponding Sp(2) subgroups, denoted Sp,, (2)
(1<m<h + 1), have infinitesimal generators given by

h

We now consider states symmetry adapted to the sub-
group chain (30), for which the Sp,,, (2) algebras have repre-
sentation labels which are maximal for given Sp(2m) and
Sp(2m — 2) representation labels (1<m<h +1). Such
states may be represented by a (1) pattern:

— g2m—1 2m — 1 2m
m—'a2m~—]! Ay s Qg1

[(A))e
Ather Aznan 'lhh+l Ansinit
A Azn o A
A Az
A v

(32)

where the 4 satisfy the betweenness conditions [cf. Eq.
(15)]

Arm+l>ﬂ'rm>/i'r+2m+l (1<r<m - 1)’
(33)
Amm +1 >A’mm >O’ /llm >/12m 2 ‘>/1mm >O’

and where @ = (@,,..., @, , ) is the weight of the state. As
usual, the rows of the pattern (1) correspond to the highest
weights of the irreducible representations of the subgroups
Sp(2m) (1<m<gh + 1), with the top row corresponding to
the highest weight of the irreducible Sp(n) module under
consideration. Since the Sp,, (2) representation labels corre-
sponding to state (32) are to be maximal, for given Sp(2m)
labels A,, and Sp(2m — 2) labels A,, _ ,, the Sp,, (2) repre-
sentation labels corresponding to state (32) are given expli-
citly by [cf. Eq. (25)]

m—1

Qm =il.m - Z M’r,m—l _’1r+1,m|’ 2<m<h + 1,

F=1

with
Q, =4,

It follows that the components of the weight & must satisfy
®,=2,,,Q,—-2,.., —Q,, +2,—-Q,. (34)

Following Eq. (29), we associate with each pattern (1)
the signature array

Sin San Shn
Sth—1 San—1 Sh—1h—1
(Sm) = ,» (35)
$12 S22
S11
where s, =sgn (4,, — A4, n.1), 1<m<h, 1<r<m,

withsgn(0) = 1. Therowss,, of the array of signatures (35)
clearly determine the signatures of the lexical weights
(A 415 Am), In the sense of Definition 1, for each pair of
canonical subgroups Sp(2m + 2), Sp(2m) (1<m<h) of
Sp(n).
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Throughout this paper we refer to the states (32) as
canonical states since they play a role in the representation
theory of Sp(n) equivalent to the canonical GT states famil-
iar in the representation theory of the orthogonal and uni-
tary groups.”*® We denote the subspace of ¥(4) spanned by
the canonical states {32) simply by ¥,(4). The remainder of
this paper is devoted to the structure of the space V(1) and
the properties of canonical states.

We note that the set of all GK states (21) with a fixed
(upper) (A) pattern constitutes a reducible representation
of the subgroup G of Eq. (31), herein denoted ¥ *’: The
action of the generators of the subgroup G on the GK basis
states (21) is given in Ref. 16. The canonical states (1)),
are uniquely characterized as spanning that irreducible G
submodule of ¥ * whose G representation labels are maxi-
mal. We denote this unique G submodule of ¥V by V' {».
We thus obtain the following orthogonal G-module decom-
position for the space V,(4) of canonical states:

Vo) = V7,

where the sum is over all allowable upper patterns (v).
Definition 2: We say that the canonical state (32) is G
maximal if the weight labels take maximum allowed values
o; =Q,; (1<i<h + 1). More generally, we say that state
(32) is G extremal if the G-weight labels take extreme values
o, = +Q, (I<i<h + 1).
We denote the above G-extremal states by

[(A))e, (36)

where the components of the vector € = (¢,,....€, ;) are
determined by €, = + 1 according to whether w, = + Q,,
respectively. The extremal states (36) are uniquely charac-
terized by the fact that their weights occur with unit multi-
plicity in the subspace ¥ ‘¥. In the maximal case ¢, = 1
(1<ig<h + 1) we denote the state (36) by the special con-
vention

[(4)) (37)
while in the minimal case¢; = — 1 (1<i<h + 1) we denote
the state (36) by

[(A))_. (38)

Clearly the state (37) [respectively, (38) ] is the G-maximal
(respectively, minimal) weight state of the irreducible G
module ¥ §V.

Associated with the G-extremal state (36) is the GK
state

(38)

(4) >

(ext)

whose lower ( ©) pattern is extremely connected to the pat-

tern (A) and is determined by the vector € in accordance

with (1<m<h):

:u’1m+1 =ﬂ’lm+1’,“‘r+lm+l =/1r+lm+l

/\/1,,,,(1<r<h), €m+l = +ly

lu'm+1m+] =O!ﬂrm+1 =/1r+lm+l

V A, (1<r<h),

€1 = —1,
with
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_ {'{11: €= +1,
Hy = 0, €= —1,
i.e., the entries of the lower ( u) pattern take maximum or
minimum values. We denote this extremal ( &) pattern by
the special convention (1), and we denote the GK state
(38') by
(4) >
(Del”
We note that the pattern (1), depends on signature
(35) of the pattern (A), as well as on the vector €, since

(39)

A’r+lm+l’ srm = + 17

A’r+lm+l/\/1rm=[i s =—l,

rm? rm

1<m<h
s, = —1,

r+1m+1>» rm

A
/{'r+lm+l v'{’rrn:[i’m’ S,,,,=+1-

In the maximal case €, = 1 (1<i<h + 1) we denote the pat-
tern (A), by the special convention (4)_; similarly, when
€; = — 1 (1<i<h + 1) we denote this pattern by (1) _.

By our construction the GK basis state (39) has the
same weight as the extremal state (36) and, since this weight
occurs with unit multiplicity in ¥ ‘4, states (36) and (39)
must coincide (up to scalar multiples). All remaining ca-
nonical states may be obtained from the extremal states (36)
and (39) by application of raising or lowering operators
from the group G. From the point of view of overlap coeffi-
cients,® the above shows that the GK states (39) are orthog-
onal to all remaining GK states of the space V(1).

The above determines precisely the space of canonical
states V(A1) with which we are working. Although only a
subspace of the irreducible Sp(#) module V(1}, the space
V5(4) nevertheless contains a relatively large number of
states, as can be seen from the following.

Theorem 1: (i) All distinct weights of V(1) occur in
Vo(A) at least once.

(ii) In particular, all states with weight W conjugate to
the highest weight occur in ¥,(4): This includes the maxi-
mal and minimal weight vectors.

(iii) If all weights occur in ¥(4) with unit multiplicity
we must have V(4) = Vy(4).

Proof: Part (iii) of Theorem 1 follows immediately from
part (i), as does (ii), if we take into account the fact®® that all
weights W conjugate to the highest weight A must occur with
unit multiplicity in ¥(A). In reference to part (i) we note
that every weight state in ¥ (1) must be a linear combination
of weight vectors from each V' *, On the other hand, it fol-
lows from the maximal nature of the space V§* that the
vectors in ¥4 have weights of the form v= (v,,»,,...,
V41 ), where [cf. Eq. (34)]

Q,.>v,,> — Q,, (insteps of two),

which equals the weight of the canonical state | (4) ). This is
enough to establish the result.

Q.E.D.

In addition to the results above, we note that in the de-

generate cases A = ( p,0) or ( p), considered in the work of

Wong and Yeh,'® we necessarily have V(1) = V(A). Thus
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our results on canonical matrix elements include those of
Wong and Yeh'? as a special case.

V. S-DOMINANT (1) PATTERNS

In the work of Gould and Kalnins!® it was shown that
the Sp(#) maximal weight state of the space V(A4) is given by
the U(n) GT state (notation as in Secs. III and IV)

A A
2 (max) (max) .
[(max)), = | , )= , [JeV(d) V)
(max) (max)

whose upper and lower patterns take maximal allowed val-
ues. In the single-pattern notation of Eq. (19), the above
U(n) GT state may be expressed as

Ay Ay A Ay
Ay Ay A Ah+1\
Ay Ay 0 A,

Ay Ay, A,

A A

Ay

: |

and it is easily verified that it indeed constitutes an Sp(»)
maximal weight state of weight A. It is our aim in this section
to demonstrate that there is a relatively large class of canoni-
cal states which are represented by U(n) GT states: In such
a case the U(n) GT states (20) [or (19)] must coincide
with the projected states (21).

The signature s of a lexical weight (4,4,) € ¥ was de-
fined in Sec. IV (see Definition 1): We denote the space of all
lexical weights of signature s by .. In particular, we have
the lexical weights with maximal signature:

(1) = (1,1,...,1).

We call lexical weights of maximal signature .S dominant:
They play an important role in the remaining two papers
since such lexical weights have similar properties to lexical
weights'? for the normal canonical imbeddings U(n)
D U(n—1),0(n) O O(n — 1). Because of the special na-
ture of this case we denote the space .#;, of S-dominant
lexical weights by ., . We similarly have the space .¥ _ of
lexical weights with minimal signature ( — 1, — 1,..., — 1).
By definition it follows that an extended weight (4,4,) e A™*
X Ag' is S dominant if and only if the components of A and
A, satisfy the betweenness conditions

Al>ﬂol >/12>/102 > >ﬂ’0h>lh +1 >0 (40)

We note that such an extended weight satisfies the inequal-
ities (15) and hence is automatically lexical.

In terms of signatures, we note that the maximum Sp(2)
label of Eq. (25) may be expressed as

h
Ql,}.(, =l] + z S,.(A«,+1 _/10’)1 (41)

r=1
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where 8 = (sy,..., 5, ) is the signature of the lexical weight
(A Ag)- Thus if (4,4,) is S dominant we have

Qﬂ.,/lo = f (/1) _J (10)9 (/1,;‘0) € f+)

with f(A) asin Eq. (22).

Definition 3: Proceeding down the subgroup chain (30)
we say that the canonical state | (1) ), of Eq. (32) is S domi-
nant if, in addition to Eq. (33), the entries of the pattern (1)
satisfy the inequalities

(42)

AmPAp1mer1s 1<r<m, 1<m<h. (43)

Throughout this paper we denote the space of S-dominant
canonical states by ¥V, (1) C Vy(1).

Clearly the above definition of S-dominant (1) patterns
is equivalent to requiring that the lexical weights
(A sAm_ 1) be S dominant for each pair of canonical sub-
groups Sp(2m), Sp(2m — 2) (2<m<h + 1) of Sp(n). In
such a case the representation labels of the subgroups
Sp,. (2) (1<m<gh + 1) are uniquely determined by

Q, =f(/1,,,)—f</1,,,_,).

It follows that if the pattern (1) is S dominant, then the
extremal state | (1)), has the weight w given by

0, = +4,, o, = i[f(lim)_J-(/lm—l)]’

2<m<h + 1

according to  whether
(Ism<gh 4+ 1).
The importance of extremal S-dominant canonical
states lies in the following result [notation as in Eq. (39)].
Theorem 2: Suppose the pattern (1) is S dominant.

Then the extremal canonical state |(1)), is given by the

U(n) GT state
1) )
WA
O

Before going on to the proof of Theorem (2) we denote
the allowable U(n) GT state on the rhs of Eq. (44) by
| (4).) and note that this state may be expressed in the sin-
gle-pattern notation of Eq. (19) according to

€. = *+ 1, respectively

[((A))e = (44)

Athst Apner Ansine
Alhis Abnrr Ahvine
Atn A
Al hh
[(A)e) = |: , (45)
Az Az
Az A3,
A /
At
where
M. D. Gould 1212



A (I<r<m—1); 0, (r=m); €, =

rm— 12

In particular, for the maximal case €, = 1 (1<i<h + 1) the
above U(#n) GT state reduces to

/11h+1 Zhh-}—l /{h+]h+|
/11h+1 ’1hh+l ;”h+lh+!
Avn A
Ay = | F A (46)
/1'12 /122
A 0 }
1]]

The main step in the proof of Theorem 2 is the following
result (notation as above).

Lemma 2: Suppose (1,44) € .Z .. Then the canonical
module V(4,4,) C V(1) is the unique irreducible
Sp(n —2)XSp(2) module with the highest weight
AoXL S (/I)A— §(A¢)] occurring in the irreducible U{n)
module V(4). .

Proof: Suppose ¥, , C V(A) is an Sp(n — 2) XSp(2)
irreducible module with the highest weight
AeX [ S(A) — §(Ay)). Weshow that V; ; C V(A). Tosee
this we note that the only other irreducible Sp{(#) modules
V( u) occurring in V()l) have highest weights ¢ obtained
from A via contraction: For such a case we have 4,>4,
(1<r<h + 1). Tt follows that if F( ) € V(A) is such that
(u,ho) € L lie., V(4q) is contained in ¥( u) ], then

A’O,>Ar+1>ﬂr+l’ 1<r<h!

sothat ( u,A,) isalso.S dominant. Thus the maximum possi-
ble Sp(2) label for given ( u,A,) € £, is given by

f () —f (xo)gf ) —f (Ao),

with equality if and only if £ = A. This shows the required
inclusion ¥, ; C V(A).On the other hand, we have already
seen in Sec. I1I that the canonical submodule V(4,4,) is the
unique irreducible Sp(n — 2) X Sp(2) submodule of V(1)
with highest weight A, X [§(4) — f(4,)], from which we
obtain the result.
_QED.
Corollary: Suppose (A,4,) € .2, and ¥ € V(A) trans-
forms as a state in the irreducible Sp(n — 2) module V{(4,).

If
hh+1 V= i[J‘(/‘L)_J‘(/i’O)]W’

then ¥ € V(4,4,) C V().

Proof: From the proof of Lemma 1 we know that given
Ao as above, the maximum possible Sp(2) representation
label occurring in V(/Ai) is Q= f(4) — f(4y). Thusif ¥ sat-
isfies the conditions of the lemma it follows, from maxima-
lity of Q, that ¥ can only belong to the irreducible
Sp(n — 2) XSp(2) module with the highest weight 1,X 2.
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I<m<h + 1

-1

gn the other hand, from Lemma 2, V(1,4,) C V(A) is the
unique irreducible Sp(z — 2) X Sp(2) module with highest
weight 4, X ) occurring in ¥ (4), from which the result fol-
lows.

Q.E.D.

We are now in a position to prove Theorem 2 by recur-
sion down the subgroup chain (30). By the inductive hy-
pothesis we assume that the GT state obtained from the state
(45) by omission of the top two rows constitutes an extremal
canonical state of Sp(n — 2) belonging to the irreducible
Sp(n —2) module V(4,). However, for ¢, , , = + 1 the
state (45) has Sp(2) weight + [f(4,,,) — f(4,)], re-
spectively. Thus the conditions of the above corollary are
satisfied, hence the GT state (45) constitutes a state in the
Sp(n) module V(4, . , ), which is symmetry adapted to the
subgroup chain (30) and whose G-representation labels are
all maximal. This is enough to ensure that the state (45)
determines a canonical state of Sp(#) (which is necessarily §
dominant and G extremal), as required. This completes the
proof of the theorem.

Theorem 2 shows that all G-extremal S-dominant ca-
nonical states belong to the space 4(A) of allowable U(#n)
GT states. All remaining S-dominant canonical states may
be obtained from the extremal states by application of raising
or lowering operators from the subgroup G. On the other
hand, Gould and Kalnins'® have shown that the space of
allowable U(n) GT states 4(A) is stable under the action of
the subgroup G. It follows that the space V', (1) of S-domi-
nant canonical states is contained in the space 4(4). In fact,
we conjecture the result:

A N V(A =V, (A).

We note that the maximal state of the Sp(n) module
V(A) is a G-maximal S-dominant canonical state and hence
is represented by a U(n) GT state, as noted earlier. We con-
clude this section by showing that all basis states with weight
Weyl group conjugate to the highest weight belong to the
space of G-extremal, S-dominant canonical states and hence
are represented by U(n) GT states.

For each index me {l,..., # + 1} we may define the
Sp(n — 2) weight

Am) = Aoy A 1A s 1o Ao 1 )s

which is obtained from the Sp(#) maximal weight by omis-
sion of the mth component. Similarly, for each pair of indices
l<m+#k<h we have the Sp(n —4) weight (m <k, as-
sumed)

/l(m’k) = (J’l:"w lm—l’im+l""! A’k—l’/{k%’l""’ /1"4‘ 1 )'

More generally, for any set of k distinct indices 1<i,...,
i, <h + 1 wehave the Sp(n — 2k) weight A(i},..., i, ), which
is obtained from the highest weight A by omission of the
components #,,i,,..., i, . We note that the weight A(i,,..., I;,)
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constitutes the highest weight of an irreducible Sp(n — 2k)
module.

Now let (iyi..., iy, ,) be any permutation of the
numbers (1,2,---,h + 1) and consider the Sp(2m) represen-

tation labels A, defined by
llb+l =/1)/{m =l(l‘m+1’“" iksik+])) 1<m<h~

Then these vectors determine the rows of an S-dominant (1)
pattern

Ah+1

and the corresponding G-maximal state | (4)) , has weight
Ao Ay )

which is W conjugate to the highest weight. More generally,
the G-extremal states |(41)), have weight

(e, €A s €14y, )y €= %1,

g

which is necessarily W conjugate to the highest weight A.
This shows that all (normalized) Sp(#n) states with weight
W conjugate to the highest weight are G-extremal S-domi-
nant canonical states and hence, by Theorem 2, are given by
(allowed) U(n) GT states.

The above results show that a relatively large class of
states are simply represented by allowable U(n) GT states.
This then enables us to determine the action of the elemen-
tary Sp(n) generators on such states by exploiting the
known action of the U(n) generators on GT states.

V1. ACTION OF Sp(7) GENERATORS ON S-DOMINANT
CANONICAL STATES

It is the purpose of this section to derive the matrix ele-
ments of the elementary Sp(n) generators (9) between S-
dominant canonical states by exploiting the known matrix
element formulas of the U(#) generators. This work, of in-
terest in its own right, also serves the role of providing a
detailed check on our later matrix element formulas to be
developed for the Sp(n) generators between arbitrary ca-
nonical basis states.

We note that the elementary generators a”~ ', a”_,
constitute the generators of the subgroup Sp(2) of Sp(»n)

_

and hence their action on arbitrary canonical states (1)),
is easily determined from the known Sp(2) matrix element
formulas (see Appendix B):

ap (),
=\/(Q_wh+l)(a+wh+\ +2) ‘(/1)>w+2A,,+,'
(47)

where QO = (4, ,,) — f(4,) is the Sp, , | (2) representa-
tion label. Thus we concentrate here on obtaining the matrix
elements of the elementary generators a2.7 }, &%} on S-
dominant canonical states.

We recall that our Sp(n) generators af may be ex-
pressed in terms of the U(n) generators a; according to (cf.
Appendix A)

af=a,, — (=1 oz, 1<k, Ikn,
where k is given by Eq. (7). In particular, we have the gener-
ators

@3 =y g — Ay 1<i, j<h+ L (48)

Now let | (1)), be a G-maximal S-dominant canonical
state which [cf. Theorem 2] is represented by the U(n) GT
state (46). It is easily verified from the known® action of the
U(n) generators that the even U(#) generators

ay,, 1<i, j<h+1

necessarily vanish on the U(n) GT state (46). Thus the
action of the Sp(n) generators (48) on the state |(1))
reduces to the action of the U(#) generatora,; ,,;,, onthe
GT state (46), which follows from the known U (»n) matrix

element formulas. We obtain immediately the result (cf. Ap-
pendix C)

a%z:”(ﬂ'))+ =a§$I}|(/{)>+ = z NT|(1+AT))+’
r=1
(49)

where (A + A) denotes the pattern obtained from (A) by
increasing the representation label 4,,, by one unit and leav-
ing the remaining pattern labels unchanged. The coefficients
N 7 appearing in expansion (49) are given by

M (A = A +P =1 (A — Ay +p— 1+ 1)

N'"z( ( _ l)m H[”ng_ll(ipm+l —'ﬂ'rm +r_P) I—[;'I:V[l

Fr

Ay — A —r+ D\
( rm gm — 1 +q r+ )) . (50)

Similarly, for the lowering elementary generators a5 * |, we obtain (see Appendix C)

i) . =anti|(A), =Y NJ(A—am).,,

r=1

where
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Nr=[ (-1

mn;”:ll(’{pm-kl _/{rm +r—P+ 1) Hm_l

g=1

(/l'rm _A’qm—l +q_r) 2

r

#r

Our analysis is simplified by noting that the Sp(#n) gen-
erators

Bi=a}"1, (53)
constitute the generators of a U(h + 1) subgroup of

Sp(n =2h + 2). Also, as seen from Eqs. (49) and (51), the
elementary U(4 + 1) generators

m+1 _ o 2m+1
B =0z,

I<i, j<h+1

m — 2m—1
m+ 1 _a2m+1’

(34)

take an S-dominant G-maximal canonical state | (1)) , toa
linear combination of such states. Sinceevery U(h + 1) gen-
erator S may be obtained by repeated commutation with
the elementary generators (54) it follows that the space of
G-maximal S-dominant states |(A)), is to constitute a
module over U(4 + 1). Also, the requirement that the pat-
tern (A1) be S dominant is equivalent to the requirement that
(A)beaU(h + 1) GT pattern® for the irreducible represen-
tation of U(h# + 1) with highest weight A =4, | (top row
of pattern). Moreover, we note that the action of equations
(49) and (51) and the matrix element formulas (50) and
(52) coincide precisely with the usual U(# + 1) elementary
matrix element formulas®® (between GT states), viz.,

m

Tl =3 NI+ AD),

r=1

Br () =3 Nrl(A—am),
r=1
where | (1)) denotesa U(h + 1) GT state, with N ", N™as
in Egs. (50) and (52), respectively.

It follows that the space of S-dominant G-maximal ca-
nonical states is to constitute an irreducible module over
U(h + 1) with the highest weight A = 4, ;. In particular,
the nonzero matrix elements of the Sp(n) generators (49)
between S-dominant G-maximal states are given by

SANGIZ 1A L =LAD] B4, (55)
which may be obtained from the known®' matrix element
formulas of the U(h + 1) generators.

Similarly, with regard to the G-minimal S-dominant ca-
nonical states (38) which are given by the U(n) GT states
|(4) _), we note that the U(n) generatorsa,, ,,;_, always
vanish on the GT states (38). Hence the action of the Sp(n)
generators (48) reduces to the action of the U (#) generators

— a,;,; acting on the U(#n) GT states (38). In this case we
obtain immediately (cf. Appendix C)

G i1 l(A)) _ = — @y 22m | (A))
= - i N7TI(A—AM)_, (56)
r=1
a%ﬂiﬂ(/l))_: '_02m.2m+2|u~))_
=~ S NTAHAMY.,  (ST)

r=1
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(52)

n;’n:‘(z"m _/{pm +p—r)(/{rm _A‘pm +P—r— 1)

]

with N, IT’:" as in Egs. (50) and (52), respectively. It fol-
lows in this case that the space of S-dominant G-minimal
canonical states | (1)) _ is to constitute an irreducible mod-
uleover U(A# + 1), which is dual (or contragradient) to the
representation afforded by the G-maximal S-dominant ca-
nonical states | (4)) , . In particular, the nonzero matrix ele-
ments of the Sp(n) generators (48) between S-dominant G-
minimal canonical states are given by

_{AND]ag 21 [(A)) = — ((AD[B(A)

= — (DI BjI(A")
[cf. Eq. (55)], where the rhs is given by the known*®
U(h + 1) matrix element formulas.

In this way we may obtain the action of the elementary
Sp(n) generators on G-maximal or -minimal S-dominant
canonical states. The action of these generators may similar-
ly be determined on arbitrary S-dominant canonical states
by expressing these states in terms of U(n) GT states [in
accordance with Theorem 2] and using the known action of
the U(n) generators. However, apart from the G-maximal
and -minimal cases discussed above, this approach generally
results in a linear combination of U(n) GT states which do
not correspond to S-dominant canonical Sp(#n) states, so
that direct comparisons with our symmetry adapted formal-
ism will be difficult. We shall not pursue this line of thought
any further here since an alternative method for obtaining
these matrix elements between arbitrary canonical (not nec-
essarily S dominant) states will be developed in the subse-
quent papers of the present series.

VIl. CONCLUSIONS

We have shown that every irreducible finite-dimension-
al representation of the symplectic group Sp(n) admits a
relatively large number of states, herein referred to as ca-
nonical states, which possess properties analogous to the GT
states for the orthogonal and unitary groups. In particular,
the space of canonical states contains all distinct weights of
the representation at least once. Moreover, in the S-domi-
nant case it was shown that every G-extremal canonical state
is given simply by a U(n) GT state and that the space of G-
extremal S-dominant canonical states contains all states
with weight Weyl group conjugate to the highest weight.

By exploiting the known action of the U(#) generators
on U(n) GT states, the matrix elements of the elementary
Sp(n) generators between G-maximal or -minimal S-domi-
nant canonical states were determined. Unfortunately, how-
ever, this method is difficult to extend to the general canoni-
cal states and moreover, the structure of the matrix elements
(as a product of a reduced matrix element and a Wigner
coefficient) is not apparent in this approach. This deficiency
will be removed in a subsequent paper, where an alternative
direct evaluation of the Sp(n) generator matrix elements
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between arbitrary canonical states will be given. The results
of this paper will then provide a useful check on our later
matrix element formulas. )
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APPENDIX A: COMMUTATION RELATIONS
In the opposite index notation of Eq. (7) our Sp(#n)
metric may be expressed as
g8, =8"= —(—0D%;,
ie.,
gi=g'=— (-1, I<i<n,
where all other entries are zero. Thus for our Sp(#) genera-
tors (4), we obtain
al =gta,; =g"a;
= gﬁ(ngan + 8,9,7)
=g (g 74, + g;a77)

=a; — (—1)"ay5,

1<i, j<n. (A1)

We thus obtain, in particular,

2i—1 _
Qi1 =y _a2j—1 —

In view of Eq. (A1) we obtain

I<i, j<h+1.

a=a; — (—1)*a;;
= — (=D a5z — (= D*ay)

= — ( - l)i+jaj;

which is the symmetry condition of Eq. (6). Finally, we note

that the Sp(#) commutation relations (5) may be expressed

in opposite index notation according to C

APPENDIX C: MATRIX ELEMENTS

. ny - ek T -
[a),ai] = 8fa; — 8iaf — ( — 1) H(Sfa) — &)ab),

as may be readily verified using Eq. (Al).

APPENDIX B: REPRESENTATION THEORY OF Sp(2)

The Sp(2) generators ¥% (1<u,v<2) of Eq. (10) satisfy
the commutation relations (cf. Appendix A)

[vere]=080ve -85y — (=D "85y,

-8, v%),

where /i is given by zZ = 1 (resp. 2) according to whether
1 =2 (resp. 1). The finite-dimensional irreducible repre-
sentations of Sp(2) are uniquely characterized by the high-
est weight 2, which is a non-negative integer. The corre-
sponding representation space has dimension Q! + 1 and
admits a  basis of weight vectors [Qw)
(0=0,0-2,.,-0+2,—0):

71 Q) = — 12 |Q0) = 0|Qw).
The second-order invariant

2
o= Y viv.
nv=1

takes the constant value

(0200 =20(Q + 2)

in the irreducible representation with the highest weight €.
It follows that the nonzero matrix elements of the rais-
ing Sp(2) generator ¥, are given by

(o + 2|71 |Q0) = (Qo|¥? 7. |Qw)'/2
Using

=) +NV+nn+nn

=21+ 41 + 217 7

we thus obtain

(R0 + 2|y} |Q0) = (Qolio;, — oo + 2)|Qo)'?

=[(2—)(Q+0+2)]"?

in agreement with Eq. (48).

In the dual-pattern notation of Eq. (20), the nonzero matrix elements of the U(n) generator a,,, _,,, ., between

allowed GT states are given by
m ((1 + A7)
M\ + A

(A)
()

Drm —1,2m + 1

) , 1grni<m,

=sn(r_l)N3mN%m_l[(lrm —ﬂ'lm +I—r)(irm _F’Im +l_r+1]_l/27

(C1)

where, in the notation of Gould,*® N2”, N7™~ ! denote the matrix elements of the elementary U(n) generators a,,, - 1
@3, _ 1.2m> TESpectively. In dual-pattern notation, we obtain, from the formulas of Ref. 30, the results

(= D" T Wpm o1 = A + 7 =PI (A —Pgm +9—7+ 1) |2

N"=A,, +m+1 —r)’”z[

#Er

(_ ])m+ln;n=|(/{pm

»

H:;:l(/{rm _/{qm +q-—r)(/lrm _A'qm +g—r+ 1)

— Him +l_p)n;"=~ll(/ulm _A'qm—l +q_l+ 9] 12

N%m~1= (,ulm +m+ 1 __1)1/2[
oy
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n;"=l(/‘l’lm —Hgm +q_1)(/‘l’lm —Hgm +q_l+ 1)
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from which we deduce

n::ll(;upm+l —;er +r_P)n;"=l(/1rm — Hgm +g—r+ 1)

#1

m=sn(r—1)

(=D

n:]"=l(ﬂ'rm _/{qm +q—r)(ﬂ'rm _’{'qm +q_r+ 1)

F#r

l’[;’l: l(ipm —Him + I_p)n:]"=_ll(:ulm
X —Z-

—/lqm—l +g—1+1)]"?

H;n=l(ﬂlm —l‘l’qm +q—1)(/‘t1m _)u’qm +q_1+ 1)

vy

1 —7\!2
(;ulm +m+ ) . (CZ)

Apw +m+1—7r

To determine the action of the U(n) generators a,,, _ 5, 1 on the G-maximal S-dominant state | (1)) , we observe, in
view of Theorem 2, that this state is given by the U(n) GT state (46), which may be expressed in dual-pattern notation

according to

_ (,1))

where the lower (u) pattern coincides precisely with the upper pattern (4). It follows, in view of the Eq. (C1), that the action

of the generator a,,, _, ,,,.,., on the above state is given by

A+ A:"))
A+Aam)’

Ay - 1,2m + 1

M))_ -
w)= 2N

r=1

(C3)

where we note that the U(n) GT states on the rhs have maximal lower (x) patterns and hence represent G-maximal S-

dominant symplectic group states, as required.

The matrix elements N of Eq. (C3) are given, in the notation of Eq. (C1), by

Nr=NT,,
which may be evaluated from the r = / case of Eq. (C2) with the substitutions
An =lpm » I<r<m, 1<m<h+ 1.
We thereby obtain
N™ = ( _ l)m H;;":ll(ipm+l —ﬂ'rm + r_p)nr=-ll(/1rm _A'lm—l +I"' r+ l) 172

n;: 1(irm - A’pm +P - ’) ('lrm
F#r

in agreement with Eq. (50). In a similar way we deduce the

result
(A - A:")) c4
A—am)’ (C4)

A mo_

it ()= 37
with Xf:" as in Eq. (52). This demonstrates the matrix ele-
ment formulas of Eqs. (49)—(52), as required. The matrix
element formulas of Egs. (56) and (57) follow from a simi-
lar analysis.

We remark that Egs. (C3) and (C4) demonstrate that
the space of allowed U(n) GT states of the forim

(i))

A/’
with (1) S dominant, is invariant under the action of the
U(n) generators a,; _;,;_; (1<4,j<h + 1). Since the even
U(n) generators a,,,; (1<i, Jj<h + 1) vanish on the states
(C5), this implies that the above space of states is stable

under the action of the Sp(n) generators a3/_ |, i.e., the
space of G-maximal S-dominant canonical symplectic group

(C5)
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—
states | (4)) , is stable under the action of the Sp(») genera-
tors (48), as noted in Sec. VI.
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Relations between spherical functions of compact groups
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The associated spherical functions of the homogeneous spaces SO(n)/SO(n — 1), U(n)/
U(n — 1), and Sp(n)/Sp(n — 1) are found in different coordinate systems: They are matrix
elements of representation operators, right invariant with respect to the subgroups SO(n — 1),
U(n — 1), and Sp(n — 1), respectively. The left index of these matrix elements corresponds to
the reductions onto the subgroups SO(p) XSO(q); U(p) XU(q); and Sp(p) XSp(q),

p + q = n. The relations between these spherical functions are derived. These relations lead to
the formulas connecting the Clebsch—-Gordan coefficients for the groups SO(#n), U(#), and

Sp(n).

I. INTRODUCTION

Let Gbe acompact Lie group and H and X its subgroups
such that G = HBK, where B is a commutative subgroup.
Let T be an irreducible unitary representation of G having
class 1 with respect to' K and let e be a normalized vector in
the carrier space ¥ of T, which is invariant with respect to
the operators T(k), kK. The space ¥ decomposes into the
linear subspaces V,,...,V,,, irreducible for the operators
T(h), heH. Let us choose an orthonormal basis {f;} in ¥
consisting of bases of the subspaces V,, r = 1,...,m. The ma-
trix element {f;|7(g)|e) is called an HK-associated spheri-
cal function of the representation 7. If f is an orthonormal
vector, invariant with respect to the operators T(%), heH,
then the matrix element (f|7°(g)|e) is called an HK-zonal
spherical function of T. If H = K we then have the usual
associated and zonal spherical functions.

In this paper we find HK-associated and HK-zonal
spherical functions for the groups SO(n), U(n), and Sp(n),
where H coincides with SO(p) XSO(g), U(p) xXU(q),
Sp(p) XSp(q), p + g = n and K coincides with SO(n — 1),
U(n — 1), and Sp(n — 1). Moreover, we show that spheri-
cal functions of the groups U(n) and SO(2n), as well as
spherical functions of the groups Sp(n) and SO(4n), are
related by simple formulas.

Our spherical functions are of great significance for ap-
plications. These spherical functions constitute the semican-
onical bases of representation spaces for the groups SO(n),
U(n), and Sp(n) which are bases corresponding to reduc-
tion onto the subgroups SO(p) XSO(g), U(n)xU(yg),
Sp(p) XSp(q),p + g = n, respectively. These bases are use-
ful for solving some physical problems since they realize ex-
plicitly decomposition of irreducible representations of G
into a sum of representations of H. Besides, HK-spherical
functions are related with harmonic analysis on the homoge-
neous space G /K.

We should like to turn the reader’s attention to the con-
nection between spherical functions of the groups SO(n),
U(n), and Sp(n). This is a small part of the broad problem:
relations between representations of these groups. These re-
lations exist and are of great interest for physics and math-
ematics. If the irreducible representations of SO(#n) with the
highest weights (m,0,...,0), m>0; of U(#n) with the highest
weights (m,0,...,0,m,), m,>0>m,; and of Sp(n) with the
highest weights (m,,m,,0,...,0), m,>m,>0 are considered,
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then we can state that in some meaning, representations of
U(n) are the Fourier transform of representations of
SO(2n) and representations of Sp(n) are the spherical
transform of representations of SO (4n).

The connection between spherical functions of the
groups SO(#n), U(n), and Sp(#) has some consequences. In
particular, we show that the connection implies correspond-
ing relations for Clebsch-Gordan coefficients (CGC’s) of
these groups.

There are relations between representations of compact
and noncompact Lie groups with the same complexifica-
tion.>” In particular, the pairs SO(p + ¢) and SO,(p.,q),
U(p + q) and U(p,q), and Sp(p + ¢g) and Sp(p,q) have the
same complex Lie groups. Therefore, it is natural that there
are relations between HK-spherical functions of the groups
SO, (p,9), U(p,q), and Sp(p,q): They are shown in Ref. 6.

Il. DECOMPOSITIONS OF THE GROUPS SO(n), U(n),
AND Sp(n)

Let R and C be the fields of real and complex numbers
and let Q be the set of quaternions denoted by the common
symbol F. If geQ, then ¢ = a + ib + jc + kd, where a, b, c,
and d are real numbers and , j, and k are imaginary units. We
have |g|>’=a*+ b2+ 7 + 47

The set of points (w,,...,w, Y)eF", for which

[w ]+ -+ + |w,|* =1

is the sphere S} _, of unit radius. If F=C, then w,
= a; + ib;, where a;€R, b;eR, and we have

2w =3 (g +b)).
7 J

Therefore, S$_, =S& _,. In the same way we show that
Sanl =S§nv] =S'fn—l .

The groups SO(n), U(n), and Sp(n) consist of matrices
that conserve the form |w,|*+ -+ |w,|?, where
(wy,...,w, ) belongs to R", C", and Q", respectively. The
group Sp(n) consists of quaternion matrices which can be
realized by 2n X 2n complex matrices. For this reason, the
notation Sp(2n) is often used instead of Sp(#n).

Ifwy, = (0,...,0,1), then the stationary subgroup for w, is
SO(n—1),U(n—1),or Sp(n — 1). Therefore,
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R _ SO(n) L U(n)
T som—-1" """ T Um-1n"
(1)
0 Sp(n)
St | =——.
Sp(n—1)

A real rotation by the angle 8 in the (x;, x, ) plane is
denoted by g, (6). For brevity, the rotation g, ; , , () will
be denoted by g,(6) and the diagonal matrix
diag(1,...,1,4,1,...,1), |g] = 1 of U(n) or Sp(n) will be de-
noted by d, (¢), where k means that g is on & th entry.

Let us introduce the spherical coordinates 8,,...,6, _,
onthe sphere S®_,. The point x = (x,,...,.x,, JES K_ | canbe
represented as

x,=sin@,_,:--sinf,sin 6, ,
x,=sinf,_, --sinfg,cos G, (2)
x,=cos0,_,.

With these spherical coordinates point x is obtained from
point x, = (0,...,0,1) as
x=g(6,)8,_1(0,_)%q. (3)

The matrices g,_, (0,_,) form the one-parameter
subgroup, which will be denoted by 4. Since
g8, g, _,(0,_,)80(n—1), we have SF_|
= SO(n — 1)A4x,: It follows from this and (1) that

SO(n) =SO(n— 1)4ASO(n—1). 4)
The point z = (z,,...,2, )JES &_; is represented as
z, = (expid,)sinf, , *-sinf,sinf,,

z, = (exp ig,)sin @, _,---sin 8, cos G, , (5)

z, = (expid,)cos G, _, .
It is obtained from point z, = (0,...,0,1) as
zZ= dl(¢l)d2(¢2)gl(91)' ' 'dn (¢n )gn— 1 (en— 1 )ZO .

The elements d, (¢,) form the one-parameter subgroup,
which will be denoted by D. It is clear that D~U(1). We
have

SC_, =U(n— 1)DAz,.

Therefore,
U(n) =U(n-1)DAU(n—1). (6)
The point q = (g,,...,4, )ES 2_ | is represented as
g, =u,;sinf,_,---sinf,sinb,,
g, =u,sin@,_,---sinf,cos 8, (7

qn =un 0059"*1,

where u;€Q, |u;| = 1. The set of quaternions ¢, such that
|gl = 1, forms the group Sp(1). We have

§¢_, =Sp(n— 1)Sp(1)4q,,

where g, = (0,...,0,1)eS'2_ | . Therefore,
Sp(n) =Sp(n— 1)Sp(1)4Sp(n—1). (8)
Let us introduce the polyspherical coordinates
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x,=sinficosa, ,,

x, =sinfsina, ,---sina,sina,,

X, .1 =cosfsinfB,_ - sinB,sinf, (9)

x,=cosfcosfB,_,

on the sphere S¥_ |, where ¢ = n — p. With these coordi-
nates the point x is obtained from x, = (0,...,0,1) as

x =kk'g,,(0)x,, keSO(p), k'eSO(g).

The matrices g,, (6) form the one-parameter subgroup,
which is denoted by B. We have

S%_, =S0(p)SO(q)Bx, .
Therefore,

SO(n) = [SO(p) XSO(q)]BSO(n—1), n=p+gq.

(10)

In order to obtain polyspherical coordinates on S¢S _,

we have to multiply the lhs and rhs of Egs. (9) by exp ig;,

j=1,.,n, correspondingly. We obtain that S§_,
= [U(p) X U(gq)]Bz,, where z, = (0,...,0,1). Therefore,

Un) =[Up)XU((g)1BU(n—-1). (11
In the same way we show that
Sp(n) = [Sp(p) XSp(q)1BSp(n—1). (12)

In fact, the decompositions (4), (6), and (8) are special
cases of the decompositions (10)-(12) withp=n — 1.

lll. INVARIANT MEASURE AND LAPLACE OPERATOR

The groups SO(n}, U(n), and Sp(n) will be denoted by
the symbol G; the subgroups SO(p) XSO(q), U(p) XU(qg),
and Sp(p) X Sp(g) will be denoted by H; and the subgroups
SO(n —1),U(n — 1), and Sp(n — 1) will be denoted by K.
Then the decompositions (10)—(12) can be written as
G = HBK. The spheres S, _; in real, complex, and quater-
nion spaces are the quotient spaces G /K. The invariant mea-
sure on group G can be represented as a product of the invar-
iant measure on S, _, = G /K by the invariant measure on
K. The invariant measureon S, _ , , expressed in spherical or
polyspherical coordinates, is well known."' If elements geG
are represented as g = hg,, (8)k, heH, keK, then the invar-
iant integral on G can be written in the form’

7/2
f Fle)dg=c f f f F(hgi, (O)K)D,, (0)dh dOdk,
G HJO k
(13)

where dg, dh, and dk are the normalized invariant measures
on G, H, and K, respectively, and

D, () =sin” 'Bcos” '8,

wherer = 1for G =80(n),r=2forG=U(n),andr=4
for G = Sp(n). The constant cin (13) is

¢ =20 (rp/2)T(rqg/2)/T(r(p+q)/2) . (14)

Formula (13) has to be changed for G=SO(n) and
p = n — 1. The explicit expression for the invariant integral
in this case is shown in Ref. 1.
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The Laplace operator A, on SX_ |, expressed in poly-
spherical coordinates, is well known': It can be written as

_ d d .
A,, =qu1(6) —Jgqu(O) 79—+Sln 29Ap

+cosT? A, , (15)
where A, and A, are the Laplace operators on
SE_,and S¥_, respectively.

We can consider S¢_, and S2_, asthespheres S¥, |
and S¥, _,, respectively. Therefore, the Laplace operators
onS5_, andS¢_, areobtained from (15) by replacing A,
and A, by A,, and A, correspondingly.

IV. HK-SPHERICAL FUNCTIONS OF THE GROUP G

Let T be an irreducible unitary representation of G
which has class 1 with respect to K and H. If |Oy) is a
normalized vector, invariant with respect to X, and |0y, ) isa
normalized vector, invariant with respect to H, then

(04| T(8)|0k) =9 7*(8)
is the HK-spherical function of 7. It is clear that
@ ¥5(hbk) = p #5(b), heH, beB, kekK .

The usual spherical function ¢ 1 (that is, the spherical func-
tion @ 5¥) has the property ¢, (e) = 1, where e is the unit
element of G. For ¢ #¥ we have ¢ 7%(e) = (O |O). The
relation

@) =@ =95 ™"
= (Ok|T(g~ ") |0y)

holds, where S'is the representation contragradient to 7. We
also have

lp 7 ()<,

f ¢¥K(gh)dh = (04|0x) ¢ 2H(g),
H

f ¢¥H(gk)dk = <0Hl0K>_]¢) ¥K(g) .
K

Let L?(B) be the Hilbert space of functions f on the
interval (0, 7/2), with the scalar product

/2
(f,,f2)=cJ S(OLO)D,, (6)d6.
0
Then for feL *(B) we have the expansion
f(0) =3 ar@ 7581, (D),
T

where the sum is taken over all nonequivalent irreducible
representations of G having class 1 with respect to K and H
and

(16)

/2
a; = (dim T)CJ f(6) g, ())D,,(6)d6.
0
17)
The Plancherel formula

WAI* =3 (dim 7)™ '|ar|?

T

(18)

holds. Formulas (16)—(18) are easily derived from the Pe-
ter-Weyl theorem.
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Let Tnow have class 1 only with respect to the subgroup
K. The basis elements f; of Sec. I will be denoted by |M,a),
where M are the highest weights of the irreducible represen-
tations D,, of H and « labels basis elements of carrier spaces
of these representations of H. The matrix element

t K (@)=t 100 (8) = (M,a|T(g)|0xk) (19)

is an HK-associated spherical function of the representation
T. It is clear that ¢ ,, , (hbk) =t };, o (hb). We have

t s (hb) =D, (W)t ;85(b), (20)

where t ZEX(b) does not depend on @ and D ¥, (h) is a usual
associated spherical function of the representation D,,.
We have

(¢ 5% 1) (g) EJ tLH ()@ PR (g 'g)dg,
G

= (dim T) ™'t ;76 (8) 615 -
Moreover, the convolution with ¢ %#% maps L (G /H) into

L*(G/K). For this reason, ¢ 7X is called an intertwining
function®® on G. The relation

j ¢ THK (gh)dh = (OO )t 5% ()
K

holds.
With the help of the Peter—Weyl theorem it is easy to
prove that

f |t LK (g)|* dg = (dim T) "
G

This formula and Eq. (13) imply that
dim D,,

. k4

7/2
cf [t vakg1. (M) D, (6)dO = 2n
o

where c is given by Eq. (14).
V. HK-SPHERICAL FUNCTIONS OF SO(n)

Only the irreducible representations T, =73 of
SO(n) with the highest weights (2,0,...,0) have class 1 with
respect to K = SO(n — 1). If m is even, then T, has class 1
with respect to H = SO(p) X SO(g). We have the decompo-
sitions'

m

—_ SO(n—-1)

TmLSO(n—l) - 2 TI ’
=0

_ sop) SO(g)
T,.is04 xso = z (TP eT™?),
s

where the sums are taken over non-negative integral values
of r and s such that

r+s<m, (—=1)y*ts—m"=1.

For our case formula (20) can be written in the form
£ o (hh'B) = D o (W) D o (h ")t 7 (b)
heSO(p), h'eSO(yg),

where D, (k) is a usual associated spherical function.'
Function (22) is an eigenfunction of the Laplace opera-
tor (15) with the eigenvalue — m(m + n — 2). Since

ApD;o(h) = —r(r+p-—-2)D ,(h),
ADpo(h’)= —s(s+g— 2)Dpo(h'),

(22)
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operator (15), when acting on function (22}, then leads to
the differential equation

sin""&cos“"&isin"“9cosq“9__4_
do de
_ r(r-in-p*2) _ s(s+q_2)]u(6)
sin? @ cos? @
= —m(m+n—2)u(9),

n=p+q (23)

for ¢ 75(g1, (9)). This function is continuous at the point
6 = 0. The solution of Eq. (23), continuous at this point, has
the form

In order tofind the constant ¢;; we have to take Eq. (21) into
account, which in our case can be written as

/2
cf |crnu(@)|? sin” "' Gcos? ™' 0d6
0

= (dim T3°®)(dim T:°?) (dim T5°™)~'".

Substituting expression (24) for #(8) and the expression for
dimensions of the representations, we obtain |¢]7]. The basis
elements |[M,a) in (19) are defined uniquely up to constants
@y, l@y| = 1. Therefore, we can assume that ¢77>0. As a
result, we obtain

u(8) =sin" Gcos’ GP (7 ' PP 149D (cos 20) . (24)  t1bE(8,,(8))
Therefore, = Nsin" @ cos* OP {7 ' 25~ 1+ 9D (cos 20), (25)
105581, (0)) = cru(6) . where
|
N= [F((m +r+s+n—2)20((m—r—s+2)/2)B(p—1,9g—1)Q2r+p—2)
l{m +r—s+p)/290((m —r+s+9)/2)B(p/2,q/2)st(m + n — 3)!
172
X(2s+g—2)(r+p—3)(s+qg—3)! (26)
For HK-zonal spherical functions we have the expression
2 %(6) _1 L((m +p—2)/2)0((m + 2)/2)(n — 3)'m! 12
21T((m +p)/2)T((m + q)/2)B(p/2,q/2)(m + n — 3)!
X P, P21+ 4D (s 26) . 2N

VI. HK-SPHERICAL FUNCTIONS OF U(n)

Only the irreducible representations of U(n) with the
highest weights (,0,...,0,m’), m>0>m’ have class 1 with
respect to K = U(n — 1). We denote these representations
by T,,,, =T 5. We have the decompositions

mm’

— U(n—1)
Tmm’iU(n—l) - TII‘
mpi3031'>m’

(28)
and

Tmm'lU(p)XU(q) = Z (Tg*(p) ® Tg'(q)),
(29)
pta=n p#l, q#l,
where the summation is carried out over the highest weights
(r0,...0,/)(5,0,...,0,s') of irreducible representations of
U(p) X U(q), for which

r+r4+s+s=m4+m, r—r+s—s<m-—m.

(30)
In particular, 7YY has class 1 with respect to H

=U(p)XUl(g) ifand only if m = m’.
If ¢ = 1, then instead of (29) we have

— Un—1)
Tmm’lU(n—l)xU(l) - (sz‘
mas303s'>m'
un
®Tm+m'—s—s') .

Formula (20) for U(n) has the form
t I (hh ') = D [ (h)D 5o (h ) Tl (b))

heU(p), h'eU(q) 31
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—
if p#1, g#1 and the form
tUirao(hh'bYy =D o (hye= "+ 1= m=mispmmbK (b,
heU(n—1), h'=¢e* (32)
ifp=n—1,g=1
The function ¢ 775" (b) from (32) does not depend on
the subgroup U(1) of the group H=U(n — 1) xU(1);
therefore, it is really the function ¢ 77755 (5).
Using the results of Ref. 10, we prove that function (31)
is the restriction onto S$_, =S¥ _, of a homogeneous
harmonic polynomial of degree m — m’. Therefore, (31) is
an eigenfunction of the operator A,, with the eigenvalue
—(m—m'Y(m—m'+2n—2). Since D7,(h) and
#o(h') are eigenfunctions of the operators A,, and A,,,
respectively. we then obtain the differential equation

[Sin‘ ~% g oos' -9 L sin?—! goos—! 9L
do 4o
J — “J' _
_ (J+_22p 2) J'J +22q 2)]u(0)
sin” 6 cos? 8
= —(m—m)(m—m'+2n—2)u(b)

(33)

for ¢ 7 (81, (8)), where J = r — ¥, J' = s — 5. In order
to obtain the differential equation for ¢ 7}/ 5%(g,, (8)) we
havetoreplaceJ'(J' + 2g — 2) bys*; pbyn — 1;andgby 1,
s=l+1"'—m—m'.

Comparing the differential equation for the function
t 76581, (8)), K = U(n — 1) with Eq. (23), we find that
this function satisfies the differential equation for the func-
tion 1577 0Kg,,(0)), H=80(2n—2)xS0(2),

A. U. Klimyk and N. Ja. Vilenkin 1222



K =SO(2n - 1), corresponding to the group SO(27). Re-
peating the reasonings of Sec. V for the group U(n), we
obtain that

1 Gine™™ g1 (0))
= [(dim TGy (dim T3~ )] 12
X [ (dlm Tﬁ:’.))(dlm T?g(ﬁn— 2)) ] — 172

X 300 K (g 5 (8)) (34)

N=|(n-2)(I-1"+n-=2)

where K=U(n~-1) for the group U(n) and
K=80(2n — 1), H=S0(2n — 2) XSO(2) for the group
SO(2n).

Using the formulas for dimensions of representations in
(34), we obtain'"'? that
tine ™ Mg (6))

=Nsin'~ " @cos't'~m-m @

XPYUZy+n=2irli=m=m) (005 26) , (35)

where

m(—mMYm—-—MNMI—-—m +n-2024+n-=3)-1'"4n-3) }"2

' —mHYU(=IVm—-1"4+n—-2)lm+n—-2(—m 4+ n—2)!
In particular, for the zonal spherical function of the representation T,,,,- of U(n) with respect to the subgroup K = U(n — 1)

we have

@ K (g1, (D)) = [(n—2)!mV/(m+n—2)]cos "~ ™ GP~>~ ™~ (cos 20) .

(36)

Comparing the differential equations (23) and (33) we find that

m—m

(dim 73°?%) (dim T"2%®) (dim TU?) 12

tose g, (8)) = [

(dim TY) (dim T59%) (dim T5°2)

S0(2n),m — m' HK
z(rir”',s'zs')'(n) (gl,Zn(g))’

37

where H = U(p) XU(q), K=U(n — 1) for the group U(n) and H = SO(2p) XSO(2q), K = SO(2n — 1) for the group
SO(2n). In particular, the HK-zonal spherical functions of the groups U(#) and SO(2n) are related by the formula

P o HKg,, (6)) = (dim T30%")V/*(dim TH™,,) "

Let us note that the multiplier in Eq. (37) is equal to

Bm+n—1,—m +n—1)B(pp— 1)B{gqg— 1Yml( —m")(s—s)Y(r—r)

‘4 gg(zn)'HK(gl,zn (8)).

N=
[ZB(H-p— L—r+p-DBG+q—1, -5 +q—1)B(nn—1)(m—m s —s)(—7)!

VIl. HK-SPHERICAL FUNCTIONS OF Sp(n)

Only the irreducible representations of Sp(#n) with the
highest weights (m,m’,0,...,0), m>m’>0 have class 1 with
respect to K = Sp(n — 1). We denote these representations
by Ty =T,

If p> 1, g> 1, we then have the decomposition

— Sp(p) Sp(q)
T ispior xSp0) = 2 (TFPeT3?),

where the summation is carried out over the highest weights
(rnr,0,..,0) (55,0,..,0) of irreducible representations of
Sp(p) X Sp(q), for which
m—m'<r+r+s+s<m+m,
lr—7r —s+s|<m—-m'<r—»r +s—s,
( _ 1)m+m'= ( _ 1)r+/+5+s’.
If g = 1, then instead of the highest weights (7,7,0,...,0)
(5,5',0,...,0) we have the highest weights (r,7,0,...,0) (s).
Formula (20) for Sp(#) has the form
LK o (hh'b) = D 7o (R)D 5o (h ')t 07l (b)
heSp(p), h'eSp(yg) . (39)
The function (39) is the restrictionon S2_, =S¥ _,

of a harmonic polynomial of degree m + m’ in real parts of
quaternion variables; therefore, it is an eigenfunction of the
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] RRETS:

|
Laplace operator A,, belonging to the eigenvalue
—(m4+m)(m+m 4+ 4n —2). Using formula (15) for
A,,, we obtain the differentia] equation

[sin‘ “"’Gcos‘““"H%sin“"“ O cos* ! 0%
_JJt4p=2) T (J’+4q——2)]u(0)
sin® 8 cos® @

= —(m+mY(m+m 4+ 4n—2)u(6) (40)

for t 'm0 (81, (0)), where J=r+ 7, J =5+
Comparing the differential equations (23) and (40) we
find that

1o g1 (6))
_ [ (dim T52¢2) (dim T$2) (dim 732 ?) ]vz

(dim T3507) (dim T397) (dim T5949")

s+ s
X 55 (8, 4n (9)) (41)
for ¢>1, where H=Sp(p) XSp(q), K=Sp(n-—1) for
Sp(n) and H = SO(4p) xXS0O(4qg), K =8S0(4n — 1) for
SO(4n). In particular,

@ (81, (0)) = (dim T2 12 (dim T327) =72

Xe i°+‘°,’.'3‘”"(gl,4n (0)). (42)
The mulitiplier in Eq. (41) is given by the formula
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N= [ B(m+2n—1m +2n—1)B(2p—1,2p)B(2q — 1,2¢)(m' 4+ 2n —2)(2p — 2)(2¢ — 2)
Br+2p—1r+2p—1)B(s+2g— 1,5 +2¢-1)B2n—12n)(r +2p —2)(2n — 2)

(r+r)is+sHNer+r+D)is—s+DHim+ Dim"

172

where

(s +2g—2)(m+mMNm—m'+ 1)(r+ DW¥i(s + Dls? 43)
For g = 1 we have
1T (814 (0)) = Nt 03000t ™ HK(g, 40 (0)) (44)
N= [ﬂ(m+2n— Im +2n—1D)(m +2n-=-2Y(r+7)(r—r +1)(m+ 1)m''(4n — 6)!

Blr+2n—-3r+2n-3)r+4+2n—4)Yim+m'Ml(m—-—m 4+ 1)+ D+ 1)

(2n—1)! ]'/2
. 5
(4n — 2)!(2n — 5)! (45)

Comparing the differential equations (33) and (40) we
find that
4 ?rpr(',';;’;"om"ﬂx(g ()
_ [ (dim 752", ) (dim T3)
(dim T3257) (dim T}Jr(-f-pl)c, —rtk)
(dim Tir;(q)) 1/2
(dim T?s(iqz —s+n) ]

U(2n),m, — m', HK
Xt(r+nk,’2r’:'k;s+1.—s’+1)o(gl.2n(9))’

(46)
where k and / are integers such that
r—r4s—s+2k+2l=m-—m'

H =Sp(p) XSp(g), K=Sp(n—1) for Sp(n); and H
=UQ2p)xU(2¢9), K=U@2n — 1) for U(2n).

VIil. RELATIONS BETWEEN SOME CGC’s OF THE
GROUPS SO(n), U(n), AND Sp(n)

Relations between HK-associated spherical functions
for the groups SO(n), U(n), and Sp(n) imply relations

]
m,m;
((rlr{ $151)  (rar3,8587)
U(n)

X(m,m{ mzmgl mm’ I )*
o 0] o Un-1)

m, —m;
1 0

m, —mj

m,m;, ‘ mm' I

U(n) )
(rr'ss’)y | U(p) xXU(q)

m; — m,

=N’N”N“(

X
((r.

m—m'
0
m, — m; m—m'

—r{,s.—si) (r2—r§,s2—s§)

(r—r,s—s)

r
between CGC’s for these groups. We express CGC’s in terms

of scalar factors with respect to subgroups. For this reason,
below we consider scalar factors of the group G with respect
to the subgroups H and K.

We can factorize CGC’s of the group G into the product
of scalar factors of G with respect to H and K by the CGC’s of
H and K. This factorization and Eq. (13) lead to the formula

dian 7/2 , _

Cmfo tro (D) 30 (D) t},.0(b)D,, (68)d6
__(AZ/; T |\ T G)(T T\|\r G)*
- M |M"|HNO, O |Oc|K)"

(47

whereb =g,,(6); M, M’,and M " are the highest weights of
irreducible representations of H; and * denotes a complex
conjugation.

Writing relation (47) for the associated spherical func-
tions from Eq. (37), we obtain the relation

S0O(2n) )*
SO(2n - 1)

SO(2n)

SO(2p) ><SO(2q)) ’ (48)

where N, N', and N " are expressions (38) taken for the representations 75", TV and TY'™,, respectively.

mar Y S g mams

In the case of the groups Sp(n) and SO(4#n) we obtain, from the spherical functions (42), that

'

m,m; mm

Sp(n) )
Sp(p) XSp(q)
Sp(n)

( m m;
(ryri,s:57)

><(m,m; m,m} l mm’ | )*
o (0] o Sp(n—1)

m+m; my+my| m+4+m
o o l o ,
m, +m;

(ry + r3,8, 4 53)

(ror,8,85) | (rr,ss’)

=N'N"N—'(

( m, + mj] m+m'

X ’
(ry +r1.5, +s1)

1224 J. Math. Phys., Vol. 30, No. 6, June 1989

(r+rs+s)

SO(4n) )"‘
SO(4n—-1)

SO(4n) )
SO(4p) XS0O(4q))’

(49)
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where N, N', and N " are expressions (43) or (45) for the
representations T'3.", 757", and Tr, respectively.

Using the concept of dual groups, AliSauskas'® has
found similar relations for CGC’s; however his CGC’s are
not attached to some bases. Our CGC’s are related with
bases. The HK-associated spherical functions can be taken as
these bases. Moreover, we explain the structure of coeffi-
cients relating CGC’s of different groups.

It is very important to generalize relations (48) and
(49) for more general representations of the groups SO(n),
U(n), and Sp(n): It would give us a chance to apply the
powerful results found by Biedenharn, Louck, and others
(see Refs. 14 and 15 and the literature quoted therein) to the
CGC’s of the groups SO(#7) and Sp(n).
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In the case of a differential operator containing a gauge field, coefficients of a new heat kernel
expansion obtained in a preceding paper (A. P. C. Malbouisson, M. A. R. Monteiro, and F. R.
A. Simao, CBPF-NF-024/88, to be published in J. Math. Phys.) are calculated. The prior
expansion allows it to be shown that the meromorphic structure of the generalized zeta
function is much richer than was known previously. Also, an application to anomalies is done,
resulting in a general formula for the arbitrary dimension D. The special cases D = 2 and

D = 3 are investigated.

1. INTRODUCTION

In a previous paper' an asymptotic expansion was ob-
tained for the diagonal part of the heat kernel associated with
a given elliptic operator H of order m, based on the connec-
tion, through a Mellin transform, between the heat kernel
and the Seeley’s kernel K (s;x,y)? of the complex sth power
K of the operator H and the meromorphic properties of
K(s;x,x). We recall that “heat kernel”” means the solution of
the ‘“heat equation”

%F(r;x,y) — HF(t:x,), (L.1)

where ¢ is a “time” or “temperature” parameter and x and y
are, in the case we are interested in, points of a D-dimension-
al compact manifold M. The Seeley’s kernel is defined for
Re(s) < — D /m such that

H*f(x) = f dy K(sx ) f(p).
M

The expansion mentioned above is obtained by analytic
continuation of X in the variable s and reads as

& dé
F 3% = — }( )
(£;x,x) z i —= -,

=0 ds

— 310- DV'"F(Q——J)R, (x). (1.2)
7 m
The sum over j is such that we take j = 0,1,2,... exclud-
ing the terms such that (j — D)/m =0,1,2,... and R; (x) is
the residue of K (s;x,x) at the pole s = (j — D)/m:

: J
R. . S dA
(%) im(2m)°+! Lgu=l r
XAU=Pmp L (x,E4),

where I' is a curve coming from « along a ray of minimal
growth, clockwise on a small circle around the origin, and
then going back to «. The quantities b _,, _; are obtained
from the coefficients of the symbol of H (see Sec. III) and
I§ || = 1 means that the set of variables {£} is constrained to

(L.3)
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be at the surface of the unit sphere in D-dimensional space.
The function ¢(s) is introduced to account for the coinci-
dence of the poles of the gamma function I'( — s) and those
of K(s;x,x) at the positive integers / and is defined by

I'(—$)K(s;x,x) =(s)/(s — I)?

fors=I.

As was remarked in Ref. 1, the expansion (1.2) is rather
different from de Witt’s ansatz currently used.® In particular
(1.2) contains fractionary powers at even dimension and
even operator order, coming from the second term in the
expansion.

In the rest of the paper we explore some consequences of
the new expansion (1.2). In Sec. I we show that the general-
ized zeta function {(s) has an infinity of poles at real values
of 5. In Sec. III we calculate the coefficients of the leading
and next-to-leading terms in (1.2). In Sec. IV we obtain a
general formula for the anomaly in arbitrary dimension D
and particularize to the special cases D=2 and D = 3.

(1.4)

1. MEROMORPHY OF THE GENERALIZED ZETA
FUNCTION

One of the implications of the series (1.2) is of a math-
ematical character and concerns the meromorphic structure
of the Hawking’s generalized zeta function,* which is much
richer than the structure known previously. This may be
easily seen as follows.

The generalized zeta function is written as

1
£(s) =——1—f dtt’_‘fd”xF(t;x,x) + Q(s), Q.10
L(s) Jo

where Q(s) converges for all s.

Let us take D = 4 and consider an operator of order
m = 2. Replacing F(¢;x,x) in (2.1) by the series (1.2) we see
that the first term of the expansion gives no poles as a result
of the factor 1/I"(s) in front of the integral in (2.1). From
the second term of the expansion we have the sum
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1 4 — J) J s+i2=3
— r R; dit°+7 2.2
) E;: ( 5 (x) (2.2)

which gives poles at s = 2 — j/2 for integer values of j and
(G—4)/2#0,1,2,....

Thus the poles of the generalized zeta function are not
situated only at s=1 (j=2) and s=2 (j=0). We also
havepolesats=3 (j=1)and s=] (j=3);forj=5,7,..
we have an infinity of poles in s at the negative half-integers.
There are no poles at negative integers, as a result of the
vanishing of the residues of K(s;x,x) at those values.” The
residues at the poles are given by the corresponding coeffi-
cients — [1/T(2 —j/2)]T((4 —j)/2)R;(x) in (2.2).

ill. APPLICATION TO A DIFFERENTIAL OPERATOR

Let us consider a differential operator H of order m = 2,

— [&()(d, + B, (x))d, + B, (%)) + P(x)],
(3.1

acting on a D-dimensional compact manifold M and en-
dowed with a metricg,,, (x) (u,v = 1,2,...,D). In (3.1) P(x)
is a nondifferential operator and

B, (x) =g4,(x) +7,(x), (3.2)

where 4, (x) and g are, respectively, the gauge field and a
coupling constant (not to be confused with the metric tensor
or its determinant). The quantity 7, (x) contains informa-
tion about curvature and torsion. The usual convention of
summation over repeated indices will be adopted.

In Seeley’s notation? the operator H must be written in
the form

ge

H= (—DHI. , (x) ;
OxgP

{aflal<2 x5+

3.3)

where la| =a;, + - + ap.
Expanding (3.1) and comparing with (3.3) we obtain
the set of coefficients H 7., (x):

Hff‘?--a,,(x) = Hg»)-01(,4)0---01(v)0~~0 (x) =g, (x),
(3.4a)
H((zf) (x) 0 Ol(v) —Zigﬂv(X)B“(x),
(3.4b)
HP , (x) =H . o(x)

= —g,(x)(20*B¥+ B“B") — P(x).
(3.4¢)

Now, to calculate the coefficients of the second term of
expansion (1.2) we need the quantities b _, ; [see Eq.
(1.3)], which are expressed in terms of the coefficients
a; _ . (x,£) of the symbol of H?,

az-k(x1§)= Z H|2 lfl 411| e ‘11)0, (35)
lal =2 — &
by the following set of equations:
1=0:
b_,la(x8) —Al=1, (3.6a)
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I>0:

3'lp
b_,_(a,—A el —2-
2—(a, )+ jzk( i) ;; =

dlvlg
% 12—k —0,

e a;...n%
alapldd”

—Jj

withj<l, j+k+|a|=1 (3.6b)

The coefficients a, _, are easily obtained from Egs.
(3.4):

a(x,£) =g, (x)E*E =7 (3.7a)
a,(x,§) = —2ig,, (x)B*(x)§", (3.7b)
a(x,6) = —g,,(x)(d*B*— B*B*) — P(x). (3.7c)

Then the first two quantities b_, _; that we need for
calculating the leading and next-to-leading contributions in
the second term of expansion (1.2) are given by

b_,(x&A) = (JEIIP =D, (3.8)
Cupe 2gdlel
b.__ ( ) ’A')— - N 3.9)
A = R T e

where the scalar product is defined with the metric g,,, (x).

From (1.2), (1.3), (3.8), and (3.9), the contributions
that are coefficients of the powers ¢t — 272 and ‘! — 272, are
given, respectively, by

D D 1
—(2)r =—r—)—f
(2) o(x) (2 2iQ2m)YP+ 1 Jey =1

xfdu—b/z(||§||2_,1)—l, (3.10)
r

_F(D—

2
- F(D2_ : )(2‘fr)1D+‘Uu§n=1dspB.§

/'L(I—D)/Zdll
A Tdt de E-I|E N
X =17 J,,. st

A (1—D)/2 d /1

X ——

e (g =27

where we take the integration path I' as the curve coming
from — oo along the negative real axis, then clockwise along
the unit circle around the origin, and then backwardto —
along the negative real axis. Since we must restrict the £ 's to
the surface of the unit D-dimensional sphere, the last integral
in (3.11) vanishes; to avoid the singularity at A = 1, we in-
troduce a regulator p > 1.2 Then (3.10) and (3.11) become

- r(g)R"(x) - F(lz)—) 2-(2;)9+l fdg
[ZSIH(FD)J_QO dA|A|~P”
2 -1 p—ﬂ.
. _Wdeei(l’D/Z)e
_l.[r p—e? ]’
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1)R,(x)

3.11)

(3.12)



D—1
- F(T)R‘(")

D-—-1 1
- —r( 2 )Wﬁfds“
XB-§[——2isi;(_”(12;D))f_ww

-1 (p—A)?
—7 4O DB~ D)e]

+ . (p — €92 (19

In (3.12), (3.13), and the subsequent formulas, the integra-
tions over the £'s are constrained to the unit sphere
€ Nl =Vgu ()§4E" = L.

In dimension D =4, making the change of variables
p~%e®’? = ¢, the integrations over A and 6 may be per-
formed. The results, after suppression of the regularization,

are
s |
(3)2(217')“.[§ <

Analogously, in dimension D == 2, the coefficients of the
two first powers of the second termin (1.2) (powers¢ ~'and
t Y2, respectively) are obtained from (3.12) and (3.13):

—T(2)Ry(x) = (3.14)

and

-

(3.15)

1
—T'(1)R = — ) 3.16
(1)Ro() z(zmzfdg (3.16)

_r(%)Rl(x)= _ ( )2(2 )2Jd§B§ (3.17)

As an example, we calculate the coefficients (3.16) and
(3.17) in the Penrose compactified two-dimensional Min-
kowski space,” which has the metric

(01
B =31 o)

In this case the unit sphere ||£ || = 1is the section of hyperbo-
la depicted in Fig. 1. Using polar coordinates (7,8) and the
well-known formala for the induced metric on a (D — 1)-
dimensional surface embedded in D-dimensional metric
space, it is easy to see that the integration on the “surface”
l€ ]| = 1 reduces simply to integration over & between the
limits 6,, 6, and 8, + 7, 6, + ™

4, 0, +
J dé = do + d9,
&1l =1 8, 6, +m
with
6, = arctan (1/7°), (3.18a)
6, = arctan 7°. (3.18b)
We obtain
— D(DRy(x) = [1/(27)*)(6, — 6)), (3.19)
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Agl

0,4 91

FIG. 1. Weshow £ variables submitted to the constraintg, £#£ ¥ = lin the
Penrose compactified two-dimensional Minkowski space.’

(LR,
(2) 1\ i L4iyaf 142 1
=—r(7) (277)2‘/5{( 2 )H(a’ 2 _ﬁ)

-

+ (91_’61+77':92_’02+7T)y (3~20)

where II and E are the elliptic integrals of the third and
second kinds, respectively; F'is the generalized hypergeome-
tric series.

+F(a,

&

IV. ANOMALIES

In this section we apply expansion (1.2) to study anom-
alies using the heat kernel method.® We borrow some of the
notation and methods employed in a recent work by Cognola
and Zerbini’ since they are suitable for our purposes. Using
the generalized zeta-function regularization, the anomaly
may be written in the form

. 1 !
A= —gqli T[X+ ——fdzt’—‘
¢ lim Tr ( Y)F(s) o

5—0

X[F(t;x,x) — Po(x,x)”, 4.1)

where g = — 1, }, or 1 for fermions, neutral or charged bo-
sons, respectively; X = X, + X,and Y=Y, + Y, are opera-
tors satisfying the relation 8K(J) = (6JX, + Y 6K
+ K(Y,6J + 6JX,) and K(J) is such that H(J) < K (J) for
bosons and H(J) = K (J) for fermions, where J is a classi-
cal source. Here P, is the projector onto the zero modes. For
the axial anomaly, X = Y = iys.
In (4.1) we replace F(#;x,x) by (1.2); after some simple
manipulations we see that the sole contribution to the anom-
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aly comes from the coefficient of the power ¢°, giving, for
arbitrary dimension D,

amefurs o] -(2)]_, -]
s/ ls=
(4.2)
Now, from (1.4) and the formula
1
I“(z)=r(z+l+l) 1 ,
z+1 a1 24+1—n
we have, for integer />0,
dé W= 1!
a9 = _ K(lx,x), 4.3)
ds s=1 l ) (
where the Seeley’s kernel for integer / is®
1 o
K(lxx =————Jd J dt
( ) (—D'202m)? g o
Xt'b_ 5 5 p(x,E1€%). (4.4)

Thus taking arg A = 6 = 7in (4.4) the anomaly may be
obtained for arbitrary dimension D from (4.2), with

44 fd J dth
) (2‘ﬂ')D 3 —2-p(%g, — s

ds |s=

Next we apply (4.2) to the cases D = 2 and D = 3. The
case D = 3 is particularly interesting since, in spite of the
well-known difficulties in defining the matrix y; in odd di-
mension,® certain aspects of even-dimensional axial anomaly

|

could appear in odd-dimensional field theories (see Niemi
and Semenoff® and the references therein). This results
from the fact that the connection between zero modes of
Dirac operators and nontriviality of the background field
topology is valid for any value of D, as shown by Callias.

Moreover, there is a technical difficulty to (formally)
calculating anomalies in odd dimension using the de Witt
ansatz in the heat kernel method which is not present with
our expansion: When one uses the de Witt ansatz for expand-
ing F(t), the anomaly depends on the coefficient of the pow-
er 1272 which does not exist for odd values of D, while with
our expansion the anomaly depends directly on the coeffi-
cient of the zeroth power of ¢, given by (4.5), for any even or
odd dimension.

Calculations for a general coordinate-dependent metric
are extremely involved. Here, we restrict ourselves to the
simpler situation of a symmetric, coordinate-independent
metric tensor g,,, . In this case we obtain

for D =2:

A,=—2_T { X Jd [4 # v
2 2 r{(X+Y)| d&(464(3,B,)¢
+ig,,(3*B” — B*B")

+ P(x) +2(B'§)2”, (4.6)

for D= 3:

A= 9 Tr{(X+ Y)fdé‘[ —g"(d, d,B°)§, +2i(B-£)(g,. (d"B*— B*B")

(2m)*

+ P(x))—2iB*(d,B")¢, + i£78,,10, " B°+ B*d, B°+ (d, B”)B")

+iE" 3, P(x) — %(B-§)3 _ —:—5"§U(B'§) @, B°) — —1—39-i§“§ €,(3, 3, B")”.

In the Penrose compactified two-dimensional Minkow-
ski space,’ (4.6) gives the result

A= p @ —op(avz+p

(&~ o)+ - iBoby+ P(x)
d ox!

smt92(31 4 c?B,)

sin 01\ 2 Ix!

cos 8,( Bs N 380)”’

cos 6,\ 2 ox°

+4n

—1ln

where the angles 8,, 6, are given by (3.18a) and (3.18b) and
B,, B, are the components of B, (x) given by (3.2).
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For his metric space construction Meyer incorrectly derived several results. Meyer’s proofs are
corrected or disproved by counterexamples. The physical relevance of his construction is

further examined.

I. INTRODUCTION

Meyer' has introduced a new boundary for space-time.
His construction is described as follows: Let (M,g) be a
paracompact, connected C= -Hausdorff manifold with a
Lorentz metric of signature ( —, + ,..., + ). Furthermore,
suppose that the timelike diameter of (M,g) is finite and that
(M,g) is a distinguishing space-time. The height of a set
UC Misdefined asd(U): = sup{L(y)/yisacausal curvein
U}, where L(y) is the arclength of y.

Define D *: M X M-R

(p—d((I T (p) =TI (VI (@) =17 (p)));

D ~ is defined similarly. Then D: = D ™ + D ™ is a topologi-
cal metric on M. Denote by .# the manifold topology and by
2 the metric topology of M. When LM,D) is the_metric
completion of (M,D) (with topology &), d,M: =M — M
is the D boundary of space-time.

For this construction Meyer derived several results on
the topology of space-time. Unfortunately, a majority of
these results remains erroneous: partly they are wrong and
partly their proof is not correct. The purpose of this work is
to correct the wrong proofs and to disprove the wrong state-
ments by counterexamples. Furthermore, I shall sketch a
generalization of the D boundary to space-times with arbi-
trary timelike diameter and discuss its physical relevance.

Il. CORRECTIONS

In Theorem 3.1 Meyer states that D is continugous iff .4
agrees with &. But Meyer’s proof that & is finer than .#
whenever D is continuous is wrong. In “=>. (ii)” he claims
that, given a neighborhood of a point p € M with compact
closure, the following statement holds for all re M: If
I~ (NI~ (p)NAU=D and I~ (r)NI~(p)#D, then
there exists gecl ,(dUNT ~( p)) with gel *(z) for all
tel ~(p)NI—(r). [cl , () denotes closure in .# topol-
ogy.] Cylindrical two-dimensional Minkowski space
((0,1)XS", — dt* + dx?) provides a counterexample (Fig.
1).

I*(e)yNI*(8,)Nel ,(UNT ~( p)) =1, so his asser-
tion cannot be correct. Fortunately, Riibe has proven that in
any case & is finer than .#. I sketch her proof, because in
some applications it might be useful to have a finer metric
topology than .# which depends only on the causal struc-
ture of (M.,g).

Theorem: Let (M,g) be a distinguishing space-time with
finite timelike diameter. Then for every sequence {g, } in M
with D(q,,,p) -0 (n— « ) one has g, — p with respect to .#.

Proof Suppose there exists a sequence {g,} with
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D(q,,p)—0, but g,+p. By taking a subsequence one can
choose an open neighborhood U of p with compact closure
contained in some convex neighborhood such that no ¢, hits
U.Sincel *(g,)NI (g, ) = D, wecan assume without loss
of generality that pe I * (g, ) forall n. Let y: [0,1] - Ube a
future directed timelike curve with »(0)=p and
L(y|[0,1/n))>D(q,,p). We have y(1/n)el*(q,).
Choose a timelike curve A, from g,, to ¥(1/n) and denote by
x,, its last intersection with dU. If x is a limit point of the x,,,
there exists® a causal curve A from x to p. Clearly, x#p and
I+ ( p)CI™(x).Togetourcontradiction, we show that also
I (x)CI*(p). Assume that there exists yel ¥ (x)
—I*(p).LetzeI*(x)NI~(y) and 7 a timelike curve
from z to y. Since I ~(z) is a neighborhood of x, we find a
subsequence g, andcausalcurves fromg, viax, tozwhich
can be lengthened by 7 to y. Denote the resulting curves by
a,,. But then we have D(q,,k,p)>L(a,,k )>L(7n) >0 which
contradicts D(q,,p) —0.

Therefore I+ (x) = I *( p) holds, which is impossible
because (M,g) is distinguishing.

Proposition 3.7 in Meyer’s paper is wrong: He defines a
C °topology on the space of causal future inextendible curves
% by taking {€  (P,Q): = {y/v is a future inextendible
causal curve in R with initial point in P which reaches Q and
eventually remains in Q}/P, Re.#, Q=17 (q), gcM} as a
basis. In Proposition 3.7 he states: “D * is continuous at p iff
L: € —R is continuous across the null cone of p.”” The “only
if ” part is false (Fig. 2). In order that the null geodesic y
reaches Q@ =1 " (g) (in our example this choice for Q suf-
fices), it is necessary that ¢ lies in the past of some points on
. But then there is a timelike curve 4 which is in every C°
neighborhood of 7, and L cannot be continuous in 7.

Identify

FIG. 1. Cylindrical Minkowski space.
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i X

FIG. 2. L is not continuous across the null cone.

Meyer defines future boundary points (FBP’s), but
they do not exist: p € dp M is said to be a FBP if there is a
causal curve y: [a,b) > M, c € [a,b) such that for all g
neighborhoods U of p there exists ¢, € (a,c) with y(¢) e U
for all £ € (#,,¢). Since ¥(c) € M, there exists a .# -neighbor-
hood V of y(c) with compact closure. Because & is finer
than .#, cl.. VCcl , Vis a neighborhood of ¥(c¢) and, con-
sequently, M —cl5 ¥V =M — ¢l Vis a neighborhood of p
in (M, ) which is not hit by any y(t) sufficiently close to
y(c). A future boundary end point (FBE) is defined similar-
ly, but now ¢ = b is required. For future inextendible causal
curves FBE’s may exist. Past boundary end points (PBE’s)
are defined analogously.

Assume now that the c-boundary construction of Ger-
och, Kronheimer, and Penrose® works (our notation is, un-
less explicitly defined, as in this paper). In order to compare
D boundary with ¢ boundary, Meyer defines the map
MDY~ (M§E. a%),

'~ (pNM)*, ifI'~(p)#9,
I T (p)NMY*, T (p)#9,
&, ifI'~(p)=1""(p) =0,

where (M 7, .4 %) (= J_l_lC in Meyer’s notation) is the Haus-
dorff space resulting from the causal completion procedure,*
and I'~ (p): = {g € M / there is a nontrivial future directed
causal curvein M from g (or with PBE ¢) to p (or with FBE
p,ifped,M)}.I'" (p) and J ' * (p) are defined analogous-
ly.

First, note that @ ¢ M . But this problem can be solved
by introducing an abstract point e: M '#: = M F U{e}; let
{e}beopenand #'#F\MF = #%.

Second, it remains to check whether

(I't(p)NM)* = ('~ (p)NM)¥,

FIG. 3. Here i is not well defined. (This is preparing the example for the
three-dimensional counterexample.)
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FIG. 4. Here i is not well defined (counterexample).

whenever I'* (p) #Q and '~ (p)#. Meyer’s proof is
wrong because he claims that every open & neighborhood of
I'~ (p) M must intersect I'* (p) N M, which is obviously
false. By giving a three-dimensional counterexample I show
that i is ill-defined. First, consider the following two-dimen-
sional example {Fig. 3). We have two sequences of tubes
{Q.,}, {P,} which connect region III with region I (region
II, respectively) and accumulate at p. Our metric is
g: = —dt? + fla)dx?, where fis a smooth function of the
angle a with f(a¢) =1 (a< —a,ora>a,) and f(a) =c/b
( —a,<a<a,). Here I~ ({p,}) is in I * (¥)* but not in
I~ (A)*, and for {g, } the dual statement holds. Moreover,
we have I " (p)*NI~ () =@. If we had p, —p, 9, —p
(in Z topology), this would imply that i was not well de-
fined, becausethen’'~ (p) Mand '™ (p) M could be separat-
ed by two elements of .# ¥ which have an empty intersec-
tion. However, they do not converge, for a timelike future
directed curve, starting at p,, can reach the first tube Q,,
whence D(p,.q,)>L(Q,) for all n,m. Adding one dimen-
sion as in Fig. 4 we can achieve that the tubes {Q, }, {P, } are
spacelike separated, whenever n#m. The sectional view
(Fig. 5) from above onto ¢ = 0 is a circular area now. The
tubes are arranged so that their causal shadows (in ¢ = 0)
are disjoint. Now we see that p, —p, ¢, —p (in & topology)
and that the other properties remain unchanged.

Since our counterexample is a little bit artificial, one
could consider exclusively space-times in which 7 is weli de-
fined. Therefore we examine the most important of Meyer’s
assertions about i. He claims that / would be continuous. He
is wrong even when 7 is well defined (Fig. 6). Here
i(p) =i(lim p,) isin 4 **', because every subset S of M with
I'"(pyNM=1"(8) satisfies SCcl ,{(/'"(p)M}, but

causal shadows of
the tubes

FIG. 5. Sectional view onto the plane ¢ = 0 in Fig. 4.
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FIG. 6. Here i is not continuous. (Bold lines do not belong to M.)

c '~ (pyNMiNnel , (4) =D, soI™*(S)CTA is impossi-
ble. Clearly, i(p, ¢4 ©* for all n, and / is not continuous.
Meyer states: “The part of the causal boundary which is
generated by & -uniformly continuous curves is homeomor-
phic to the part of the D boundary which has either past or
future.” He is wrong, even if D is continuous (Meyer uses
this property in his proof) (Fig. 7). In Fig. 7, our metric is
indicated by some null geodesics. We just have a part of
Minkowski space, where z<0. At x—0 (#>0), the metric
degenerates so that in the limit all “causal” vectors consist of
a single line and g(d,,d,) = — 1 holds everywhere on M.
The whole lightlike part of the ¢ boundary does not belong to
the D boundary, as is easily seen. So there cannot be a bijec-
tion between them.

1. D BOUNDARY COMPARED WITH PHYSICS

At first glance, the finite timelike diameter seems tobe a
serious obstruction to physics. Fortunately, by composing D
with a homeomorphism 4: R (a,b) (a,b finite), one can
save all correct theorems presented here or in Meyer’s paper’
(in Proposition 3.4 therein, one has to compose f with 4,

x =0

t=1

t =0

FIG. 7. The D boundary is not homeomorphic to the causal boundary.
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X

Y
x =0

The teeth of the "comb" have a limit
tooth at x = 0.

FIG. 8. The D boundary is not stable under small metric perturbations.
(Bold lines do not belong to M.)

too). Of course, the A°D topology does not depend on the
particular homeomorphism 4 we have chosen, and the modi-
fied D boundary also works in space-times with infinite time-
like diameter.

Although we could overcome this drawback, the D
boundary is ruled out by physics (Fig. 8). Wé see that none
of the intuitive lightlike boundary points is a D-boundary
point, because to every p, there exists a p,, (m>n) and a
timelike curve from p,, to the space between two teeth of the
“comb” which cannot be reached from p,. But by an arbi-
trary small perturbation of the metric in the arbitrary small
set U we can widen the lightcone in U and thereby achieve
that every p, sufficiently close to p can reach the tooth at
x = 0. Consequently, {p, } becomes a Cauchy sequence and
p a D-boundary point. Since general relativity is a classical
theory which describes nature only approximately, every
physically meaningful object must be stable under small
metric perturbations. This implies that the D boundary can
only serve as a technical tool.
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A theory of characteristic classes for complex super vector bundles over supermanifolds is
developed. Such characteristic classes are proved to fulfill the usual properties, and it is shown
that, under suitable conditions, they can be represented in terms of supersmooth curvature

forms.

I. INTRODUCTION

This paper is devoted to the development of a theory of
characteristic classes for (complex) super vector bundles
(SVB’s) by generalizing the construction of the Chern
classes of smooth complex vector bundles in terms of the
cohomology of the projectivization of the bundle. Such a
theory should be relevant to physics, since many techniques
exploited in supersymmetric gauge theories or in superstring
theory, mainly in connection with the anomaly problem, ac-
tually involve nontrivial super vector bundles over super-
manifolds and the study of their cohomology ring.'

We consider supermanifolds in the framework of the
theory initiated by De Witt and Rogers,>™ which was given a
satisfactory setting by Rothstein.’ Even though we shall use
a particular category of supermanifolds (which were called
¥ supermanifolds), it should be noticed that the results in
the present paper could be easily extended to the more gen-
eral setting described by Rothstein, provided that the grad-
ed-commutative Banach algebra B that enters the theory is
finite dimensional and there is a surjective algebra morphism
B F, where Fis the ground field.

The resulting category of supermanifolds contains ob-
jects that are topologically richer than Berezin and Kos-
tant’s graded manifolds®’; this of course reflects on the co-
homology of supermanifolds and on the properties of SVB’s
on them.

The basic algebraic object in supermanifold theory is a
real Grassmann algebra B, = (B, ), (B, ), with L gener-
ators. (In dealing with complex SVB’s we shall also use the
complexification of B,,C, =B, ® zC.) The Cartesian
product B} * " is graded (by “graded” we always mean “Z,
graded”) according to the rule

Bpt"=By"eB]"

=[(BIX (B e [(BTX(BI] -

Since there is a direct sum splitting B, = Re N, , where N,
is the nilpotent ideal of B, , maps o: B, —» R (body map) and
s: B, —» N, are defined.

The first step in introducing supermanifolds is to con-
sider a distinguished class of functions f: UC B *"— B, ; the
most suitable choice seems to be given by the so-called GH*
functions introduced by Rogers.* One gets a sheaf % 7 of
graded commutative B, . algebras on B ", where L' is a
positive integer such that L — L ’>n. The most natural defin-
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ition of supermanifold now would seem to state that a
(GH= ) supermanifold is a pair (M, /) where M is a topo-
logical space and .« is a sheaf of graded commutative B, .
algebras, such that (M,.«') and (B 7", % 7¢) are locally iso-
morphic as ringed spaces. However, it was shown elsewhere®
that the resulting category of supermanifolds is not suitable
to develop a theory of SVB’s that parallels the ordinary theo-
ry of vector bundles on real or complex manifolds, e.g., the
graded tangent bundle to a GH> supermanifold has no stan-
dard fiber. A solution to this problem is obtained by replac-
ing ¥ 7 with the sheaf of graded commutative B, algebras
Y =%5%e¢B, B, and defining ¥ supermanifolds as
pairs (M, &) locally isomorphic with (B 7", ¥).%°

A particular class of supermanifolds is given by the so-
called De Witt supermanifolds; they are characterized by the
fact that they can be covered by means of ¥ atlases
A = {(U,¥,)} such that the images 9, (U,) are of the type
Y, (U) =V, xN" wherethe V; are open setsin R” . It can
be shown that an (m,n) De Witt supermanifold M is a fiber
bundle over a smooth m manifold M, (called the body of M)
with standard fiber N 7*". Therefore, M and M, have the
same integer cohomology. Moreover, it was proved in Ref.
10 that the structure sheaf .« of a De Witt supermanifold is
acyclic, which is not the case for a general supermanifold.

The nonacyclicity of the structure sheaf of a generic su-
permanifold M has the consequence that the de Rham-type
cohomology of the complex of supersmooth forms on M is
quite distinct from the ordinary de Rham cohomology of M,
and that a Cech—de Rham type isomorphism fails to exist.
Indeed, introducing the sheaves % of k superforms on M by
letting

D=, Q'=Der* o/, OF=AQ', for k>1,

where A is the graded—antisymmetrized graded tensor prod-
uct over ¢, and defining a sheaf morphism (Cartan’s exteri-
or differential) d: 0¥ Q** ' in the usual way, one gets the
following resolution of the locally constant sheaf B, over M:

0—B, - O*. (1.1)

The exactness of (1.1) is a consequence of a Poincaré lemma
for & superforms, which was proved elsewhere.!' The coho-
mology of the complex of graded B, modules (I"Q}*,d)
(“supersmooth de Rham cohomology””) will be denoted by
Hyp (M) (T denotes the global section functor). Standard
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cohomological arguments'? entail the existence of a mor-
phism

Hopr (M) > H(M,B, ) ~Hpy (M) ® B, (1.2)

which in general is neither injective nor subjective. However,
if M is De Witt, so that the sheaves Q* are acyclic, the mor-
phism (1.2) is bijective.'?

Within the category of & supermanifolds it is possible
to develop a satisfactory theory of SVB’s; the category of
rank (7,5) SVB’s on a fixed supermanifold (M,.o/) turns out
to be equivalent to the category of rank (r,s) locally free
graded ./ modules. It is the purpose of the present paper to
develop a theory of characteristic classes for such bundles in
the complex case. We shall consider characteristic classes
with integer coefficients, and we shall study their representa-
tion in terms of the curvature form of a connection on the
bundle. More precisely, this paper is organized as follows. In
Sec. Il we introduce projective superspaces and analyze their
integer cohomology; moreover, we review the definition of
SVB and study the cohomology of the projectivizations of an
SVB. It turns out that it is convenient to introduce two pro-
jectivizations, an even and an odd one, and correspondingly
in Sec. III we introduce even and odd Chern classes; a Whit-
ney product formula is then proved. In Sec. IV we investi-
gate whether the characteristic classes of an SVB £ over M
can be represented by means of cohomology classes in
Hypr (M) defined in terms of the curvature of a connection
on E (Chern-Weil theorem); we are able to answer in the
affirmative in the cases where £ has rank (1,0) or (0,1), or
when E has arbitrary rank, but M is De Witt.

1. PROJECTIVIZATIONS OF A SUPER VECTOR
BUNDLE

In this section we deal with some preparatory material
that we shall need in the following section to introduce
Chern classes of super vector bundles. We start by recalling
the definition of SVB.®

Definition 2.1: A rank (r,s) complex super vector bun-
dle is a triple (E, M, p) where E and M are supermanifolds
and p: E—»Misa & map, such that (i) M has a cover {U;}
with & diffeomorphisms

: p~(U)->UXF (2.1)

satisfying pr,oy¢, = p, where Fis arank (#,5) free graded C,
module; (ii) the transition functions defined by letting

o, (xu) = (x,8;(x)u)
are morphisms of graded C, modules, i.e., they are & maps
g;: U.NU;—~GL(7s), where GL(r,s) is the super Lie group
formed by the even automorphisms of the graded C, module
C 2 + s 14,15 O
We recall that an XeGL(r,s) is an invertible matrix
showing the block structure

4 B
(¢ o)
C D

where 4 and D have entries in (C, ), and are X r and 5 X5,
respectively, while B and C have entries in (C, ), and are
rXs and s X r, respectively.

With this definition, the sheaf of germs of sections of a
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complex SVB E over a ¥ supermanifold (M,.«) is a locally
free graded . module, where ¥ = .o/ @ ; C may be identi-
fied with the sheaf of germs of ¥ maps M—C,,° and one
indeed can show that the category of rank (7,s) complex
SVB’s on M and the category of locally free graded . mod-
ules are equivalent.®

Let us recall some further details in the case of complex
super line bundles (CSLB’s).'® These are defined as com-
plex SVB’s of rank (1,0) [equivalently, one could consider
the rank (0,1) case, since the two types of bundles have the
same standard fiber and structure group]. Here the transi-
tion functions are & maps g,: U,NU;-(Cp )&, where
(C;)2 ~GL(1,0) =GL(0,1) is the group of invertible ele-
ments of (C, )y thus the set of isomorphism classes of
CSLB’s over a given supermanifold M is in a one-to-one cor-
respondence with H '(M,.*¥), where .7 ¥ is the invertible
subsheaf of . There is an exact sequence

0—Z— Sy S %0,

and the associated cohomology sequence contains the seg-
ment

B
H'(M,%,)-H' (M, %) -H*(MZ).

If EeH '(M,.%¥), we define 8(E)eH *(M,Z) to be the ob-
struction class of E. Unless M is De Witt, § is not necessarily
injective, so that CSLB’s are not classified by their obstruc-
tion class.

Projective superspaces. After fixing non-negative inte-
gers r,5,h,k with A<r and k<s, we define GL(A,k;r,s) as the
subgroup of GL(r,s) whose elements are matrices of the
form

a b ¢ d
0 e 0 f
g i I pY}
0 ¢ 0 u

where the blocks have the following dimensions, both hori-
zontal and vertical: h,r — h,k,s — k. Here, GL(A,k;r,s) is a
De Witt supermanifold with body Gl1(4;r) X Gl(k;s), where
Gl (A;r) is the subgroup of matrices in G1(#;C) (ordinary Lie
group) of the form

G )
0 ¢/’
Hence it follows that the quotient

G, (rs) = GL(r,5)/GL(hk;r,s)
is a De Witt supermanifold, of even dimension
h(r—h) + k(s — k), odd dimension k(r — k) + h(s — k),
and body G, () X G, (s), where G, (r) is the Grassmann
manifold of 4 planes in C". It is otherwise obvious that
G, (r,s) parametrizes the rank (A4,k) free graded sub-C, -
modules of C;*°.

Now, let Wbe a rank (r,s) free graded C, module, and
define

P'"(W) = space of rank (1,0)

free graded sub-C, -modules of #,
P! (W) = space of rank (0,1)

free graded sub-C, -modules of W.
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From the previous discussion it follows that P°( W) and
PO (W) are both De Witt supermanifolds, with dimensions
(r — 1,5) and (s — 1,r), respectively, andjhave bodies iso-
morphic with the complex projective spaces P"'~' and
P!, It follows that P *° (W) [resp. P%'(W)] has the same
integer cohomology as P” ~' (resp. P°~').

Tautological exact sequences. On P'"°(W) we may de-
fine a tautological bundle S,,, which is the rank (1,0) subbun-
dle of P"°(W) X W formed by the pairs (u,v) such that veu;
analogously, one defines a rank (0,1) tautological bundle S,
on P%' (W), which is a subbundle of P%' ( W) X W. Now, let
V be the body of W, i.e., the vector space V= Wea G
where Cis given a C, -module structure by means of the body
map o: C, —»C; Vis graded, ¥ = V& V,. Denoting by S 7,
i =0,1, the tautological bundles of the projective spaces
P(V;), the body of S, (in the sense of De Witt supermani-
folds) in just S #, whence one has commutative diagrams

0- S, - P'"¥(W)XW- @ -0,
i=0,1,

where Q, and Q 7 are by definition the quotient (super)
bundles. The following theorem is a straightforward conse-
quence of (2.2) and of classical results concerning the coho-
mology of projective bundles.!’

Theorem 2.1: The integer cohomology of P"°(W) is
freely generated over Z by {1,x,x%,....x"~ '}, where x is the
obstruction class of ;. Analogously, the integer cohomo-
logy of P%®' (W) is freely generated over Z by
{1,8,¢2,...,t° '}, where t is the obstruction class of S,.

Projectivizations of super vector bundles. Let us define
the super Lie group

PGL(r,5) = GL(r,s)/(C,)*I

together  with  the canonical  projection  A:
GL(r,s) -PGL(r,s); PGL(r,s) acts in a natural way on
P (W)and P*'(W).GivenanSVB p: E— M, whose tran-
sition functions relative to a fixed cover are g;;, we define its
even and odd projectivizations as follows: P"°(E) [resp.
P%1(E)] is the bundle on M whose standard fiber over xeM
isP'°(E,) [resp. P*'(E, )] and whose transition functions
are the maps Aog;. We shall denote by 7,: P' ~*(E) - M,
i = 0,1, the bundle projections. The operation of taking the
projectivizations is functorial, in the sense that if f M — Nisa
morphism of & supermanifolds, and E is an SVB over N,
there are 4 maps F,: P' ~“( f~'E)-»P'~ “(E) such that
the following diagram commutes:

(2.2)

0-S¥-> PV)XV,

£ :
P'—¥(f'E), P! H(E),

| 1

!
M - N,

1=0,1.

P'°(E) and P%(E) carry tautological bundles defined in
the obvious way; S,(E) —»P'°(E) has rank (1,0), while
S,(E) - P*'(E) has rank (0,1). There are two tautological

exact sequences,
0-S,(E)-m~ IE—’Qi(E) -0, i=0,1.
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The assignment of the tautological bundles is functorial as
well, i.e., there are commutative diagrams

0-S(f'EYy->m7"(fT'E)- Q:(f'E)>0,
1 i=0,1.
0- S,(E) had ﬂ'[_ lEw e Q,(E) — 0,

In order to get information about the integer cohomo-
logy of the projectivizations of E, we must use the Leray—
Hirsch theorem.'® We need it in the following weaker form
than the one given in Ref. 18: if p: Q— M is a locally trivial
topological bundle, with standard fiber F, X is a principal
ring, and there are cohomology classes {a, - - ‘a,} that when
restricted to the fibers generate freely over K the cohomo-
logy of the fibers with coefficients in K, then H(Q,K) is a free
H(M,K) module generated by {a a, }. If we consider the
bundles P'~ *(E) over M, the hypotheses of the Leray—
Hirsch theorem are fulfilled as a consequence of Theorem
2.1, so that we have the following theorem.

Theorem 2.2: The following isomorphisms of Z modules
hold:

H(P'~"(E),Z)

~HMZ)® HP'~*(Cr+"12), i=0,l.

lll. CHARACTERISTIC CLASSES OF SUPER VECTOR
BUNDLES

Given a rank (r,s) SVB p: E— M, we can straightfor-
wardly introduce its even and odd Chern classes as follows: if
x and ¢ are, respectively, the obstruction classes of the even
and odd tautological bundles of the projectivizations of E,
we let (with reference to Theorem 2.2)

X=— 3 CUABX ™, t'=— 3 CL(B)*%
j=1 k=1
’ (3.1)

so that C?(E) and C (E) are well determined elements in
H¥(M,Z) and H?**(M,Z), respectively. Correspondingly
there are two total Chern classes,

CUB)= 3 CUE), CHE)=3 CLE). (32)
i=0 K=o

According to this definition, a rank (7,s) SVB has reven and
s odd Chern classes. The normalization and functoriality
properties of these classes are readily proved.

Theorem 3.1: If £ has rank (1,0), then

C°%E)=1-65(E); (3.3)
if E has rank (0,1), then
CUE)=1-68(E). (3.4)

Proof:Ifrank E = (1,0), then E hasonly aneven projec-
tivization; moreover, S,(E) ~E, so that (3.3) follows. A
similar argument applies to the rank (0,1) case. a

Theorem 3.2: If £ M — Nis a morphism of ¥ supermani-
folds, and E is an SVB over N, then

C(f'E)y=f*CYE), i=0,1.
Proof: This property follows from the functoriality of
the projectivized and tautological bundles. O
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In order to prove a Whitney product formula, we need
some further constructions. Recalling that % is the sheaf of
germs of & maps M- C,, and denoting by % the sheaf of
germs of smooth complex-valued functions on M, we can
define a morphism y: ¥ — % by letting y( ) = o°f for all
/e (U). By means of ¥, the sheaf ¢ can be given an .-
module structure. Given a rank (7,s) SVB E over M, we let

E*=E® ,C. (3.5)

E #isarank r 4+ s graded smooth complex vector bundle on
M, which splits canonically into E # = E ¥ @ E ¥, where the
two summands have rank r and s, respectively. The bundles
E ¥ can be described in terms of their transition functions as
follows. If {g,»j} is a set of transition functions for E, then the
matrices {0°g; } have the block structure

h, O
oog,; =(0’ k“)eGl(r;C)XGl(S;‘C),

y
and the sets {4} and {k;} provide transition functions for
E¥ and E {, respectively.

The definition (3.5) entails the existence of vector bun-
dle maps E— E ¥; these can be lifted to maps between the
projectivized bundles P!~ “(E) - P(E ¥) and between the
tautological bundles, so that one obtains commutative dia-
grams

0—>S,(E) T, E- Qi (E)-0,
1 1 \] i=0,1,
0-S(EF) -7} 'E-QEF)-0,
where 77 is the bundle projection E ¥ — M. The commutati-
vity of these diagrams implies that, for fixed i, S;(E) and
S(E ) have the same obstruction class. This in turn implies
the following lemma.

Lemma 3.1: C°(E) =c(E¥),C(E) =c(E¥). O

It is now possible to prove Whitney’s formula.

Theorem 3.3: If 0 - E — F— G— 0 is an exact sequence of
SVB’s, then

C'(F)=CY(E)C(G), i=0,, (3.6)

where the product in the right-hand side is the cup product
in HMZ).

Proaf: Since 0— E—F—G—0 is an exact sequence of
locally free modules, by tensoring it with % one gets an exact
sequence of smooth vector bundles over M,

0—E¥ F*_G#*0,

which splits, thus giving isomorphisms F ¥ ~E ¥ ® G ¥. The
ordinary Whitney formula then yields c(FF)
= c(E ¥)c(G ¥), which, together with Lemma 3.1, implies
the thesis. 0

It should be noticed that we have stated the Whitney
product formula in terms of exact sequences of SVB’s rather
than in terms of direct sums of SVB’s, since, due to the nona-
cyclicity of the structure sheaf of the base supermanifolds,
not all exact sequences of SVB’s split (see Sec. IV).

We conclude this section by introducing the Chern
character of an SVB; as we shall see in Sec. IV, the represen-
tation of the characteristic classes of an SVB in terms of
curvatures is most simply exhibited by means of the Chern
character. For a given rank {7,s) SVB E over M, by means of
the formal factorizations'®
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> CHEX = ] (1 +%x),
j=o

Jj=1

Y Ci(E)ytt= H (148,12,
k=0

k=1
we define the even and odd Chern characters of E

Ch(E) = ¥ ¢% Ch(E)= Y %,

j=1 k=1
and the total Chern character

Ch(E) = Ch®(E) — Ch'(E).
Of course Ch(E)eH(M,Z), and there is a decomposition

Ch(E) = 3 Ch,(E), Ch,(E)eH(MZ);
i=0

in particular, one has Ch,(E) = r — s (we assume that M is
connected ).

The analog of the Whitney product formula for Chern
characters reads as follows: if 0+ F— F— G—0 is an exact
sequence of SVB’s, then

Chi(F) = Ch'(E) + Ch/(G), i=0,1.

IV. REPRESENTATION OF CHARACTERISTIC
CLASSES IN TERMS OF CURVATURE FORMS

Let E be a complex SVB of rank (#,5) on a supermani-
fold (M, ); a connection A on E is an even morphism of
sheaves of graded C, -modules

A: E-~Hom(TM,E)=Q's . E,
satisfying (recall that ¥ = &/ ® ; C)
A =fA(E) +dfed, YeZ(U), EeE(D),
and V open UCM.

In contrast with smooth bundles, and in analogy with holo-
morphic bundles, an SVB does not always carry a connec-
tion (a more detailed discussion of this point is to be found in
Ref. 20). This is due to the nonacyclicity of the structure
sheaf of a generic supermanifold; indeed, in the case of a De
Witt base supermanifold, connections always exist.

Let

0-E-F-G-0 (4.1)

be an exact sequence of complex SVB’s over a supermanifold
(M, ); general arguments®’ show that the sequence (4.1)
is split if and only if a certain cohomology class in
H'(M,Hom(G,E)) vanishes. Since Hom(G,E) is a locally
free graded ¥ module, it is acyclic if M is De Witt,?° so that
we have that all exact sequences of SVB’s on a De Witt super-
manifold split. This implies that an SVB over a De Witt su-
permanifold always admits connections; indeed it can be
shown that the connections on £ are in a one-to-one corre-
spondence with the splittings of the exact sequence of SVB’s
over M

0——»01 ®E—>D(E) —)E—»O,

where D(F) is Eo (Q! ® E) endowed with the structure of
graded . module given by

floa)=[fEo (fa+dfef) NEF(U),
EE(U), acs(QNM' @ E)(U),
and V open UCM.

(3.7)
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The representation theorem has been proved elsewhere
in the case of complex super line bundles. Let E be a CSLB
over a (generic) supermanifold M, and assume that E ad-
mits a connection A, with curvature form ). The Bianchi
identity states that () is closed, and one can prove?? that the
cohomology class [Q]eH 3k (M) ® zC is independent of
the choice of the connection. Let j: H(M,Z) - H(M,C, ) be
the morphism induced by the inclusion of sheaves Z—-C,,
and let a: Hypg (M) ® s C— H(M,C, ) be the morphism in-
duced by (1.2); then we have'¢

ACT(E)) = (i/2m)a([Q]). (4.2)

Equation (4.2) refers to the rank (1,0) case; obviously, in
the rank (0,1) case we get j(C | (E)) = (i/2m)a([Q]). In
terms of the Chern character, in both cases one has

Ch,(E) = (i/2m)[Str 2], (4.3)

where Str denotes the supertrace of a matrix in GL(r,s).*
Equation (4.3) follows from the fact that Str 0 =  if rank
E = (1,0), while Str 2 = — Q if rank E = (0,1).

We are able to generalize this result to the case of a rank
(r,s) SVB, provided that the base supermanifold is De Witt.

Theorem 4.1: Let E be a rank (7,5) SVB over an (m,n)
dimensional De Witt supermanifold M. For any connection
A on E with curvature (), one has

J(Ch (B)) = (i/2m)* [Str Q*], 1<k<m/2.

For k> m/2, both sides of (4.3) vanish identically.

Before proving this theorem, we need the following re-
sult, which holds also when the base supermanifold is not De
Witt.

Lemma 4.1: Let p: E— M be a rank (r,5) complex SVB.
There is a ¥ supermanifold morphism £ N— M such that:
(1) f*:H(M,Z) - H(N,Z) isamonomorphism; (ii) thereisa
chain of morphisms of complex SVB’s over N, g;: F, | -~ F;,
withj=1--r+5, F,, =f"'E, and F,= M X {0}, such
that any quotient superbundle F;/F; _, haseitherrank (1,0)
or (0,1).

Progf: This lemma is proved by double induction on the
rank of E. If rank E = (1,0) or (0,1) the result is trivial.
Suppose now that rank E = (# + 1,s) and consider the even
projectivization of E, 7,: P'"° (E) — M, the cohomology map
¥ H(M,Z) - H (P'°(E),Z) is injective by Leray—Hirsch.
The pullback bundle 7y 'E— P'*(E) has a tautological su-
per line subbundle S, (E) — P'° (E), and the quotient super-
bundle @,(E) has rank (7,s). By the induction hypothesis,
thereis a & map g: N— P 0 (E) satisfying the properties in
the statement of this lemma. Then the composition f = 7,0g:
N - M yields the required map. The induction on the odd
rank is proved in the same way. a

Finally, we may prove Theorem 4.1. As a consequence
of Lemma 4.1, and using the fact that on a De Witt super-
manifold all exact sequences of SVB’s split, there is a &
morphism f: N— M such that

f'E~Lo---oL, 0K, o 8k, (4.5)

where the L ’s have rank (1,0) and the KX ’s have rank (0,1).
Using a “tubular partition of unity” over M (Ref. 20) it is

(4.4)
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possible to define a connection A on E which when pulled
backtof ~'E “splits” inaccordance with (4.5),i.e., it defines
connections A; on L; and ®, on K,,, j=1-"'r, h=1--"s.
Then we have [recalling that Str(Q22)*, where Q2 is the cur-
vature of A, can be regarded as a superform on M]
frsr@h =3 @ - 3 (@™~

i=1 h=1

Now Egs. (3.7), (4.4), and (4.6) yield
S*9j(Ch, (E)) = (i/2m)*f*oa([Str N*]).
Since f* is injective, this implies Eq. (4.4).

(4.6)
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The Birkhoff-Gustavson normal form of one-dimensional double-well
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The Birkhoff-Gustavson normal form (BGNF) is employed to study general double-well
anharmonic oscillators with polynomial potentials of degree 4. Via an analytic continuation of
the BGNF series, expressions are presented that provide classical and semiclassical results for
all energies. A surprising observation of the classical period and an interesting feature of the
semiclassical quantum numbers are reported. It is shown that except for a small region near
the top of the potential barrier, the BGNF approach yields accurate quantum energies.

I. INTRODUCTION

Over the past few decades, one-dimensional anhar-
monic oscillators have been studied extensively. The work
on the quartic oscillator has been particularly comprehen-
sive; it has been studied as a mathematical and physical mod-
el in both classical and quantum theory. In classical theory,
the solution to Newton’s equation of motion has been given'
in terms of Jacobi elliptic functions and the period and action
have been given® in terms of generalized hypergeometric
functions. In quantum theory, the literature on the quartic
oscillator is very extensive.> Bender and Wu* showed that
the Rayleigh-Schrodinger (RS) perturbation series di-
verges for all values of the coupling parameter: This result
prompted resummation studies of the series, including the
Borel’ and Padé approximant® methods. In more recent
years, the double-well system obtained by adding a cubic
term to the quartic oscillator (cubic-quartic oscillator) has
received considerable attention.” Many of the techniques
employed in the study of the quartic oscillator (e.g., the use
of elliptic functions and Borel summation) have been ex-
tended to the cubic-quartic oscillator. The classical period in
the most general case, where the anharmonic term is any
polynomial of order n > 4, is represented in terms of a ‘‘hy-
perelliptic” integral which has just recently been shown® to
be expressable in terms of a sum of multiple hypergeometric
series. The enormity of work on one-dimensional anhar-
monic oscillators is the result of the applicability of this mod-
el in such fields of study as molecular dynamics and quan-
tum field theory.’

In this paper, we study the cubic-quartic oscillator using
the Birkhoff~Gustavson normal form (BGNF) approach.
The double-well nature of this oscillator makes it an attrac-
tive model to study. The BGNF approach is useful because it
provides the classical perturbation series, which is equiva-
lent to the quantum RS perturbation series when the quan-
tum operators are replaced by their corresponding classical
functions. Since this classical series is a power series in the
action, semiclassical results may easily be compared with
exact quantum results once the series is properly summed. In
Sec. II we define the Hamiltonian under consideration in

®) Present address: Department of Physics, University of Regina, Regina
Saskatchewan, S48 0A2 Canada.
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two coordinate systems to facilitate the determination of the
BGNF expansion about the equilibrium points of both the
left and right wells. In Sec. II we also discuss some interest-
ing properties of the action and period of the oscillator. In
Sec. III we outline the algorithm used to perform the Lie
transformations in the BGNF approach before developing
the series. The analytic continuation of this series is also
derived by identifying the inversion of the series with gener-
alized hypergeometric functions. Padé approximants are
presented in Sec. IV for inner and analytically continued
series: Numeric classical results from these approximants
are compared with results from truncated series, as well as
with exact results. In Sec. IV we compare the semiclassical
and quantum energies of the asymmetric double-well
(ASDW) oscillator. A summary is given in Sec. V.

Il. THE HAMILTONIAN

In general, the Hamiltonian under consideration defines
an ASDW potential. Since either the right (R) or left (L)
wells may be expanded to obtain the BGNF series, we define
the Hamiltonian as

H,(x,p) =Hy+ H\o + 1 Hyq,
where
H,=} (P*+x%), Hyqg =box’, Hyg =gox*,

2.1

with ) = Ror L. Here g, is taken to be positive definite and
b, is taken to be arbitrary. The system defined by H, is
related to that defined by H through the coordinate shift

x—x— (3bg +B)/4gr, B= [9b%z — 8gr ] 12,
along with the energy scaling

Hp =0H, +A,
where

o= [aB/4gx "% a =B+ 3bg,

A= [Bz(gR —abg) +3ggb% ]/64g3h

br= —(B+20°'%,), gp = 0’g;.

In the Hamiltonian (2.1) the choices b, =0 and

bo = +/gq correspond to the single-well (SW) and sym-
metric double-well (SDW) cases, respectively. The BGNF

(2.2)
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approach has been applied to the SW and SDW oscillators in
Refs. 10 and 11.

It is worthwhile to mention here that the period and
action of the oscillator of Eq. (2.1) have some interesting
properties. In the SDW case, the symmetry suggests that the
period for a given energy in the left well (77, ) should be
identically equal to the period in the right well (7% ), as
indeed is true. One might think that for the asymmetric case,
the period will depend on the well in which the classical
particle executes its oscillatory motion. To our surprise, we
observed that the oscillator has only one period for a given
energy, i.e., T, = Ty in the asymmetric case as well! Let the
energy E be measured from the bottom of the right well in
Fig. 1 and let V' (x) represent the potential with the coordi-
nate origin at the right well. The coordinates x, x,, and x; of
the critical points of the potential are given by

x, =0, x,=(—3by +B)/4gx,

X3 = (—3bg — B)/4gx-

In the “overlapping region” between the lines ASB and
CWD in Fig. 1, the energy satisfies the condition
0<E< Vg (x,) and the particle can oscillate in either well. It
is a simple matter to show that the period is the same irre-
spective of the well identification. Let d, ¢ and b, a be the
respective turning points in the left and right wells for any
energy in the overlapping region (see Fig. 1). The periods
T, and T are given by

T, =‘/§f __dL__, Te ___\/ff __dx

d JE — Vg (x) b JE— Vg(x)
Using Eqgs. (253.00) and (257.00) of Ref. 12, it can be
shown that T, = T = uF(w/2|m), where

n=4/\Jgla—c)(b—d),
m=(a—b(c—d)/(a—c)(b-d).
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FIG. 1. The potential ¥(x) = (1)x* + bx* + (1)gx* as a function of x for

b =0.075 and g = 0.005, with the coordinate origin at the bottom of the
right well.
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The elliptic integral F(7/2|m) can be expressed in terms of a
hypergeometric function (see Abramowitz and Stegun'?) as

F(7T/2|m) = (77/2)2F1(% ,591,’")-

Since the action 7 and the period T are related by the expres-
siond! /dE = T /2w, the difference in the actions for any two
energies in the two wells is the same.

lll. THE BGNF OF THE ASDW, SDW, AND SW
OSCILLATORS

In this section we briefly outline the algorithm used in
developing the BGNF series, referring the interested reader
to Refs. 1419 for a more detailed discussion. In the BGNF
approach, a classical Hamiltonian function H(x) where
x = (x,p;), i = 1,...,n, is canonically transformed to a nor-
mal ordered Hamiltonian function K(E), &= (£%7,),
i = 1,...,n. The transformation is implemented by expressing
x as the following Taylor series in powers of an expansion
parameter € about e =0, withx =§ate=0:

S €' |d™x

x(e)—€+n;1 n! L de” e:O.
Following this “coordinate transformation,” the Hamilto-
nian function is transformed by being expressed in the Tay-
lor series form

H(x(o]= 3 SH,),
n=0 ft.

Jd"H [x(€)] ]

de” €=0 ’
rewriting the partial derivatives in H, (x) in terms of total
derivatives evaluated at x = £, and then writing these total
derivatives recursively in terms of Lie derivatives or Poisson
brackets. The generating function w[x(¢€)] for the Lie de-
rivatives is defined through

dx' _ dw[x(e)]

a.1n

H,(x) =[ (3.2)

3.3a)
de dp; (
dp.
i _wlxa] iy (3.3b)
de ax'
and is assumed to have the series representation
wix@©@]= Y Sw,,, (x),
n=0 n!

where w, , , (x) are homogeneous polynomials of degree
n + 3. The transformed Hamiltonian assumes the form

Kig@©l=3 —E}K,.(gm

The first three K,’s of Eq. (3.4) are given by

K,=H, K,=H,+{H,w,},

K, = H, + 2{Hw,} + {H,w,} + {{H,w,},w,}.
Although K (§) is the canonical transform of H(x), it must
also satisfy the additional condition

{Ko(8)K,n (8} = 3 [%??9?

=
JK, 9K,

an; g,

(3.4)

]:0, Vm
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Using this procedure we have generated the BGNF series for Hy, (x,p) as given in Eq. (2.1) for arbitrary b, and g
(hereafter referred to as band g). The first few terms of the infinite BGNF series with b 2 = Ag, x = gK, and k, = gK, are given

315 17 . 225 705
=14 [ -2 e [+ B2 - T
KK°[+4 7Rkl LR BT T
L[375 20945, 116325, 115755&3]@
| 128 128 128 128
L [Jo6s9 338625, 6383475 . 8163729 . 23968161, "]Kg
| 1024 256 512 256 1024
N [ 87549 18237765 , 145625865 ,, 687587901 .5 2424834657 ., 1412410545 ] o
| 2048 2048 1024 1024 2048 2048  |°
N [ 3132399 | 489189285 | 23869797345 ., 44855525331 ,,
16384 8192 16384 4096
_ 556379422009 , 374415391845 361809217935 16]K°
16384 8192 16384  |°
238225977 104743883475 , | 3644984868525 .,  39986908838415 .
262144 262144 262144 262144
190295579741355 , , _ 437037206771385 , 5 475728673084335 .
262144 ” 262144 -~ 262144
B 196443710834085/17],(8 N } (3.5)
262144
-
It has been shown!” that the BGNF series may be recov- Ko=(m+1)) (3.8)

ered from the quantum RS perturbation series for the Ham-
iltonian given in Eq. (2.1) by replacing the quantum opera-
tors by their corresponding classical functions. However,
this quantum to classical mapping is not invertible. The
BGNF series cannot be quantized so as to yield the RS se-
ries,?° but rather, the BGNF algorithm outlined above must
be modified by replacing the Poisson brackets (Lie deriva-
tives) with quantum commutators to obtain the quantum
normal form'" identical to the RS series.

The series in Eq. (3.5) is given in powers of gK,,, where
the action K, defined by

Ko= (€ +7) =G pdx (3.6)

2 2T

is the constant of motion for our one-dimensional problem.
Since the normal ordered Hamiltonian « is given in terms of
the action, the study of classical and semiclassical properties
of the anharmonic system becomes simple. For example,
Hamilton’s equations of motion are given by

dE_ . dn

a " T

where

= . =a constant for a given K|
dk,
and the period T is given by
T=27n/0. 3.7
The Einstein-Brillouin-Keller?' (EBK ) semiclassical ener-
gies are obtained by substituting
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(where m is an integer) in Eq. (3.5). The simplicity of the
BGNF approach is offset by the fact that as in any power
series approach, the radius of convergence of the series limits
the region in which accurate results—which may require a
very large number of terms—can be obtained. In order to
extend the range of applicability of our BGNF series, we
now turn our attention to the study of Eq. (3.5).

We begin by noting that since the coefficients of xj are
polynomials in A of order n — 1, the series for « is in fact a
double-power series. It can be shown'! that Eq. (3.5) is the
inversion of the double-series

o=k T T FHD @Ao' =20
G TU+DG++ ! b

. 39

In order to invert the series in Eq. (3.9), we express it as
Ko = k¢ (k), where ¢ («) represents the terms under the sum-
mation sign. The inversion is then given by
o n—1
- B 1]
et 11 N7 "l T3 L PR

As pointed out in Ref. 11, the series in Eq. (3.9) has a
small (albeit nonzero) region of convergence which puts
severe limitations on the values of « and «, to compute each
other. For the SDW case these limitations were overcome by
using Padé approximants and a combination of the analytic
continuation of the relevant series and Padé approximants.
In this paper we are concerned with the general ASDW case.

After some algebra Eq. (3.9) can be expressed in the follow-
ing forms:
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rCm+n+))
=K T pm T Dim =l

(=A)"(=2)"

nim!

(3.10)

T(+) (— 2x)

K0=KZF—(1)T{-_1_)'2 (=52 +444)
7 I'G

(3.11a)
) J

Ko=K+K> >

j=1m=0

L2+ DPA~ 1Y~ ™A "
T() G+ DRTGm)

,» (3.11b)

where
T(jm+1)
=[(m+1D(m+1/ (2 —m)(j—m)]T(jm),

T(j0)=1

of order 2. This is another example of the nonuniqueness of
the order of multiple-hypergeometric series. Since one of the
parameters of F in Eq. (3.11a) is — j, the hypergeometric
series is simply a polynomial. Equation (3.11b) is conven-
ient for numerical calculations, especially when A 1. It is
seen that for A > 1, the terms in Eq. (3.11b) are positive defi-
nite and hence the difficulty of adding large terms of alter-
nating signs, as in Eq. (3.11a), is removed. For large «, we
obtain the following expression by analytically continuing
the function Fin Eq. (3.12) and collecting similar terms:

o
KO=L[(8;<)3"‘Z(__1_)’“ L TU-D
27 %o 8 T+

XoFy (— 2jj + §:44)

- 1 TG+ DG —
— (8K)l/4 z(__l_)’ (] .% U .
and j=o\ 8 Ly+ )M
s FG2+9PTGI2+3) 164y X F\ (=2 — 1,,'+g,5,/1)]. (3.13)
w/_ J FG+HIG+2) ! We now invert Eq. (3.13) to obtain an expression valid for
1 :
xoF(ZL+1 L 3,j+2,—8x). (1) ER
2 472 4 =Lsas (3.14)
Setting A = 1in Egs. (3.9)—(3.12) gives results for the  pere '
SDW case. It is interesting to note that according to the 23 2, 1/2m5/4
definition of Horn (see Erdelyi'®), the double-hypergeome- z=(aK,) , a=3T3/4)*/7"%2
tric series of Eq. (3.9) is of order 3, while that of Eq. (3.10)is  and the first few a,’s are given by
: ]
a=1, a,= —4Go az=§G<2)—113F1r aa= —g§|G(3)+z]s(GoF1—Gl)s
5 1 7
a, = — Gt +—G,(G G)————— 3F2 5F,), a=— —G,F| 4+ ——G,,
¢ 243 00t g GolCoF1 — G 6144 ( 2 s =gy Oof2 1024 1+ Toza0
ag = — G(G G G,(25G, 63G
5= 5561 00 3gg Co(Cfim G+ 5o 55296 0(23GoF; + 63G;)
5
G3F% — 4G,G,F, - G* 5F,F, — 3F, — 2F?),
+1s432( 0GiFi =G + Fote O =36 )
16
a; = Gl G GF2—3GGF 3G?
7= 10683 "° t atam2 41472 o ! )
— T G4(GoF, — G)) — ——— F\(GoF? + 3G,F, — 5GoF,) + —2— G3G, + —0 GF,
11664 294912 46080 248832
35 49 77
- (3G, G F,) + ——G,F, ————@G,,
~ 1179628 ofy = Gif2) 655360 ' 1966080 °
15 1 45
ag=—"—GIFF,—F,) ————G2G? G,(5G,F, — 9G,F? — 3G,F ——————F,(F,F, —
s =07z Coifam R m o GaGi 65536 01 (2C0F2 oFy 0+ S3sse0s 1 Fo— )
7 1 585
+ (64G G, — 11G,G, + 18G,G,F, + 3G,G,) — —————(54F* + 25F2 ——F—F,,
655360 0m2 o3 o 162) ~ 3553 O 2) + 31881004 ¢
where

Fi=.F\(~2j+13A), G=CF(~2%—

IV.NUMERICAL RESULTS OF THE ASDW OSCILLATOR

In this section we illustrate the practical usefulness of
the BGNF series given in Eq. (3.5) and its analytic continu-
ation (3.14) by presenting some numerical results for these
series as well as their Padé approximants. The numerical
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1j+344), C=3r )22

I

results were obtained by setting & = 0.075 and g = 0.005
(corresponding to 4 = 9/8). A plot of the potential with the
coordinate origin at the bottom of the right well is given in
Fig. 1. For these parameter values, the barrier height V(x,)
and the depth of the left well V(x,) assume the values

M. K. Aliand W. R. Wood 1241



5.04288998566897891 and — 15.49210873566897891, re-
spectively.

A. Classical action and energy

A set of numerical values of the classical energy E = «/g
and the corresponding action K, = «,/g are given in Tables I
and II. Table I contains the results for E < ¥V(x,), while the
entries of Table II are for E> ¥(x,). Since the BGNF series
converges slowly when E'is close to the barrier height V(x,),
we have considered Padé approximants of the series in Egs.
(3.5) and (3.14).

In Table I, the results of two types of Padé approximants
are reported. Following our procedure developed for the SW
and SDW oscillators, we have obtained the classical energies
from a [14,13] Padé approximant of the cube of the series in
Eq. (3.5) for the two asymmetric wells. The cube of the
series in Eq. (3.5) is expressed as «° = «g U. Then U is ap-
proximated by a [ 14,13] Padé approximant (U= P[ 14,13])
which leads to x~k,P[14,13]"/3. The different results for
the two wells are obtained by implementing the scalings for
b, g, and the Hamiltonian given in Sec. II. These types of
Padé results are presented in columns 2 and 6 of Table I. The
other type of approximation is obtained by using a [14,13]
Padé approximant of the series itself; the resuits are shown in
columns 3 and 7. The results in columns 4 and 8 are obtained
by using 30 terms in the sum of the series, while the exact
results in columns 5 and 9 are obtained by solving Eq.
(3.11b) for given K|,. It may be mentioned that the results
obtained from Eq. (3.11b) and those from the numerical
integration of Eq. (3.6) agree to all figures within the nu-
merical accuracy. It can be seen from Table I that the results
from the two types of Padé approximations and those from

TABLE IL The classical energy as a function of the actiorfabove the poten-
tial barrier for b = 0.075 and g = 0.005. The results under £¢PS) are ob-
tained from a [13,13] Padé approximant of Eq. (3.14), while those under
E(SR) are obtained by using 28 terms in the series given in Eq. (3.14). The
numbers for E(EXACT) are obtained by numerically integrating the ac-
tion integral given in Eq. {3.6).

K, E(PS) E(SR) E(EXACT)
25.4 5.07465 5.06957 5.09037
25.5 5.10449 5.10012 5.11749
26.5 S5.4289% 5.42829 5.43206
27.5 5.79067 5.79087 5.79167
57.5 23.32457 23.32457 23.32457
58.5 24.05134 24.05134 24.05134
59.5 2478519 24.78519 24.78519
100.5 59.98498 $9.98498 59.98498
101.5 60.95061 60.95061 60.95061
102.5 61.92072 61.92072 61.92072
148.5 110.88764 110.88764 110.88764
149.5 112.03772 112.03772 112.03772
150.5 113.19113 113.19113 113.19113

the series compare well with the exact results. As E ap-
proaches the value V(x,), the disagreement among these
results begins to show; it becomes clear that the Padé ap-
proximant of the cube of the series yields the best results for
any given number of terms in the series.

In Table 11, the entries in column 2 are obtained from a
[13,13] Padé approximation of the series in Eq. (3.14),
while those in column 3 are obtained by using 28 terms in the
sum of this series. The exact results in column 4 are obtained
by numerically integrating Eq. (3.6). Once again we notice

TABLE I. The classical energy as a function of the action in the asymmetric wells for 5 = 0.075 and g = 0.005. Here E(LPC), E(LPS), and E(LSR) and
E(RPC), E(RPS), and E(RSR) represent energies for a given K|, in the left and right wells, respectively. We obtain E(LPC) and E(RPC) from a [14,13]
Padé approximant of the cube of the series in Eg. {3.5); E(LPS) and £(RPS) are obtained from a | 14,13} Padé approximant of Eq. (3.5); and E(LSR) and
E{RSR) are obtained from Eq. (3.5) using 30 terms in the sum. The E{EXACT) are obtained from Eq. {3.11b).

K, E(LPC) E(LPS) E(LSR) E(EXACT) E(RPC) E(RPS) E(RSR) E(EXACT)
Q.50 — 14.84400 — 14.84400 — 14.84400 — 14.84400 0.49558 0.49558 0.49558 0.49558
.50  —13.56033 — 13.56033 — 13.56033 — 13.56033 1.45859 1.45859 1.45859 1.45859
250 —12.29389 — 12.29389 — 12.29389 — 12.29389 2.37950 2.37950 2.37950 2.37950
350 —11.04534 — 11.04534 — 11.04534 — 11.04534 3.25052 3.25052 3.25052 3.25052
4.50 —9.81540 —9.81540 —9.81540 —9.81540 4.05845 4.05845 4.05845 4.05845
5.50 — 8.60485 — 8.60485 — 8.60485 — 8.60485 4.77345 4.77345 477356 4.77345
5.90 — 8.12626 — 8.12626 — 8.12626 — 8.12626 5.01000 5.01001 5.01320 5.00996
6.50 — 7.41460 — 7.41460 — 741460 — 7.41460
7.50 — 6.24566 — 6.24566 — 6.24566 — 6.24566
8.50 — 5.09917 — 5.09917 — 5.09917 — 5.09917
9.50 — 397645 — 3.97645 — 3.97645 — 3.97645

10.50 — 2.87905 — 2.87905 — 2.87905 — 2.87905

11.50 — 1.80881 — 1.80881 — 1.80881 — 1.80881

12.50 — 0.76796 - 0.767%6 —0.76796 —0.76796

13.50 0.24073 0.24073 0.24073 0.24073

14.50 1.21368 1.21368 1.21368 1.21368

15.50 2.14608 2.14608 2.14608 2.14608

16.50 3.03095 3.03095 3.03100 3.03095

17.50 3.85697 3.85697 3.85748 3.85697

18.50 4.60115 4.60115 4.60595 4.60115

19.13 4.99611 4.99617 5.02093 4.99532

1242 J. Math. Phys., Vol. 30, No. 6, June 1989 M. K. Aliand W. R. Woad 1242



TABLE III. Comparison of the semiclassical and quantum energies of the ASDW oscillator for b = 0.075 and g = 0.005. The entries in columns 2, 5, and 8
are taken from Tables I and II. The quantum energies are obtained by diagonalizing a 1800 < 1800 Hamiltonian matrix in the harmonic oscillator basis set

with 57 = 2.7482987390560.

ng Efonr E e ng Efonr E an n Epinr E ane
0 - 14.84400 — 14.84467 0 0.49558 0.49395 25 5.10449 5.16383
1 — 13.56033 — 13.56102 1 1.45859 1.45668 26 5.42899 5.42597
2 — 12.29389 — 12.29462 2 2.37950 2.37717 27 5.79067 5.80092
3 — 11.04534 — 11.04610 3 3.25052 3.24742 e s e
4 - 9.81540 - 9.81619 4 4.05845 4.05351
5 — 8.60485 — 8.60568 5 4.77345 4.76461 57 23.32457 23.32501
6 - 7.41460 — 7.41548 58 24.05134 24.05177
7 - 6.24566 - 6.24659 59 24.78519 24.78562
8 — 5.09917 - 5.10015
9 — 3.97645 — 3.97751
10 - 2.87905 - 2.88020 100 59.98498 59.98526
11 - 1.80881 - 1.81007 101 60.95061 60.95089
12 - 0.76796 - 0.76936 102 61.92072 61.92100
13 0.24073 0.23915
14 1.21368 1.21186
15 2.14608 2.14388 148 110.88764 110.88786
16 3.03095 3.02817 149 112.03772 112.03794
17 3.85697 3.85271 150 113.19113 113.19135
18 4.60115 4.58974

that except for a small region near the top of the potential
barrier, our analytic continuation of the BGNF series and its
Padé approximation provides accurate classical results.

B. Comparison of semiclassical and quantum energies

Here we compare semiclassical and quantum energies of
the ASDW oscillator for the sample parameter values men-
tioned above. The quantum energies E,,,, were obtained by
diagonalizing a 1800X 1800 Hamiltonian matrix generated
by the basis set

¥, = [BAT2n]'2H, (Bx)e = 07,
where H, is the Hermitian polynomial of order n and Bis an
adjustable parameter. The value of the parameter
[? =2.7482987390560 was obtained by minimizing the
trace of the Hamiltonian matrix. The quantum energies ob-
tained in this manner are given in Table IIL

As mentioned in Sec. I11, the semiclassical energies are
easily obtained in the BGNF approach by setting the action
Ko = m +} (where m is an integer) in the BGNF series
(3.5) and its analytic continuation (3.14): We present in
Table I1I only the Padé approximant results of these series.
The numbers in columns 2 and S are taken from columns 2
and 6 of Table I and those in column 8 are taken from col-
umn 2 of Table I1.

It can be seen from Table 111 that the BGNF approach
provides the EBK energies of the ASDW oscillator for all
values of the quantum number m in the interval 0<m< «.
Except for a small region near the top of the barrier, the
agreement between the semiclassical and quantum results is
quite good. This agreement improves as m increases and the
real benefit of the semiclassical approach is appreciated for
the very large values of m for which the quantum calcula-
tions become prohibitive. It is interesting to notice how the
semiclassical quantum numbers in the two wells are com-
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bined to provide the starting quantum number in the region
above the barrier height. Here we have 19 levels in the left
well and six levels in the right well, giving the total of 25
levels in the two wells. The first quantum number above the
potential hump is 25, indicating the 26th level if the quantum
numbers are counted from zero. This feature of the EBK
quantum numbers is the same in the SDW and ASDW cases.

V. SUMMARY

In summary, we have presented the BGNF series for a
general ASDW oscillator with a polynomial potential of de-
gree 4. By identifying this BGNF series as the inversion of a
double-series involving hypergeometric functions, we were
able to obtain expressions that are valid beyond the region of
convergence of the original series. In turn, these expressions
allowed us to demonstrate the practical usefulness of the
BGNF approach in determining semiclassical energies,
which were compared with the corresponding quantum en-
ergies. An interesting feature of the EBK quantum numbers
is discussed. A rather surprising observation concerning the
classical period in the two wells is also reported.
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Asymptotic velocities in classical mechanics
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The scattering of a system of classical particles on the line with repulsive interactions is
considered. The scattering is called regular if for any motion of the system the asymptotic
velocities are distinct. It was known that the scattering is regular if the interactions decay
sufficiently fast with the distance. Here the dynamics of repelling particles are put into the
framework of Hamiltonians with cone potentials. The notion of regularity of scattering is
defined for Hamiltonian systems with cone potentials and conditions for regularity are
established that do not depend on the rate of decay of potentials at infinity. Then these results
are applied to the scattering of repelling particles on the line.

1. INTRODUCTION

Consider the classical motion of » point masses
my,...,m, with repulsive interactions. Let the particles move
in the space R of d dimensions and denote by x,,...,x,, their
positions and by x,,...,x,, their velocities. It is known that the
asymptotic velocities (at plus infinity, for concreteness)

Xx;(e0) = lim x, (1),

I— oo

i=1,..,n, ()

exist for any trajectory of the motion."? It is intuitively clear
that for a typical trajectory the asymptotic velocities are dis-
tinct:

X () # #X,(0). (2)

We call property (2) the regularity of asymptotic velocities.

To study the scattering in classical mechanics,? it is im-
portant to know that the asymptotic velocities are regular for
all motions. Property (2) has been studied for one-dimen-
sional particles that cannot pass each other.* In this situa-
tion it is known that if the interactions between particles
decay fast with the separation, then the asymptotic velocities
are regular for any motion. The fast decay condition seemed
natural because it is also needed for the existence of asympto-
tic phases.”

A regularity property similar to (2) has been intro-
duced for the Hamiitonians with cone potential.® Such a
Hamiltonian in the space of N dimensions is characterized
by a proper cone Cin R”, and the asymptotic velocity x( o )
of any motion {x(¢) } exists and belongs to the dual cone C *.
Let Int C denote the interior of C. The regularity property
corresponding to {2) is

%(0) €Int C*. (3)

Under the fast decay assumption on the cone potential, (3)
holds for all motions, and the fast decay is needed for the
existence of scattering in the context of Hamiltonians with
cone potentials.*

Thus, so far, the regnlarity of asymptotic velocities (2)
and (3) has been associated with the fast decay of interac-
tions, and therefore with the scattering. In Ref. 5, Hubacher
has considered the systems of classical particles of equal
mass m on the line interacting by a repulsive pair potential
v(x). The Hamiltonian of such a system is
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H=2'% 22+ 3 v(x; —x,). 4)
2 i=1 i<j

Assume that the pair potential is repulsive, more precisely

that it satisfies the following conditions.

Repulsivity Conditions: Potential v is a positive continu-
ously differentiable function on (x,, ), where — oo <x,.
Besides v(x) — « as x—x, from the right, and v'(x) <O.

Under these conditions, the limit of v(x), as x — 0, ex-
ists, and in what follows we assume without loss of generality
that this limit is zero. No assumptions on fast decay of v(x)
as x— oo are made.

Theorem®: For particle systems with the Hamiltonian
(4), the repulsivity conditions are necessary and sufficient
for the regularity (of asymptotic velocities)

¥ (o0) < <X, () (3)

for all motions.

In this paper we extend the sufficiency part of Hu-
bacher’s theorem. Namely, we show that the regularity (5)
still holds when the repulsive pair potentiais v; (x} are arbi-
trary, as long as they have, roughly speaking, the same rate
of decay as x — co. We also get rid of the assumption that the
masses of particles are equal. To prove this result, we use the
technique of cone potentials, and generalize the regularity
(5) to a class of Hamiltonians with cone potentials. Hence
our results separate the regularity of asymptotic velocities
from the fast decay of interactions assumption.

il. REGULARITY OF ASYMPTOTIC VELOCITIES FOR A
CLASS OF CONE POTENTIALS

Let fi(x), f,(x) be continuous positive functions de-
fined on (x,,0 ), (x,,00). Assume that as x— « both func-
tions go to zero or to infinity.

Definition 1: We say that f] and £, have the same rate (of
decay or growth) at infinity if

LX)/ fH(x) =0(), fi(x)/filx) =0(1), (6)

as xXx— 0.
The following is a variation of a lemma from Ref. 5.
Lemma 1: Assume that the functions f; (x), f,(x) have
the same rate of decay at infinity and that f2f,(x)dx < o for
somea > x,. Let x, (¢) >x, and x,(#) >x, be continuously dif-
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ferentiable for 10, with x, (¢) - Oand x,(¢) - b>0ast— .
Suppose that

f Sl (DMt < oo. (7
0

Then for any £ > 0 there is 7>0 such that, for > T,

f fz(xz(T))d7'<5f Silx (T))dT < 0. (8)

Proof: Clearly, x,(t) - « as t— . By (7), x,(#) - ,
also. Indeed, if this is not the case, then, since X, (¢) is bound-
ed, thereis L > Osuchthat x,(¢) < L forallt. Then, forany 7,

T
f Al 0> min fo] . 9)
0 X KX

contradicting (7).
For T large enough, the following inequalities hold for
all¢> T

x; (1) <x,(0),
Then, fort> T,

%J filx (D))dT

|%,(8)| <€eb /2, x,(t)>b/2. (10)

>\ Ff.(x,(ﬂ)dx,(f)

= fi(x)dx> Si(x)dx

x () x5 (2)

= wal(xz(r))xz(f)dr>%f Silx,(7))dr.

Hence, for t> T large enough,

fwfl(xz(r))d7<£ J‘mfl(xl (r))dr.

Since x, — o0, by (6), for t> T large enough,

f fz(xz(r))dr<cf filx,(7))dT,

with some positive constant ¢. Combining (11) and (12), we
obtain Lemma 1.

Denote by {x, y) the inner product in the Euclidean
space R" and set ||x||> = {x,x). Recall that a cone Cin RV is
called proper if C does not contain a straightline. Lete,,...,e,
be arbitrary nonzero vectors. The set

C=[ zn: r.e;, r,}O]

i=1

(11)

(12)

is the cone spanned by e,...,e,,. The dual cone C * consists of
vectors e* such that {e*,e;)>0 for all e,.

With any vectors e,,...,e, in R”, any continuously differ-
entiable functions v; on (a;,«), @;> — o, and a positive
definite matrix M (mass matrix), we associate the Hamilto-
nian

H=— (M) + 3 0,((xe)). (13)

i=1
The corresponding dynamics x(¢) takes place in the region
Q=1{x: {xe)>a, i=1,.,n}
The limit X( 0 ) = lim x(¢), as — o, if it exists for a given
trajectory x(¢), is called the asymptotic velocity at infinity.
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In what follows we assume that the potentials v, (7) sat-
isfy the repulsivity conditions of Sec. 1, and that the cone C
spanned by e,,...,e, is proper. Then (13) is a Hamiltonian
with the cone potential®

n

V(X) = 2 v,.((x,e,-)).

i=1

(14)

For such Hamiltonians the asymptotic velocities x( o0 ) exist
for all motions and x( o ) € C* (see Ref. 8).

Definition 2: We say that a motion x(¢) has a regular
asymptotic velocity (at plus infinity) if X( oo ) € Int C *.

Theorem 1: Let the derivatives f;(r) = —v/(r),
i =1,...,n, have the same rate of decay as 7— o . Then every
motion of the Hamiltonian dynamics defined by (13) is reg-
ular.

Proof: Using a simple transformation,* we reduce the
situation to the case M = 1, i.e., the Hamiltonian is

1. "
H=— 3+ 3 v({xe)). (15)
i=1
Denote x{ «c ) by b. Then
(be,)>0, i=1,..n, (16)

and b € Int C* if and only if we have strict inequalities in
{16). Weassumethat » does not belongto C * and relabel the
vectors e; so that

<b9ei> = 0,
and 7

(b’ei > > 0)
Denote by C, the cone spanned by e,,....e,,. Since C, C C,
the cone Cj, is proper, and the intersection Int C, N Int C¥
is not empty.

Denote by F(x) the force vector at x, i.e.,

i=1,.,m>1,

i=m+ 1,..,n.

Fix)= —grad Vx) = 3 — 0 ({xede,

i=1

= z fil{x,e.))e,. (18)
i=1
The equation of motion corresponding to (15) is
d .
—x(1) = Fi{x(1)), 19
a x(1) x(1) (19)
and, for any vector e,
L (x(0.) = 3, Fl(x(t).e))ewe). 20)
i=1

Hence

J:m % {(x(7),e)dr

= Gy — ey = 3 | [ fucxnren| e

i=1
(2D
Taking e from Int C *, we obtain that

f " lx (e )dr < o,

for all i. By the proof of Lemma 1, (x(¢),e;) = o0, as t— oo,
for all i.

(22)
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Let now e € Int C, N Int C¥. Rewriting (20) as

% (x(t)9ei> = i ﬁ((x(t),e,-))(e,-,e)

i=1

n

+ X fillx(n.e))eqe),

i=m+1
integrating (23) from ¢ to infinity, and using that (b,e) = 0,
by assumption, we obtain

(23)

(x(),e) = — i mﬁ((X(r),e,))(e.-,e)dT

i=1J¢t
n

- 2

i=m+41Jt

" f(x(r) e Kenehdr

< — zm: (e;,e) J.wj}((x(r),e,))df

i=1

+ 2 [ene)l f fillx(n),ed)dr.  (24)
f=m+<1 t

Fori=1,...,m, {e;,e) >0. By Lemma 1, for any £ > 0O we can

find T such that, for > T,

n

S Hewd)l [ AtGatrenar

i=m+1

<e f‘, (¢;.€) Jwﬁ«x(r),ej))dr.

j=1

(25)

Taking £ = 1, we obtain from (24) and (25) that, for ¢ large
enough,

()'c(t),eK——;-_i (e,,e) fwﬁ(<x(r),e,~>)dr<0. (26)

i=1
Therefore (x(¢),e) is bounded above as - 0, contradicting
the assertion {x(#),e;) — oo, for all /, obtained earlier in the
proof. This contradiction proves the theorem.

Discussion: Consider the dynamics x(¢) defined by the
Hamiltonian (13) where the vectors e,,...,e, span a proper
cone C. Although the repulsivity of the potentials v, is essen-
tial for the asymptotic velocities x( ) to be regular, the
other condition of Theorem 1 is not necessary, in general.
Consider, for instance, the Hamiltonian (13) with an expo-
nential cone potential®

Vi)=Y ce” "™, 27

i=1

a;r

with ¢;,a; > 0, for i = 1,...,n. The functions f; (r) = a,c;e  “
have the same rate of decay at infinity only ifa, = --- =a,,.
Nevertheless, the asymptotic velocity x( ) exists and is
regular for any motion.*

Let v(x) satisfy the repulsivity conditions of Sec. I, and
consider the special class of Hamiltonians (13):

H= % (Mx,x) + 2 c;v({x.€)),

=1

(28)

with ¢y,...,¢, > 0. For the Hamiltonians (28) the rate of de-
cay assumption of Theorem 1 is satisfied automatically.
Hence Theorem 1 and the preceding discussion imply the
following.

Corollary 1: For the Hamiltonians (28) the repulsivity
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of v is necessary and sufficient for the asymptotic velocity
X( o0 ) to exist and be regular for all motions.

Consider n repulsive potentials v, (7),...,0, (r) satisfying
the assumption of Thearem 1, i.e., the derivatives v/ (r) have
the same rate of decay as r —» oo . Recall that we have assumed
throughout that v,(7) -0 as r— «. Since

v,(r)= — Jm v!(s)ds

and since, for any i, j,
|v;(r)|<const |v; (r)|,

for r large enough, potentials v, (r) satisfy Definition 1, i.e.,
all v, have the same rate of decay as 7— oo . The converse fails,
in general. Assume now that the functions v, (r) satisfy a
stronger-than-Definition-1 assumption:

lim v; (r)/v;(r) #0, foralli,j. (29)
Then, by ’Hépital’s rule,
lim v;(r)/v;(r) = lim v,(r)/v;(r) #0, (30)

for all 4, j, which implies the following.

Corollary 2: Let v (r),...,v, (r) be repulsive potentials
satisfying Eq. (29). Then all the motions of the dynamics
defined by the Hamiltonian (13) have regular asymptotic
velocities, i.e., x( o0 ) € Int C*,

lIl. REGULARITY OF ASYMPTOTIC VELOCITIES FOR
MANY-BODY PROBLEMS ON THE LINE

We apply the results of Sec. II to the scattering of classi-
cal particles on the line. First, we consider the particles inter-
acting by directed repulsive forces. The Hamiltonian of such
a system has the form

Nom,
H=Y Txf-{—Zvij(xj—xi), (31)

i=1 i<j
with pair potentials v; () satisfying the repulsivity condi-
tions.
Theorem 2: If the forces f; () = — v};(r) have the same
rate of decay as r— «o or if the pair potentials satisfy

lim v, (r)/vy, (r) #0,

for all pairs i <, k </, then the asymptotic velocities X; ( o0 )
for any motion satisfy the regularity condition (5).

Proof: Consider the space R” with the standard basis
ey,..,ey. The vectors e; — e;, i < j, span a proper cone C with
the dual cone C* = {x,<--<xy}. Setting x = (x,,...,xy)
and M = (m,...,m, ) the diagonal mass matrix, we rewrite
(31) as

(32)

H=— (M) + 3 0, ((ve, — e)), (33)
f<j
which is a Hamiltonian of the form (13). We have
IntC*={x, <" <xy}

Now Theorem 1 and Corollary 2 imply the assertion.
Let us consider a special class of the Hamiltonians (31):
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H= 2——-x +Zc,jv(x x;),

i=1 i<j
where ¢; > 0 and the potential v(r) is arbitrary.
Corollary 3: All of the motions {x; (¢), 1<i<N} defined
by the Hamiltonian (34) have regular asymptotic velocities

(34)

if and only if v(r) is a repulsive potential.

Proof: The assertion follows immediately from the proof
of Theorem 2 and Corollary 1.

Remark: Setting in Corollary 3, m; = - =mj, and
taking the c; all equal, we recover Theorem 1 of Ref. 5.

Now we consider particles on the line interacting by
central repulsive forces, and assume that the particles cannot
pass each other. The Hamiltonian of such a system is

Z_x +Zvu(|x ji)’

i<j
where v; (r) are repulsive potentials on (0, ).

Theorem 3: Assume that the forces f (r)= —wv;(r)
have the same rate of decay as r— oo, or that the potentials
v; (r) satisfy condition (32). Then the asymptotic velocities
X; (o) are distinct:

x1(°°)7é#x1v(°0)’

for any motion defined by the Hamiltonian (35).
Proof: Since the particles cannot pass each other, the
configuration space is the disjoint union of regions of the

X ()< e

(35)

(36)

form {x, <--- <x; }. Inany such region we relabel the par-
ticles so that it becomes {x, < * -+ <x,} and apply Theorem
2.

Corollary 4: Consider the dynamics of particles on the
line with the Hamiltonian

H= 2 ——x + 2cuv(|x - x;]),
i=1 i<j
with ¢; > 0.

The asymptotic velocities X;( « ) for any trajectory of
the dynamics defined by the Hamiltonian (37) are distinct if
and only if v is a repulsive potential on (0, 0 ).

Proof: Just as in the proof of Theorem 3, we reduce the
situation to the one considered in Corollary 3.

In applications, one is often led to consider the Hamilto-
nians (31) and (35) with some potentials v; equal to zero, or
to the Hamiltonians (34) and (37) with some ¢; = 0. For
instance, the Hamiltonian of the nearest neighbor interac-
tion,

-

(37)

H z———x+zv(x,+1—'i),

i=1

(38)

is a special case of (31) withv; =0forj—i> 1.
More generally, let P be a set of pairs (i <j), 1</, j<N,
and consider the N-particle Hamiltonian

H=3 2y 3

i=1 (i<jyeP

v; (x; — x;), (39)

T
where the pair potentials v (1), (i<j) eP, satisfy the repul-
sivity requirements of Sec. I In the system (39) the masses
m; and m; interact by the directed repulsive force
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Ji = —v;(x; — x;) if (i <j) € Pand they do not interact if
the pair (7, j) does not belong to P.

Theorem 4: Consider the system of particles with the
Hamiltonian (39), and assume that P contains the set

Po={Gi+1), 1<i<N—1}

If the forces f; (7) have the same rate of decay for all
(i, j) € P, or if the potentials v; (r) and v, (r) satisfy (32) for
all pairs (i, ) and (k,/) from P, then the asymptotic veloc-
ities X; (o0 ) for any motion satisfy the regularity condition
(5).

Proof: As in the proof of Theorem 2, we consider the
cone C, spanned by the vectors e; — e, for (i <j) € P. Obvi-
ously, C, belongs to the cone C spanned by all vectors
e; — e;, I <j. Since the cone corresponding to P, is equal to C,
the inclusion P, C P implies Cp, = C. The rest of the
proof of Theorem 2 goes through and proves the assertion.

Corollary 5: Consider the nearest neighbor Hamiltonian

H= Z X2+ z cv(x; 4 (40)

i=1 i=1

——x,-),

with ¢; > 0. The asymptotic velocities of all motions of the
system (4) are regular {x,( ) < *** <Xy (0 )} if and only
if v is a repulsive potential.

Proof: Follows from Theorem 4 the same way Corollary
3 follows from Theorem 2.

The situation is more complicated for the central repul-
sive forces (35), if we allow v; = O for some pairs (i <j). Let
Pbe a set of pairs (i <j) and consider the Hamiltonian

1 N
H=— 2 mii+ X

(1<j)€P

vy (Jx: — x;). (41)

T
We assume that all pair potentials v, (7), (i <j) € P, are re-
pulsive with v,;(0) = . This means that the configuration
space X is divided into V! regions,

Xu;:{xi,<"'

where w = (i,,...,iy ) are permutations of (1,2,...,N). For
any permutation w, we set P, = {(i},65),-.., ix_ 1,in) }.

Theorem 5: Consider the system of particles with the
Hamiltonian (41). Assume that all forces have the same rate
of decay at infinity or that the pair potentials satisfy condi-
tion (32).

If P contains P, then the region X, is invariant under
the dynamics, and for any motion in X,, the asymptotic ve-
locities satisfy

<x..},

).C,»‘(OO)<"’<X,-N(OO). (42)

In particular, the asymptotic velocities for any motion in X,
are distinct.

Proof: For a domain X,, we relabel the particles in an
obvious way, and obtain the Hamiltonian (39), while P,
becomes P,. Now we apply Theorem 4 and obtain the asser-
tion.

Discussion: If P contains the sets P, for all w, then P
contains all pairs (i <j); hence Theorem 3 applies. On the
other hand, if P does not contain P, for some w, then we
cannot guarantee that the motions starting in X, have regu-
lar asymptotic velocities.
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Example: Consider the system of three particles with
the Hamiltonian

H=1(x} +x3 4+ x3) + v(lx, — x5]) + v(]x; — x3)),

(43)

where v(7) is a repulsive potential. By Theorem 5, in the
region {x, <x,<x;} we have x;(o0) <X,(0) <X;3(c0).
But in the region {x, < x; < x,} we can only assert that the
asymptotic velocities satisfy x,(o0)<X;(0) and x;(c0)
<X5(00).
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For higher-order Kadomtsev-Petviashvili (KP) equations, the existence of explicitly time-
dependent constants of motion is discussed. Generalizing the resuits for the ordinary KP
equation, constants 7'{"7’ polynomial in ¢ are constructed for each / th order KP equation, for

ala>m (I —-1) — 1,

I. INTRODUCTION

A lot of attention has been recently paid to the Kadomt-
sev—Petviashvili (KP) equation’ in the study of several dif-
ferent physical problems.?

It has been shown that the KP equation is a completely
integrable Hamiltonian system,>* i.e., possessing an infinite
number of constants of motion in involution. According to a
theorem by Case,’ these constants are generators of symme-
tries of the equation. Later on, it was found that the KP
equation has an infinite number of “new” constants that are
polynomials in z. More precisely, Chen et al.>’ derived a set
of explicitly time-dependent symmetries for both integrable
nonlinear evolution equations with one spatial dimension
(for example, the Korteveg—de Vries equation) and with
two spatial dimensions (namely the KP equation). In one
spatial dimension, these new symmetries are in general sym-
metries of the equation without being Hamiltonian symme-
tries, in the sense that no corresponding constants of motion
can be found. Instead, for the KP equation, the new symme-
tries are related to explicitly time-dependent constants of
motion, and in Ref. 8 it has been shown that for all n>0,
there are n + 2 constants and one pseudoconstant (whose
appearance is due to the existence of Casimir invariants, and
which does not generate a symmetry}.

The fact that the infinite set of the *“old” (time-indepen-
dent) constants are in involution means that the KP equa-
tion is but one of a hierarchy of equations, which is simply
obtained by considering these constants as Hamiltonians.

In the last few years, several authors have investigated a
KP hierarchy resulting from the compatibility conditions of
a hierarchy of systems of linear equations.” This hierarchy
consists of nonlinear partial differential equations in an in-
creasing number of independent variables.

Here we want to show that for each member of the first
hierarchy there is an infinite set of new symmetries polyno-
mial in ¢, and how these can be constructed. We will proceed
by induction, moving up from the already known result
about symmetries linear in ¢ of the higher-order KP equa-
tions.'°

Il. KP EQUATION AND ITS GENERAL PROPERTIES
We take the KP equation in the form
9, =3;'929g-9,[3¢°+q,] (1)

This equation can be put in Hamiltonian form,
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q, = [qu]’ 2)
by taking as Hamiltonian
3;'9,9)° ¢
i=[{E2 G-} g

with the Poisson bracket
F61= L5 5. (@)
dg = Jq

Here, and in the following, we make the convention that

f{} =f: Jj:{---]dxdy. (5)

If we write Eq. (1) in the form
q. = K(q), (6)
then a solution o of the linearized equation

o, =K'(0), (K'(o) =iK(q + ea)|5=o), %

is called a symmetry of the equation. We will say that thisisa
Hamiltonian symmetry if a functional C can be found such
that o is of the form

o=1g:C1=3, %< (8)
5q
Then'! Cis a constant of motion.

The explicitly time-dependent symmetries found by
Chen et al.,” together with the previously known ones, con-
stitute an infinite-dimensional Lie algebra. As mentioned
above, the new symmetries are Hamiltonian.'? Therefore,
we can consider the Lie algebra of the corresponding con-
stants with the Poisson bracket as Lie product, and commu-
tation relations®

r(n+1)—m(s+1)

[c:m.C7]= 3 cnil,  ®
where the general form of C ™ is
Cfo): 2(’:){"‘_"];]‘), (10)
k=0

as given in Ref. 8, where also the J (¥ are constructed and
some of them found explicitly. For each n>0 there are n + 2
constants C (™, m = 0,1,...,n + 1, and one pseudoconstant
C{"* 2, The constants C {™ are obtained from C{"*? by
repeated differentiation, and the pseudoconstant is con-
structed from the Casimir invariant
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sper = —— [y, an

by taking repeated Poisson brackets with the Hamiltonian.
For m =0 we have the time-independent constants. The
first few of them are

C(()O)EJ(()0)=J.q_2 C§O)EJ§0)=—1—Iqa_'3q
6 3 x Yy
cO=IO —H,

2
cCPO=JP =J [2qqu + —é-q(a; '9,)%q

—44°3 7' yq].

The fact that the Poisson bracket (4) in the case of the
KP equation is singular, i.e., that there are Casimir invar-
iants, means that formula (9) is not correct for arbitrary
indices. In the following, we will assume that m, n, r, and s
are chosen in sucha way that C ™, C{”,and C {73 " are
constants, i.e., that for fixed n and s, m and r satisfy

m<n+1, r<s+1,
m+r<n+s.

(12)

Then formula (9) is correct (see Appendix A). Moreover, if
we look at the terms in (9) which are not explicitly time
dependent, we see that similar commutation relations hold
for the J {™s:

r(n+1)—m(s+1) Jimer=—n

3 n4s—2

[0 7] =
(13)

1. THE HIGHER-ORDER KP EQUATIONS
The infinite hierarchy of KP equations is given by

q. =K/ (q), [=0,1,.., (14)
with
sC»  8I©
K =90 ——=9 — . (15)

8¢ 7 b
These equations are Hamiltonian with Hamiltonians
H, =J {9, and they all are completely integrable.

We now want to see whether there are constants polyno-
mial in ¢ for Eq. (14) for arbitrary /. For/=0and /= 1, we
have two degenerate cases (corresponding to the equations
g, = gq,./3and q, = 2q,/3, respectively) that will be treated
separately in Appendix B. Here we will assume />2. Write

T = z(m)t"‘—"Lf,f‘,’, (16)
o\ k
with

LO=JO. (17)
For fixed /, T\’ will be constant of the / th order KP equa-
tion if and only if

L& "= — (W/K[LBIP), k=1,..,m. (18)
This is equivalent to the requirement that
5¢=1[q, T\ (19)

be a solution of
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6q, = K [(89).

With 8¢q chosen as in Eq. (19) we have
.fi_aq— Y (m— k+1)( )t’""‘[q,Lf,",_”]
dt K=1 1 ?

+I[e T\, 77} (21

By the Jacobi identity, the second term on the right-hand
side becomes

[[q,T(m)] J(O)]

— __[[T(m)J(O)] q] _[[J(O)9q]’TE1,’7) .
But, using the fact that [L {7, J{”] =0 and Eq. (18), we
have
[[T(m) J(O)] q]

(20)

(22)

— z ( )ktm—k[L(k—l) q] (23)
k=1
Equation (21) finaily reads
__5q {[q,J(O)] T(m) . (24)

dt

Since 8¢ is of the form (8), from the theorem proved in Ref.
12 we know that

K; 69 =[[q, (7], T{P) (25)
and by comparing Egs. (24) and (25) we conclude that ¢ is
a solution of the linearized /th order KP Eq. (20).

We now construct 7'{7’. For m = 0, we have [see Eq.
(17)]

TO=LY=J. (26)
For m = 1, the construction is given in Ref. 10, where it was
found

T(l)
with

L)=@37/d+1)J" ., ,, (28)
for fixed / and for all n> — 2. We will discuss this last condi-
tion on n later on.

For the generic m = k, we have to look for L (. As-
sume that

tL Q)+ LY, 27)

Lk—1 — 3! (k—1) 29
e e RS (29)
Then, using Eq. (18) we obtain
k—1
J¢ (k— (k*”“ L = [er Q_'_I)_LUO 30)
k 3%-
From the commutation relations (13) we have
[J}‘”,J},"’] =(k(I+ 1)/3)T5 0, . 31
Let n—-n — k(! — 2). Equation (31) becomes
Ry = [0 B7kU+ 1) TR 5] (32)
Comparing Eqgs. (30) and (32), we find
3k
LW =—ouuoJ®, 2, 33
TRy k(1—2) (33)

which is exactly Eq. (29) with £ — 1 replaced by k.
In this way, we can construct for each /th order KP
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equation (/>2) the polynomial constants 7{7’. We must
notice though that our procedure is correct only if no Casi-
mir invariants appear in Eq. (31) [or, thatis the same, in Eq.
(32)]. From Eq. (32) with £ = m, and recalling that J {” is
a Casimir invariant when r =5+ 2 (while it is not for
r<s + 1), we see that for L {7’ to be well defined we have to
require the condition m<n — m(l —2) + 1, i.e,,

n>m(l—1) — 1. (34)
For fixed n and /, the largest integer m for which (34) is
satisfied is

n 4 l]
1-17

where [ - - -] indicates the integer part.

We therefore conclude that for each / th order KP equa-
tion (I>2), for each n0 thereare [(n 4+ 1)/(/—- 1)1+ 1
constants, for m=0,1,..., [(n+ 1)/(I—-1)]. As [ in-
creases, for fixed n, we find fewer and fewer constants.

The possibility of constructing pseudoconstants for [ th
order KP equation (and then obtaining the real constants by
repeated differentiation) is discussed in Appendix C.

APPENDIX A: COMMUTATION RELATIONS FORTHE KP
EQUATION

Let us prove that the commutation relations (9) hold
when C{™, C{”,and C {7ty ! are all three constants. Us-
ing (10) we have

[ci, €]
— tm+r[J(0)’J(0)]
1 = [T, T O] 4 [T, T}
+ terms of lower order in ¢.

(35)

(A1)

We now apply the commutation relations found by Chen et
al.

(7.7 =0, (A2)
[J2 TP =[(n+ /31T s, (A3)

and obtain
[, e mmer{Hrt Dombt Dy
+ terms of lower order in ¢. (A4)

Assuming that there exists a unique constant C {74750,
whose leading term is ¢t * "~ ' J % . _,, we conclude that
the right-hand side of (A4) must be equal to
{r(n+1) —m(s+1)}/3 times C{" %73, that is

[C(m), Cs(r)] — { r(n + 1) —m(S+ 1) ] C(m+r—1).

nt+s—2
3

(A5)

An interesting question is now to see whether Eq. (AS5)
is correct when either C (™ or C{" %3 " is a pseudocon-
stant.

If C{mt73 " is to be a pseudoconstant, then we can
show with an example that (A5) cannot be valid in general.
From Ref. 8 we have

1 J‘ N
1 8 q,

C» =tI® 4 I,
(A6)
J. Math. Phys., Vol. 30, No. 6, June 1989

J© =J4_g, JE =

1252

and
CP=t>TJO 4+ 2T 4+ TP,

JO = H, J;nzf[qz_ijqy(a;laﬂ)] (AT)
6 3 ’
JP = ——l-fx2q+—1—fy2q2.
18 6
Explicit calculation shows that
[CPCP = =4 {2 TP + 20TV + 4}  (AB)
where A (the time-independent term) is formally
1 1
A= —— | yg+— | 2 A9
18)77 108 )" (A9)

We recognize the first term to be the Casimir invariant J {2,
but we also have a meaningless term. Meaningless terms will
arise whenever we take the Poisson bracket [F, G] of two
functionals of the form

F= ff(x,y)q, G= fg(x,J’)Q-

It is easily seen that functionals of this form are present
among the J {™’s beside the Casimir invariants J {"+ 2. Let
us recall that®

Jrh = —(1/(n+2))[JTP,H,

(A10)

(All)
JW = —(1/(n+ D)[J&V, H.
Then we have
Jf,n+l)= _E_i_l ynxq, (A12)

18
and J (" contains a term proportional to fy" ~x%q.

A problem similar to the one just discussed above is
encountered if, in Eq. (A5), C{™ is a pseudoconstant. Of
interest for the question of the existence of pseudoconstants
for higher-order KP equations (see Appendix C) is whether
the relation

[C(n+2)’ C(r)]
_rn+1)—(n+2)(s+1) CntreD

3 masht, r<s+1,
(A13)

holds, and in particular, whether it is true that
[Jfln+2)’J§0)]= ‘—(n+2)3(s+1)‘]£1n+-’;22' (A14)

We have not been able to prove (A14), and we can only say
that [J "+ %, J (7] does not produce meaningless terms. In
fact, from (A11) we see that J (" +2~ ¥ contains "+ 2~ 2¥,
and therefore J {% does not contain terms of the form (A 10).

APPENDIX B: DEGENERATE CASES /=0 AND /=1

Let us consider the two degenerate cases / = Oand / = 1.
Equation (14) becomes

g, =14,
and

(BI)
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9. =34, (B2)
respectively.

Let us define for /=0

L;fi))=3k-]f:kizk: (B3)
andfor/=1,

LR =@ L% (B4)

For each n, L {¥) and L (¥ are never Casimir invariants for
arbitrary k>0. Therefore, in these cases we find for each n>0
an infinite number of constants {7, m = 0,1,....

As a consequence of this result, we can remove the pre-
viously imposed condition />>2, and apply Eq. (33) for all
1>0,and for nzk(I—1) — 1.

APPENDIX C: PSEUDOCONSTANTS FOR HIGHER-
ORDER KP EQUATIONS

We discuss here the possibility of constructing pseudo-
constants for higher-order KP equations.
Suppose that /(>2) and # satisfy the condition

-2

(C1)

where {---} indicates the fractional part. Then for
m=[(n+1)/({—1)] + 1, define

L =030+ DM 00— (C2)

L ‘ ) is a Casimir invariant since from (C1) it follows that

m=n—m(l—2)+2, (C3)

and so J{”,,_, is a Casimir invariant. For
=[(n+1)/(—-1)]+1, TP contains a Casimir in-
varlant and is therefore a pseudoconstant.
Let us now suppose that Eq. (A14) holds. Then

[LiP, H]= —mL{", (C4)
and L (¥, for k<m — 1, can be found from L {77’ by taking
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repeated Poisson brackets with the Hamiltonian H,.

Explicit formulae can be given. Set m = [(n+ 1)/
- 1)] +1, and define [L7, H ]« by
[L{7, H Jo=L\7, and the recursion relation

[Lnl’Hl]k_[[LS:’?)’HI]k—l’HIL (CS)
withk=12...,m. Then
(M) z t [L(m) Hl] (C6)
and
T(m_r) (_1),
m(m 1)---(r?z+1—r)
z t [Lr(ir?)9Hl]s+r (C7)

forr=1,2,...m
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A new decomposition of exact solutions to the scalar wave equation into bidirectional, forward
and backward, traveling plane wave solutions is described. The resulting representation is a
natural basis for synthesizing pulse solutions that can be tailored to give directed energy
transfer in space. The development of known free-space solutions, such as the focus wave
modes, the electromagnetic directed energy pulse trains, the spinor splash pulses, and the
Bessel beams, in terms of this decomposition will be given. The efficacy of this representation
in geometries with boundaries, such as a propagation in a circular waveguide, will also be

demonstrated.

I. INTRODUCTION

The possibility of solutions of the wave equation that
describe localized, slowly decaying transmission of energy in
space-time has been suggested by several groups in recent
years. These include efforts on *focus wave modes”,'”
“EDEPT’s,”*® “splash modes”,'®!! “EM missiles”,'>"'¢
“Bessel beams”,'”-?2 “EM bullets”**** and “transient
beams.”®?°-?° Much of this work was actually motivated by
the pioneering work of Brittingham.' It has been recently
discovered that these original focus wave modes represent
Gaussian beams that translate through space with only local
deformations and are the fundamental modes of a class of
solutions that describe fields that originate from moving
complex sources.? In particular, the scalar wave equation in
real space, viz.,

[82— V2 ]¥(r,) =0, (1.1)

with a wave speed normalized to unity, has as an exact solu-
tion, the moving, modified Gaussian pulse

W, (r,t) =B+ (e~ fany) . (1.2)

The complex variance 1/V = 1/4 — i/R yields the beam
spread 4 =a, +¢%/a,, the phase front curvature
R=¢(+4d}/¢, and beam waist w= (4/8)"% Here,
&=z —t and p denotes the radial cylindrical coordinate.
The fundamental pulse (1.2) describes a Gaussian beam
that translates through space-time with only local varia-
tions. It represents a generalization of earlier work by Des-
champs® and Felsen®' describing Gaussian beams as fields
radiated from stationary complex source points.

As discussed in Ref. 9, the fundamental Gaussian pulse
has either a plane wave or a particlelike character depending
on whether £ is small or large. Moreover, for all 3 it shares
with the plane wave the property of having infinite energy.
However, as with the plane waves, this is not to be consid-
ered as a drawback per se. The above solution procedure has
introduced an added degree of freedom into the solution
through the variable 8 that can be exploited. As shown in
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Refs. 2 and 5-9, fundamental Gaussian pulse fields, corre-
sponding to different values of 3, can be used as basis func-
tions to represent new transient solutions of Eq. (1.1). In
particular, the general electromagnetic directed energy
pulse train (EDEPT) solution

W(rt) = J dB Y, (r,)) F(B)
0

1
- 4rfa, +i(z—1D)]
where

s(pzt) =p*/la, +i(z— D] —i(z+1), (1.4)

is an exact source-free solution of the wave equation. This
representation, in contrast to a plane wave decomposition,
utilizes basis functions that are more localized in space and
hence, by their very nature, are better suited to describe the
directed transfer of electromagnetic energy in space. The
resulting pulses have finite energy if the function F(B8)3 ~'/?
is square integrable.’

As reported in Ref. 2, the superposition (1.3), with the
“complex traveling center wave” basis functions, has an in-
verse. The functions

(DB (P»g,ﬂ) = 8\/; e—(§/480‘)2wﬁ(p’§’7]) ’ (15)

with 7 =z + 1, are orthogonal to the W, . This means these
basis functions satisfy the completeness relation

f " dBF(Bye- e | (13)
0

+ oo + o0 o«
f_ dn J dg L dp p®k (0.5 MY5 (p.5m)
= 6(B_B') >

where P} is the complex conjugate of ®;. Hence an inver-
sion of the superposition (1.3) exists.

Clearly, different spectra F(£) in Eq. (1.3) lead to dif-
ferent wave equation solutions, and hence, to different solu-
tions of Maxwell’s equations. Many interesting solutions of
the wave equation can be created by simply referring to a

(1.6)
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Laplace transfc;rm table. One particular interesting spec-
trum selection, recognized by Ziolkowski,® is the “modified
power spectrum” (MPS)

FB) = [p/T()1(pB—b)?~le” WPl - B5b/p,

=0, b/p>B>0. (L.7)

It is so named because it is derived from the power spectrum
F(B) =P 'exp( — Ba,) by a scaling and a truncation.
This choice of spectrum leads to the MPS pulse

1 e bs/p

Am(a, +i€) [a,+s/p]?
Solutions to Maxwell’s equations follow naturally from
these scalar wave equation solutions using a Hertz potential
formulation.

The MPS pulse, for example, can be optimized so that it
is localized near the direction of propagation and its original
amplitude can be recovered out to extremely large distances
from its initial location. This is demonstrated in Fig. 1,
which shows surface plots and the corresponding contours
plots of the electromagnetic energy density U of a TE elec-
tromagnetic MPS pulse relative to the pulse center locations
at z = 0.0 km and z = 9.42 X 10° km. The MPS parameters
area, =1.0m, g=10,b=1.0x10"m™", p = 6.0X 10",
and a, = 1.0 10~? m. The energy density U is normalized
to its maximum value at # = 0. The transverse space coordi-

Y(r,t) = (1.8)

nate p is measured in meters; the longitudinal space coordi-
nate £ = z — tis the distance in meters along the direction of
propagation away from the pulse center z = ct. These results
definitively show the localization of the field near the direc-
tion of propagation over very large distances.

The MPS pulses are being characterized further and po-
tential launching mechanisms are under investigation. How-
ever, it was recognized by Besieris and Shaarawi®? that the
representation (1.3) and its inverse has a generalization that
can be exploited to explain these and other localized, slowly
decaying solutions in a single framework. This new represen-
tation is the main purpose of this paper. It is based on a
decomposition of exact solutions of the scalar wave equation
into bidirectional, forward and backward, traveling plane
wave solutions. The resulting representation is a natural ba-
sis for synthesizing pulse solutions. The derivation of this
representation from a general operator embedding scheme
will be described in Sec. II. The connections between this
decomposition and various localized, slowly decaying solu-
tions will be made explicit in Sec. III. In Sec. IV, the bidirec-
tional representation will be extended to other classes of
equations, e.g., the Klein—-Gordon and the dissipative scalar
wave equations that model wave propagation in dispersive
and dissipative media, respectively. A specific demonstra-
tion of the efficacy of the new representation will be given in
connection with an initial-boundary value modeling an infi-

MODIFIED POWER SPECTRUM
EM ENERGY DENSITY

PULSE CENTER = 0.00km

PULSE CENTER = 9.42x10°km

PULSE

FIG. 1. The field energy of the electromagnetic MPS pulse is shown for the parameters:a, = 1.0m, ¢ = 1.0,6=1.0x10"m ™", p = 6.0x 10'%, and @, = 0.01

m.
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nite waveguide excited by a localized initial pulse. A sum-
mary of the results in this paper will be provided in Sec. V.

1. BIDIRECTIONAL PLANE WAVE DECOMPOSITION
The Cauchy problem
[0+ O(—iV)]u(r,t) =0, reR>, 1>0, (2.la)
(2.1b)

where u is a real scalar-valued function and ﬁ is a positive,
self-adjoint, possibly pseudodifferential operator, can be
used as a mathematical model for a large number of physical
situations.

A Fourier synthesis of the solution to the Cauchy prob-
lem (2.1) can be effected as follows>*:

u(r,t) =2 Re{¥(r,))};
1

u(r,0) = uy(r), wu,(r,0)=u(r),

(2.2a)

Y =3 L dk F(k)e™ M r= 2700, (29b)
F(k) =%[flo(k) - zQ_“,',(Z‘(‘_I’()] . (2.20)

The complex value signal W is generated via a linear superpo-
sition of plane waves propagating in the k direction with
phase speeds 02'/2(k)/|k|. These plane waves are character-
ized by wave vectors k and they are weighted by the Fourier
spectrum F(k).

Equation (2.2) constitutes a mathematical solution to
the Cauchy problem (2.1). However, for purposes of later
comparison, the superposition (2.2b) can be recast in a more
general form as follows:

1 A~
Y(rt) = dk | dow F(k,
(r0) (277')4L»‘ © Fllow)

R
Xe~ ik r—engt 52 L (k)] . (2.3)

The spectra entering into Eqs. (2.2b) and (2.3) are linked
through the relationship

F(k,Q(k))
47|QV2(k)|

Conditions can also be specified under which W is square
integrable, or, even further, under which the solution u(r,#)
of (2.1) is a finite energy signal. There is, however, a basic
drawback associated with the Fourier method; namely, that
in most cases the integral for ¥ can be computed only ap-
proximately by a variety of asymptotic approaches, such as
the method of stationary phase/saddle point,>**° ray-theor-
etic techniques®®*” and phase space methods,*® or can be
carried out numerically. Very few exact analytical solutions
to (2.2b) are available, even for the simple, single mode dis-
persion relationship w=0"2(k) = (k2 +u?)'/? corre-
sponding to the Klein-Gordon equation.

The Cauchy problem (2.1) will be used in the sequel as a
vehicle for presenting a new principle of superposition that
provides more freedom and flexibility when dealing with
certain classes of solutions, e.g., the EDEPT solutions to the
scalar wave equation.

Different types of superpositions are obtained by divid-
ing the operator L = [d7 + Q( — iV) ] into parts, each hav-
ing its own eigenfunctions. A general solution can be con-

F(k) = (24)
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structed from the product of such eigenfunctions, together
with a constraint relationship between their eigenvalues.
The manner in which the operator L is partitioned deter-
mines the form of the final superposition. For example, the
Fourier decomposition follows from partitioning L into two
parts: L, = d?and L, = Q( — iV). The superposition (2.3)
contains the constraint @ = £'/2(k) relating the eigenvalues
of L, and L, corresponding to the -eigenfunctions
exp( + iwt) and exp( — /k - r), respectively.

In general, the operator L can be partitioned in many
different ways. Consider, for example, the preliminary split-
ting of the operator ( — iV) as follows:

Q(— V) =4(—id,) + [Q(— V) —A(—id,)]
=4(—id,)+B(—N,—id). (2.5
The operator 2( — id, ), which may or may not be a natural
part of 1( — iV), is assumed to be positive, self-adjoint and
the choice of the preferred variable z is arbitrary. By taking
the Fourier transform with respect to the transverse compo-
nents, the complex wave function W (r,#) can be expressed as
1
(2m)?
with {]/(x,z,t) governed by the equation
[82+4(—id,) + Bk, —id,)|¥xan =0. 2T
The operator L=92 + ﬁ( — K, — i d,) can now be par-
titioned as follows:
L,=0*+A4(—1id,), (2.82)

Ly=B(—x—id,). (2.8b)
The most natural eigenfunctions of the operator L, are given
by

Y(r,t) = (2.6)

f d P(k,z,t)e=*?,
R?

¥, (z,t) = e~ e, (2.9)
where § and 7 are defined as follows:

t=z—tsgn(@)a 4 Va), ‘ (2.10a)

p=z+tsgn(B)B '4"V*(B). (2.10b)

The corresponding eigenvalues, denoted by 4 (a,B8), are giv-
en explicitly as follows:

AaB) =4 —a) — [A(a) + A(B)
+ 2 sgn(a)d V¥ (a)sgn(B)4 VH(B)]. (2.11)

The elementary functions (2.9) consist of products of two
plane waves traveling in opposite directions, with wavenum-
ber-dependent phase speeds equal to sgn(a)a™'4 "*(a)
and sgn(B)B ~'4 ?(B), respectively.

The bilinear functions (2.9) are also eigenfunctions of
L,, with corresponding eigenvalues equal to B( — x,5 — a).
As a consequence, a linear superposition of the bidirectional
elementary solutions #, results in a solution of Eq. (2.7),
viz.,

Ilk,zt) = f da [ dpCkad
R R

Xeviagei/}qa[/l(a,ﬁ) +B( - Krﬂ‘— a)] »
(2.12)

where the constraint A(a,8) + B( —~x,f—a) =0 is in-
cluded in the integration. A general solution to Eq. (2.1) can
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be obtained by resorting to a transverse Fourier inversion
[cf. Eq. (2.6)]; specifically,

wr [ da[ dbCtean
R' R'

Xe ™ P15 A(a,B) + B( —x,B—a)]. (2.13)
This representation constitutes a generalization of the three-
dimensional Fourier synthesis [cf. Eq. (2.3)]; in the latter,
the operator A( — id, ) was chosen to be a constant given by
the relations

sgn(a)4'?(a) + sgn(B)4'*(B) =w
and

a—fB=k,. (2.14b)

The main advantage of this decomposition is the intro-
duction of the embedded operator A(— id,). This provides
afresh approach for addressing different classes of problems.
At the same time, the flexibility that one can enjoy through a
clever choice of A( — id,) may open the way to approach
some of the more impenetrable problems.

To clarify these ideas, consider specifically the case of
the three-dimensional scalar wave equation for which
Q( — iV) = — V2 The operator L, in this case, assumes the
form L = d? — V? and Eq. (2.1a) simplifies to

[87—V*]u(r) =0 (2.15)
In cylindrical coordinates, the Laplacian V? can be written
as follows:

V=924 +p='d, +p2d3.
In the usual Fourier decomposition, the operator L is divid-
ed into two parts:

Li=—[32432+p'3,+p~%3%], (2.16a)

L,=32. (2.16b)

The eigenfunctions of L, are J, (kp)e* ™e* ™ and
N, (kp)et™e®™? where J, (kp) and N, (xp) are Bessel
functions of the first and second kind, respectively, and the
eigenvalues equal x* + k 2. The operator L, has eigenfunc-
tions e * “’ with eigenvalues — »”. An elementary solution
to the scalar wave equation (2.15) can be written as

1
Y(r,t) =
(r) (2m)?

(2.14a)

\I[e(r’t) _— [A"J" (Kp) +BnNn (Kp)]e:ﬁ:ind’e‘[(kzlimt) ,
(2.17a)
with the constraint
KC+kI—w*=0. (2.17b)

Neglecting the terms N,, (kp) because of their infinite values
atp = 0, one obtains a special case of the superposition (2.3)
that gives the general Fourier synthesis solution to the scalar
wave equation:

o + oo +

ax [ o
(27)2.,20 NS T
X dk, A, (0,kn)k J, (kp)e* ™

Xe_'k‘ze+i‘°'5(a)z—K2—k§)' (218)

Next consider the choice 4 ( —id,) = — d?* which re-
duces Egs. (2.10) to

{=z—t and np=2z+t¢t.

Y(r,t) =

(2.19)
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The operator L can be written, in this case, as
L= —[40;,+9,+p7" 9, +p72 5],

and it can be partitioned as follows:
Li=—[d2+p7'd,+p%3d5], (2.20a)
L,= —43}, . (2.20b)

The eigenfunctions of L, are given now by J, (kp)e* "¢
and N, (kp)e* ™ and its eigenvalues equal + «>. The oper-
ator L, has eigenfunctions e~ ““¢®” with eigenvalues

— 4af3. An elementary solution to the scalar wave equation
(2.15) can be written as

Y (r,)=VY, (p.t,7)
= [C,J,(kp) + DN, (xp)]e* e~ e
(2.21a)
with the constraint

aB=1/4 (2:21b)

This constraint limits the value of @ and £ either to be both
negative or both positive. A general solution to the scalar
wave equation can be written in the nonconventional form

]. + 1 o © o
VL) = fdf d(l
P (27)21=2—1n§=:o 0 * o (e}

1#£0

xr dUB) C, (e, 1Bk J, (kp)
(0]

X et e ilaballbry( a3 k2/4) . (2.22)

The two representations [cf. Eqs. (2.18) and (2.22)]
may appear to be very different. There exists, however, a one
to one correspondence between these two superpositions
through the change of variables

k,=a—B, o=a+f. 2.23)

By using these relationships, the new representation (2.22)
can be transformed into the Fourier synthesis given in Eq.
(2.18), with the following connection between their spectra:

A, (@), x) =2C, [{o+ k)30~ k)x]. (2.24)

It should be noted that this transformation requires a careful
handling of the limits of integration. A complete discussion
of this point will be given later when dealing with specific
examples.

The representation (2.22) provides a fresh path through
which exact solutions to the scalar wave equation can be
obtained. Although such a representation is not a familiar
one, solutions obtained using (2.22) can still be easily trans-
formed into the more popular Fourier superposition, and
one can link the bidirectional results to the more convention-
al Fourier interpretation. To emphasize these ideas, one can
remove the constraint in (2.18) by integrating over w, hence
reducing (2.18) to a form similar to (2.2), with

+ o
a2l )

X dk, [ A, [T KT ke keI
+A" [ - \/m’kz,‘f]
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Y(r,t) =




Xe—i(k,z+J?+—I<,:)] KJn(Kp) eting
2/ + k,

This is a special case of the superposition (2.2) and consists
of the sum of two components, one traveling in the positive z
direction and the other in the negative z direction. A com-
mon problem that arises when dealing with such integrals is
associated with the branch-cut type singularities. These can
pose significant difficulties even when the integrals are
solved either asymptotically or computed numerically. On
the other hand, when the constraint is integrated out of Eq.
(2.22), one obtains °

=—15 dKJ
(277.) n—O 0

X dB [C ( ’B’ ) et~ in”/4ﬁ)§ei/9v

—Cn( 4’(;

(2.25)

Y(p,5.m)

B, ) e /B o — iﬂn]

X ST (kp)ex i (2.26)
B

Similar to the Fourier synthesis where one can choose either
the positive or negative @ branch, we can choose to work
with either the positive or the negative branch of @ and 8. In
what follows, for convenience only, we choose the positive
branch. Notice that, unlike Eq. (2.25), the terms in the
above integral consist of products of two plane waves travel-
ing in opposite directions. An important characteristic of the
representation (2.26) is that the branch-cut singularities in
Eq. (2.25) have been converted into algebraic singularities.
This provides a novel approach to finding solutions to the
scalar wave equation. New exact solutions can be obtained
by choosing appropriate spectra C,, for which the corre-
sponding Fourier spectra 4, might be very complicated and
could not have been guessed. Moreover, because of the na-
ture of the branch-cut singularities in the Fourier synthesis,
problems arise because of their multivaluedness and because
large oscillations accompany any attempt to evaluate them
either numerically or asymptotically. We have found that
one can circumvent such problems by dealing with the bidi-
rectional synthesis and its tame algebraic singularities.

A number of important mathematical issues dealing
with the new bidirectional synthesis will be considered at
this point. These will include the completeness of the expan-
sions (2.22) and (2.26), the inversion properties for
C, (a,B,x), and conditions that must be imposed on the spec-
trum in order to ensure square integrability. The feasibility
of solving Cauchy initial value problems on the basis of the
new representation will be addressed in Sec. IV.

Completeness follows directly from the fact that the
superimposed functions are either exponential or Bessel
functions, which are both orthogonal functions and form
their own complete sets. However, the inversion of
C, (a,B) is not obvious. A generalization of Ziolkowski’s
formula (1.6) had to be used. Using the positive S branch in
(2.26), ¥(p,5,m) can be constructed as follows:
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an o0 l
Y(p,L, d dp —
(pdm = (217')2.. Z KJ; ﬂﬂ

= — o JO

(2.27)
The inversion formula corresponding to this superposition is

given by
+ T + o
d¢ f

C. ,ﬁ,)
(%
+ oo -
Xe_gz’“”zJ' dﬂf dppJ,, (xkp)
— (1]

) XW(p,Lp)e ™ Mo /B~ B (2 28)
Note the appearance of the Gaussian measure over £. A simi-
lar measure occurred in Ziolkowski’s inversion (1.6). How-
ever, in the more general inversion (2.28) the additional
parameter @, has disappeared. The validity of the inversion
will be demonstrated below in connection to specific exam-
ples.

To investigate the possible restrictions on the spectrum
C, that would ensure square integrability of the solution, one
can consider the integral over £ in Eq. (2.27), namely,

¢(z,t>—f gL co(

, B’K) — i (z — 07488z + 1)

48
(2.29)
By rearranging the variables in the exponentials, one obtains

Y(z,t) —f dpg— C( a8 ,B,K)

e (o)

¢(z,t)-f gL co( 4ﬂ,ff,x)

o 52 - )

confs(2 5]

By using the Laurent expansion of the Bessel generating
function, viz.,

(2.30)

[ x 1 p
€Xp 7 t— 7 = Z JH(X)t", (231)
the exponentials in (2.30) can be rewritten as
[ ixz ( 28 K e 28 ]"
expl— — — —}| = "I =
[ HE - )= 2 o[ 2]
xt(i2B K )] oo [ 2ﬁ]”‘
ex - — —_
p_Z(K 28 ,,,=z_w(l) I (1) K
By using these expansions, Eq. (2.30) can be rewritten as
+ o + o
Yz = Y Y Conl,(k2)J,(k1), (2.32a)
where
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(T (2B e [
C’""“L dB[K] i CO(TB-,B,K). (2.32)

A necessary condition for the convergence of (2.32a) is

that C,,, < o for all values of m and n ranging from — oo to

+ . By considering the integral (2.32b), it is then obvious
that C,(«x*/B,0,x) should obey the conditions

'g

. 1 :

/131{13 I Co (TB—,B,K)< o , (2.33a)
lim BC, (—K2 ,B,K) < o0, (2.33b)
B 43

for arbitrary 3, and r = m + n, for any integer values of m
and n. A good candidate is a spectrum of the form

K , K
CO( v, ,B,K) =8 exp[ Ba, + " az] .
This is similar to the one used for the splash pulses and
EDEPT solutions, as will be demonstrated in Sec. ITI.

In summary, the procedure described in this section
provides an alternate way of synthesizing solutions to differ-
ent partial differential equations. Such representations are
characterized by different types of singularities that may fa-
cilitate their asymptotic or numerical evaluation. This is a
flexible procedure that changes with the types of equations
considered. Moreover, solutions to the same equation may
have different representations depending on how the opera-
tor L is partitioned. In Sec. I1I, the bidirectional representa-
tion (2.22) will be used as a natural superposition for the
synthesis of Brittingham-like solutions, e.g., focus wave
modes, splash pulses, Bessel beams, and EDEPT solutions.
This will enable us to gain a better understanding of these
unusual solutions, and by using the transformation (2.23),
to obtain more information about their Fourier spectral con-
tent. Other types of equations, dealing with dispersive and
dissipative problems, will be discussed in Sec. IV, where it
will be demonstrated that the bidirectional representation
can reduce the complexity level of such equations to that of
the three-dimensional scalar wave equation.

(2.34)

Ill. BIDIRECTIONAL PLANE WAVE DECOMPOSITION
OF KNOWN SOLUTIONS

It was demonstrated in the previous section that the
main achievement of the embedding technique is to intro-
duce a time-symmetric bidirectional representation. For the
scalar wave equation, such a representation is given in Eq.
(2.22). It turns out that such a superposition provides the
most natural approach for synthesizing Brittingham-like so-
lutions. This section is devoted, mainly, to substantiating
this claim. Starting with the scalar analog of Brittingham’s
FWM'’s, it will be shown that by choosing very simple spec-
tra C, (a,B,k), mostly of the type given in Eq. (2.34), all
known Brittingham-like solutions can be synthesized. Be-
cause of the simple transformation (2.23), it will be easy to
transform such solutions to their Fourier picture, from
which a basic understanding of their spectral content can be
achieved. These examples can also provide a vehicle through
which the inversion formula can be checked. The following
discussion will be restricted to the zeroth order mode
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(n = 0). This is a matter of convenience and does not affect
the generality of the procedure.

A. Focus wave modes

The focus wave modes (FWM’s) were originally stimu-
lated by the work of Brittingham,’ who derived their vector
form in connection with Maxwell’s equations. Their scalar
form was derived by Belanger,’ Sezinger,* and Ziolkowski.’
These modes, the zeroth order of which is given in Eq. (1.2),
are characterized by an infinite energy content. Motivated
by the bidirectional character of the solution (1.2}, it will be
shown below that the representation (2.22) can be used to
synthesize the FWM’s associated with the scalar wave equa-
tion.

Consider the spectrum

Cola,Bk) = (Jr/2)oe 7B~ EVe—am 3.1
Substituting it into Eq. (2.22) results in the expression

1 o0 ao <«
Y(p,tn) = —— d J. d, f d
(p&) (217)2.]; “ o p o *

X—\/? e—az(B—B')ze—aa.KJo(Kp)

Xe " ePiSaf — K*/4] .

An integration over a reduces Eq. (3.2) to

3.2)

g

* “ K
Wpgm =5 [ ax | 8%

XJO(Kp)e — (B — ﬁ‘)’e —&2(a, + £)/4B4ibn

By using equation (6.631.4) in Gradshteyn and Ryzhik,*
viz.,

v

a e a’/da
( 2a ) v+ 1

the integration over « can be carried out explicitly, yielding

o * 1

q’ 15 ) = —f d - .

(e 472 Jo o (a, + i)

X e~ (B~ ﬂ‘)’e — Bp*/(a, + i;‘)eiB'r] .

J dxx"* e *J (ax) = , (3.3)
0

To carry out the final integration over B, Eq. (3.4621.1) in
Gradshteyn and Ryzhik®® is used, viz.,

J‘wdxxv——le—yxe—gxz—_“ F(V) eyz/SﬂD_v( Y ),
0 28 V2B

to give the solution

1 e 7F"
\P( $3-2 ):‘ R
P& dmr(a,+i6) 27
o 2emyrsetyy (A —in—20°8
% (A—m»Za—ﬁ)/s«rD_( 7 ),
¢ ! v2o
(3.4a)

where D _, is the parabolic cylinder function of order — 1
and
A=p*/(a,+if).

The solution (3.4a) is a generalization of the scalar
FWM’s; the latter can be recovered by taking the limit
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0 — o0, for which the spectrum in (3.1) reduces to

Co(a»B;K) = (77-/2)6(B - B,)e— o,

In what follows, we shall use & to denote the part of the
spectrum in (3.1) that reduces to the Dirac é function as
0 — . This will yield less cumbersome expressions and will
make our discussion more transparent. As for the solution in
(3.4a), it is more convenient to compute the limit o— oo
after rewriting the parabolic cylinder function in an alter-
nate form using the identity (9.254.1) in Gradshteyn and
Ryzhik,*® namely,

D_,(2) =&"n/2[1 — ®(2/VD)],
where ®(z) is the probability integral defined as follows:

<I>(z)=—2—f e~ dr.
Jm Jo

Rewriting the wave function (3.4a) in terms of the probabil-
ity integral, viz.,

facilitates taking the limit ¢ « since ®( — o) = — 1.
Hence as o goes t0 «, the above expression reduces to the
scalar FWM solution

Y(p,5m) = [1/4m(a, + if)]e F'A =", (3.4b)

Felsen and Heyman®>?® have established the acausal na-
ture of the FWM’s, in the limit where 8'a, > 1, using their
approximate STT theory. The causality issue can be handled
in a more direct way by transforming (3.2) into the Fourier
picture using the relationships

B=Mo—k), a=lw+k,).
If ¥(p,{,n) in Eq. (3.2) is rewritten as

(3.5)

Y(p,5.m) = f dx kI (kp) (L), (3.6a)

(2m)?
with

’7’(K,§y77) = J;w dﬂj{;w da%g(ﬁ—[j")

Y(p,g, e P (A — in)¥/d0
(p 77) _—e — iny/40’
8m(a, + i) o
1 g xe—aa.e-—:agelﬁn 6[&,3— ﬁ] R (36b)
o5t - )] N
o one can use Eq. (3.5) to express ¢/(«,z,t) as follows:
|
P(k,z,t) -f dk, f dw-—— [———(w ko) B’]e““"”‘“”z’a["’—z _ ke ﬁ]e“"“‘*—‘”"
™ 2 4 4 4
(w k ) — {a, k (02 k2 Kz — i —_
+ dk f dw__a ﬂr e {(a /2w + ,)5 v _ " K e i(kz ml)‘ (37)
2 4 4 4
An integration over w s1mp11ﬁes (3.7) to
¢(xzt>—f dh, —Z B [VET+ " — k=2 ] e [k e k] = ke —mo
\/kz
3 _ (a/2)[ k2+K‘—’\] r(l\zz+wl)
J dk, k2 S [VRTHR + ko —2p] e (3.8)

where @ = \/k 2 + «2. Referring to Fig. 2, it is clear that the
first integral in (3.8) vanishes for 8’ < «/2 while the second
one vanishes for 8’ > x/2. As aresult, ¥(r,?) can be divided
into two parts, one traveling in the positive z direction and
the other in the negative z direction, viz.,

Y(rt) =¥ (rH+ ¥ (r),

where
¥ (r, (kp)
xf dk, F(k,x)e ™ "% =2 (3.9a)
0
i 28
Y7 (r,t) = dr xJ, (K
( o) wJo(Kp)
A i(k ot
xf dk, F( — k)" *®",  (3.9b)
(0]
and
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¥

F(k,.x)

= QI+ 8[JkI+ x5 —k, —28"]

Xe—[‘fk’;+;r’+k,]a./2' | (3.10)
If the parameter a, is large, the spectrum F(k,,x) in
{3.10) has a very narrow bandwidth, while F( — k_,x) can

maintain a balance between /k 2 + «* and k, in the expo-
nential and, consequently, can have a much larger band-
width bounded by the upper limits of integration over x and
k, in (3.9b). In this case, the predominant contribution to
Y (r,t) comes from ¥~ (r,z). This contribution is primarily a
nonlocalized plane wave moving in the negative z direction.
If, on the other hand, a, is very small, both F(k,,«x} and
F( — k_,x) have large bandwidths and because of the limited
range of integration in the expression for ¥ ~ (r,#) compared
to the infinite range for ¥ (r,#), one expects that ¥ (r,t)
becomes much larger than ¥~ (r,z). In this case, the solution
W (r,?) behaves like a localized pulse moving in the positive z
direction.
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FIG. 2. The constraints aff = «*/4 and 8 = 3" are shown in: (a) the af
plane and (b) the k,w plane. The contributions to W* and ¥~ are indicated
by arrows.

In closing this subsection, we shall check the validity of
the inversion given in Eq. (2.28). A substitution of (3.4b)
into Eq. (2.28), leads to the expression

K2 \/_1;-[+w _g1/|6ﬁ=j+w

— =" d. d

Co(4ﬁ,/5',x) 5 ) Ce o
+ o 7 iB'n

R ]

e~ Be/ia + 1) glic /4B o — B (3.11)

Integrating over 7 and making use of Eq. (3.3) in order to
carry out the integration over p, it follows that

2
CO(Tﬁ-,ﬁ’K)
+w
=\/_8;_ d§e~§z/16326(ﬁ_B:)_BITe—K:a./4ﬂ'.

The relation

1

+
| Tagemener = yiens

yields, finally, the result
Co(k*/4B,Bi) = (m/2)e™""*P§(B—-B"), (3.12)

which is identical to the spectrum given in Eq. (3.1) pro-
vided that @ = «2/4p. The latter follows from the constraint
embodied in Eq. (2.21b).

B. Splash modes

The original “splash mode” was introduced by Ziol-
kowski® as the first example of the class of finite energy solu-
tions constructed from superpositions of the original
FWM’s. Hillion'*!! has extended the FWM and the splash
mode concepts to the realm of spinors. Ziolkowski’s splash
pulse can be derived within the framework of the bidirec-
tional representation by choosing the spectrum C,(a,B,x) as
follows:

Cola,fk) = (m/2)B 9" e~ (an+ha) (3.13)

It should be noted that this choice is a specific example of the
general class of spectra given in Eq. (2.34). Substituting
(3.13) into Eq. (2.22) yields

1 o0 oo -] 77.
Yp,tm) =—— | d d, da - pga-!
(p:5sm) (27)2.[) xfo Bfo @ B

Xe_(aa'+Ba’)KJO(Kp)e_iagei6"5[aﬁ— 542_ .
(3.14)
The integration over a can be carried out explicitly, viz.,

87 Jo o

X KJO(KP)Bq_ 2p— («2/48) (a, + £)g—Bla:—im

Equation (3.471.9) in Gradshteyn and Ryzhik,*® viz.,

[ s e - £ o8| =2 2|k, [20aB ),
(3.15)

facilitates the integration over 3; specifically,

o : 12
Y(p,Ln) = -I_J dx KQJO(Kp)z(("l—‘HQ_>(q ’
87 Jo 4(a, —in)

XK,y [&/a,+i5)(a,—ip],  (3.16)
where K, is the modified Bessel function of the second kind.
To carry out the final integration over «, formula (6.576.3)
in Gradshteyn and Ryzhik>® is used, viz.,

BT ((v—A4+u+ 1)/ ((v—A—pu+1)/2)

J dx x~*K, (ax)J, (bx) =
0.

2/1+lav—).+ll'\(v+ 1)

1

XF(V—&-;—,u+1
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v—A—p+1 b_2)

91’_

> = (3.17)
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This leads to the result

_ F(q)[ (a, +i§) )(q—l)/z
\I’ " -
(p.5m) ar \(as—in)
Flgl1, ~ p/(a, + i) (a; —im)])
[(a1+l§)(a2 “7)](11+1)/2

(3.18)

where F(g,1,1, — p) is the hypergeometric function. The lat-
ter has the property that

F(g1,1,—p) =1/(1 +p)?.
Hence (3.18) takes the form
I'(g) . o’ -4
Viptm) =—LD | (g, —im) + —L
P = i LT Y G T

(3.19)

which is identical to that for the splash pulse introduced in
Ref. 2.

It is interesting to note in connection with Eq. (3.16)
that the transverse components are separated from ¢ and 7.
The portion of ¥(p,£,n) depending on ¢ and 7 only, viz.,

- _ (a, + it) )(q— 172
piesm _7< 4(a, — in)
XK, [x/(a, + i) (a,— i) ]
(3.20)

is a solution to the one-dimensional Klein—-Gordon equa-
tion.

The scalar wave equation analog to Hillion’s splash
modes can easily be derived by choosing the spectrum

Cola,Bx) = (w/2)J, (Bb)e ~ . (3.21)

In this case,

Yipsm = (2;)2Lw d"‘f dBJo“’ iaZ
XJ, (Bb)e ™ ““wJy(xp)e ™ ""ge"ﬂ”é[aﬁ _ _]
(3.22)
or
Y(p,5,m) =8_117_[)m dKJ: dﬂ%
X Jo(kp)J, (Bb)e = x (i + €)/3Bgibn
|

tﬁ(K,z,t)—J dkf do

bl . b —A{a/2)(w+ k) wZ ki K2 — i(k,z — w1)
i, | a E—J‘,[—— K, ]e : =5[— ST .
+J‘iw zf_kz ) 2(w ) 4 4 4

By integrating over w, it follows that

P(rzt) —f dk,
\/7

+fw dk, —
) ' 2
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[—(a) k )]e—(a./Z)(lu+k2)6[w_2

I, [?{\/W—t—kz}] e~ P VKirR k] pritka—an

upon integrating over a. The integration over « can be car-
ried out using Eq. (3.3). One finds

LI J, (Bb)

Y(ptm) = -1 )
P (@, + i)

4 Jo
where
s=p*/(a, +if) — (3.23)
Using relation (6.611.1) in Gradshteyn and Ryzhik,>® viz.,
B [V + B —a
N
¥ (p,5,n7) assumes, finally, the form
1 b [VsF+bZ—5s]”
4m(a, + if) Js2 £ B2
which is a solution to the three-dimensional scalar wave
equation analogous to Hillion’s spinors. The Bessel function

J,(Bb) entering into the (3.21) forms a complete orthogo-
nal set. This means that any spectrum expressed as

Co(a,Bk) = (m/2)F(B)e™ ",
with

] , (3.24)

JW dxe  “J (Bx) =
(1)

Y(p,5m) = ,  (3.25)

FB) = f db B(b)J, (Bb)
0

can result in the solution

b [V +b%—s]"

V& + b7
(3.26)

Y(p,5.m) =

1 J' d
4m(a, +if) Jo

which is a generalization of Hillion’s result.

The Fourier spectral content of Ziolkowski’s splash
pulse will be discussed in the next section in conjunction
with the “modified power spectrum” (MPS) pulse. The
Fourier picture corresponding to Hillion’s solution can be
obtained using the same procedure as in Sec. III A. Starting
with the function

JleEm) = F dﬁf da T J,(Bb)
o ) 2

ot iageiﬁna[aﬁ _ _';f] . (327)

the relationships given in Eq. (3.5) can be used to find the
corresponding Fourier representation; specifically,

ki Kz]e—i(kzz—mr)
4 4 4

(3.28)

g, [ R kY] e T k] e

(3.29)
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1t is seen, then, that W (r,?) can be divided into two portions,
W+ (r,t) and ¥ (r,1), given by

W (r, (xp) f dk,
0
X F(k,x)e "= 20 (3.30a)
and
Y (r,t) = —l_ZJ di kJy(kp) f dk,
(2m)° Jo o
X F( —k,x)e* =™ (3.30b)
where
_ T b 5
F(kz!K) —'—\/ET—K—;JV [7{V kz +K2
+ k,}] e~ KR k] (3.31)

Unlike the FWM’s, the spectrum in this case is not sin-
gular. As in the case of the FWM’s, however, the ¥~ (r,1)
part will predominate for large values of the parameter a,.
On the other hand, the contributions from both parts of the
spectrum are almost equal for small values of a,. This can be
seen from the ratio

JV[%{\/ki P kz}]
2| 2H{VFTTR 4k}

As indicated earlier,
F(k, k) <F( — k,,x)

for large values of a,. This is true for most of the frequency
range contributing to the integrations (3.30a) and (3.30b).
On the other hand, for @, very small,

F(kz,K) zF( ot kz,K)

for the most significant components of this spectrum.

Fk,x)
F(—k,6)

—ak,

C.EDEPT’s

These solutions, which were first introduced by Ziol-
kowski,*® have finite energy, are extremely localized and
they are highly directive. Another important feature of these
solutions is that they contain certain parameters that can be
“tweaked up” so that a pulse is predominantly propagating
in one direction. An interesting example of the EDEPT solu-
tions is the MPS pulse which can be synthesized in the con-
text of the bidirectional representation using the shifted
‘spectrum

Cyla,Bk) = [mp/2T () 1(pB — b)Y~
B>b/p,

Xe~ laa, + (pB - b)a,] ,

=0, b/p>pB>0. (3.32)

A substitution of this spectrum into (2.22) leads to the fol-
lowing solution:

1 oo oo =
d d d
(ZF)ZJ(; KJ;/p BJ; a
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W(P’g,"]) =

X (1018 b)q—l — laa, + (pf — b)a,)

2I“()

XuJo(kp)e ™ ’“geiﬁ"é[aﬁ - é] .

(3.33)

By integrating over a, it follows that

b1
¥(p, )__J df dB KT ppB—b~"
P K B kJo(kp) (0

X e~ (a, + i£)/48 5 — (P8 — byayifn |

The integration over « can be performed by resorting to the
change of variables 8’ = — b /p, and making use of Eq.
(3.3):

qﬂ'qfl
W( 3 )__f ,p
2:5:m dp r@

e~ bs/p

(@, + i)
The integration over 8 can be carried out explicitly, result-
ing in the wave function

X e—B'(S%—pd;)

1 e bs/p

Y(p,5:m) = s
(.51 p T
which is identical to the MPS pulse introduced by Ziol-
kowski.®?

A detailed analysis of the behavior of the MPS has been
presented elsewhere.®° Our main interest, at this point, is to
transfer (3.33) into the corresponding Fourier representa-
tion in order to study the contributions from the positive-
and negative-going components of the solution. A procedure
identical to that introduced earlier yields, in this case,

= [Caaf T [
P(x.z () 2F() (0 —k,)

_b]

(3.34)

e a(w+ kZ)/Ze ~ay(p(w — k,)/2 — b)

2 k? P .
Xal:a)_ . _] —i(k,z — wr) i
4 3 n e (3.35a)
for l{w — k,) > b /p, and
dkzt) =0 (3.35b)

for }(w + k,) < b/p. The indicated ranges in the w,k, plane
can be seen clearly by referring to Fig. (3b). Carrying out the
integration over @ changes (3.35) to

:}([&,z,t):fw ’Tp [p VT =k}

- oo

—b ]q_l ebaZe—a,{Jk§+r’ i}z

Xe—ay{‘/k§+r’ - k,}/ze— ith,z —B1)
for k2 + k& —
PK,z,t) =

for k2 +«* —k, <2b/p. Solving for k, and splitting
V(x,z2, t) into positive- and negative-going parts, results, fin-
ally, in the components

k, >2b/p, and
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FIG. 3. The constraint @ = «*/4 and the lower bound 8 = b /pof the MPS
pulse are shown in: (a) the af plane and (b) the k,wplane. The contribu-
tions to ¥+ and W~ are indicated by arrows.

0

¥t (rt) =—1——

2m? b

dk kJy(xp)

$Cp/db — b/p k _
X J dk, F(k,x)e "**~%" (3.36a)

(4]

1 2b/p
W (r,t) =WJ0 dr kJy(kp)

©
>< f
b/p— K'p/ab

1 o0
2m)? S/

dk, F( — kz,K)ei(k‘zJ'a')

+ dk kJo(kp)

X Jw dk, F( — k,x)e' "+ (3.36b)
0

where
Flk, i) = —2_ [i {JFT¥@ -k} - b]q_]
I'(g) L2

—JKkI+ )72 — k(a, —a,p)/2
X ebhe TVH At ap2, = kia map)/2 - (337)

The strength of the MPS pulse arises from the intro-
duced asymmetry in the positive- and negative-going com-
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ponents. This can be easily demonstrated by examining the
ratio

F(kz,K)/F( —_— kz,K) — e(w;—a‘)kz

for g = 1. By an appropriate choice of the parameters p, a,,
and a,, the positive-going frequency components can be
made much larger than the negative-going ones. This can be
achieved by using large values of the product pa,. It is also
straightforward to demonstrate that in the limb 4—0 and
p—1 the MPS given in Eq. (3.34) is reduced to the splash
pulse [cf. Eq. (3.19)]. Therefore, the Fourier spectral con-
tent of the splash pulse can be obtained directly from Eq.
(3.36) by setting b = 0 and p = 1; specifically,

¥+ (rt) =—(2—;)—2J:, dk 1Jy(kp)

xf dk, F(k,x)e” “%*~®"  (3.38a)
(4]

_ 1 (™
¥V (rt) = (27)2J; dk kJy(kp)
xf dk, F( — k_x)e“**®"  (3.38b)
Q
with

Fk, i) =m[WkZ+ &5 —k,/2]°"

VK24 (e + 0372 — k(a,—a,)/2
X VEzTIO G e, m AT @t (3.39)

To compare ¥ (r,¢) to ¥~ (r,2), consider the following ra-
tioforg = 1:

F(kz7K)/F( — kz,K) = e(az—al)kl i

It is clear from this expression that one can have a predomi-
nantly positive component if a, is chosen to be large and q,
very small. However, unlike the MPS pulse, the splash pulse
is not localized in the transverse directions. This is due to the
absence of the parameters b and p that provide some control
over the transverse localization through the factor
exp( — bs/p) in Eq. (3.34).

D. Bessel beams

The “Bessel beams” were introduced by Durnin? and,
like Brittingham’s FWM’’s, they are characterized by an infi-
nite energy content. It is of interest that such beams have
been realized experimentally,”' primarily because of the
manner in which the behavior of an infinite energy beam can
be realized approximately. It is possible to show that these
beams can be represented by the time-symmetric bidirec-
tional superposition (2.22). One can choose, in this case,

Cola,Bi) = dmore = T @+F-wlg—ra=F-A7 = (34()
for which Eq. (2.22) specializes to
1 -+ o k=3
Y(p,lm) = fdkjdjda
P& @2m? kb o 4 o
X4more = TlatB—w)g - Tla— B4
— iag ,ifn K2
X&Jo(kp)e 5 aﬂ——4— . (3.41)
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Integrating first over «, one has
¥Y(p,5,m) =£’;J‘ dﬂf da e—ta+B—w’
T o

Xe"’g(a_ﬁ_;")z.’o(z /aﬁp)e_ izt (3.42)

This integration is very hard to evaluate exactly; neverthe-
less, an asymptotic solution can be obtained for large values
of or. Without any loss of generality we can take o = 7 and
Eq. (3.42) can be rewritten as follows:

‘F(p,§77)=-— dﬁf da

Xe—a"[wo+/lz-—2(/1+w(,)a—2(w(,—/1)ﬂ+ 2a® +287)

XJo(2VaB p)e e

This is a double integral of the Laplace type and can be evalu-
ated asymptotlcally for large o°. Followmg Bleistein and

(3.43)

Handelsman,*° the function
#aB) = — [0) + A% —2(4 + wp)a
— 2(w — A)B+ 27 + 2B7] (3.44)
has critical points at ¢, = ¢; =0, or at
ag=(wo+12)/2, Bo=(w,—A)/2. (3.45)
Since ¢,,, = ¢ = —4and ¢,; =0, it follows that

¢a¢z (a09 0) <0 H ¢ﬁﬁ (am 0) <0 )
Do (Q0:Bs) ¢f3ﬁ (@pBo) — iﬂ (apfy) =16>0,

and the critical point given by (3.45) is a maximum. Hence
the integration (3.43) can be approximated by

-2 ‘72¢(auvﬁn)
Vp.gm) = 270 ¢
\/¢aa (a0Bo)Pss(aolBo) — ¢31/3 (ao,Bo)

ngz— Jo(2VagByp)e ™ =éePn + O(o™?) .

Rearranging the terms and using Eq. (3.45), one gets

Y(p.6m) =Jo[Joi —47p]
Xe ™ A+ O 2ginn =072 4 O(g7?),

which in the limit 0— o reduces to

\y(p’g,n) =J0[mp] e—il.(ﬂ+§)/22iw.,(n—§)/2 .
(3.47a)

Although the wave function given in (3.47a) was obtained
from the asymptotic evaluation of the double integration
(3.43), it turns out to be an exact solution to the scalar wave
equation. In fact, it is same as Durnin’s Bessel beam, which
can be obtained by substituting

E=z—t, p=z+1¢
into Eq. (3.47a) and rewriting it as follows:

Y(p.Ln) =Jo[Joi —A%p] e iH -0 (347b)

A in the case of Brittingham’s FWM’s, the spectrum asso-
ciated with a Bessel beam is singular; specifically, the spec-
trum given in (3.40) reduces to a product of two Dirac delta
functions as o goes to oo . On the other hand, the conversion

(3.46)
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to a Fourier picture is trivial in this case since (3.47b) is
totally traveling in the positive z direction.

IV. EXTENSIONS OF THE BIDIRECTIONAL SYNTHESIS

In this section, we shall extend the ideas discussed in
Sec. I1 to other classes of problems. The most natural exten-
sion is an application involving the three-dimensional
Klein—Gordon equation which describes the propagation of
waves in a dispersive medium. Another one deals with the
use of the bidirectional representation in connection with
dissipative problems modeled, for example, by the three-di-
mensional dissipative scalar wave equation and the tele-
graph equation; in these cases the operator 1 ( — iV) is non-
positive. Using these two classes of problems, we shall show
that solutions obtained via the bidirectional representation
will be as easy to evaluate asymptotically or numerically as
those for the three-dimensional wave equation. By virtue of
this observation, new exact solutions can be obtained trivial-
ly using spectra similar to those in Sec. I11I.

The spectral analysis in Sec. IT was carried out over the
[-dependent part of the integral in Eq. (2.27). We were led
to this procedure because the three-dimensional wave equa-
tion has the same structure as the one-dimensional Klein—
Gordon equation. In particular, a Fourier transformation
with respect to the transverse coordinates x and y reduces
the three-dimensional wave equation to a one-dimensional
Klein—-Gordon equation of the following form:

[07 -3+ ]a(kzt) =0 (4.1)
It should be observed that the functions [1,(«z)J,, (kt)] in
the expression (2.32a) are not solutions to the one-dimen-
sional Klein—-Gordon equation. Only their sums over integer
values of m and n constitute a solution to (4.1) and a delicate
balance between the coefficients of [I . (k2)J, (kt) ] must be
maintained in order to give finite solutions.

A natural extension is the three-dimensional Klein-
Gordon equation describing the evolution of a signal propa-
gating in dispersive media. For this case, the operator
ﬁ( — iV) equals — V? 4 u? and Eq. (2.1a) takes the form

[0 — V2 +p?lu(rt) =0 (4.2)

A general solution to this equation is analogous to that given
by (2.18), namely,

u(r,t) =2 Re{¥(r,1)},

where W (r,f) can be represented by the following bidirec-
tional superposition:

l +1 © L] o o
- (277)21=z—-1n;0-[) dKJ:) d(la).[::

150
Xd(B)C, (la,iB.c)xJ, (kp)

Y (p,5,m)

x e indg — ilageilﬁntg[aﬁ — %(Kz + ,f)] - (4.3)

In this case, a Rartmomng of Q( —_ zV) was induced through
the operators A( — id,) = — 32, B( — k — id,) = 12 + i,
and the new constraint relation is given by
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af =3 +u?). (4.4)

Using the relationship (2.23), the representation (4.3) can
be transformed into the conventional Fourier picture; spe-
cifically,

+ o
Y(rt) =
(l' ) (277)2 oJO f

XJ dk, A, (w,k, k), (kp)e* "

Xe—ikzze+iw15(w2_,(2_k§_luz). (4.5)

The only difference between (4.5) and (2.18) is the more
complicated constraint relationship. For the problem under
consideration, the constraint requires that

0 — K —ki=y?, (4.6)

which recovers the well known energy relation
E? = p* 4+ u*. Recall that very few exact solutions to the
three-dimensional Klein—Gordon equation are available. In
this sense, the representation (4.3) is very valuable because
it is characterized by the same algebraic singularities as
(2.22). As a consequence, (4.3) allows the analytical com-
putation of a rich class of novel exact and approximate solu-
tions with as much facility as shown in Sec. I1I for the three-
dimensional scalar wave equation. For example, all the
spectra used in Sec. III can be used trivially to reproduce
new solutions to the three-dimensional Klein—-Gordon equa-
tion.

For physical situations requiring a nonpositive operator
Q( — iV), e.g., those modeled by the dissipative scalar wave
equation and the telegraph equation, one can still obtain
novel, exact solutions using the bidirectional synthesis pro-
cedure. Along these lines, consider the three-dimensional
dissipative scalar wave equation

[07 = V2 + (e, +¢), +¢,6,]¥(r,2) =0 (4.7)

which describes a wave traveling in a dissipative medium.
Although Eq. (4.7) has a different structure than Eq. (2.1),
an exponential transformation of the form

W(r,t) =exp[ —i(c, + )t ]@(r,t) (4.8)
reduces it to
[8%— V2 —1i(c, — ;)2 ]¥(r,t) =0 (4.9)

which is a special case of Eq. (2.1) with ﬁ( — V)
= — V? — (¢, — ¢,)/2. Notice that the above equation is
similar to the Klein—-Gordon equation (4.2) with an imagi-
nary u [i.e., u> = — (¢, — ¢;)°/2]. The bidirectional repre-
sentation can be written directly as

1 + 1 0 %0 o0
2m) I;Z_ln;ofo d"fo dtia)

10

Xf d(p) C, a,iB.x)x], (kp)

‘T’(p,é,n) =

Xe + [nd;e — ilageilﬂnts[aﬁ

1 » K‘z]
+—(e,—))" ——], 4.10

g (¢; —¢3) p (4.10)
with the constraint
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aB= —L(c;— ) + K/4. (4.11)

The same discussion concerning the nature of the singulari-
ties of this solution follows automatically, except for the fact
that the hyperbolic constraint (4.11) can lie in the second or
the fourth quadrants of the a8 plane for (¢, — ¢,)%/2> 2,
and in the first or third quadrants for (¢, — ¢,)?/2 <. This
also explains the difference in the & and S limits of the inte-
gration in Eq. (4.10).

The dissipative wave equation can be reduced to the
telegraph equation by removing the dependence of Eq. (4.7)
on the transverse coordinates x and y. The telegraph equa-
tion, which can be written as

[07 =%+ (¢, +¢)d, +ci60]¢(zt) =0, (4.12)

models the transmission of electromagnetic signals through
wire cables. Using an exponential transformation of the form

Y(zt) = exp[ — i(c, + )21 Pz, (4.13)
reduces the telegraph equation to
[02 32— (e, —c)?] P(z) =0 (4.14)

A celebrated solution due to Lord Kelvin involves the choice
¢, = ¢,. This restriction reduces Eq. (4.14) to a one-dimen-
sional scalar wave equation that has the distortion-free solu-
tions ¢(z — ) and 1//(z + t). In an attempt to find solutions
to Eq. (4.14) in the general case where ¢, #c,, one runs into
the same complications as those discussed earlier in connec-
tion to the Fourier representation of the one-dimensional
Klein—-Gordon equation, or the three-dimensional scalar
wave equation. An alternative is to use the bidirectional rep-
resentation

Hem) = f d(la)f dUIB) co(aB)
(2 Y i Jo

I1#0
Xe‘ﬂa'ceiw"(S[aﬁ—F%(Cl . C2)2] . (4.15)
with the constraint
af= —i(c,—¢c)?. (4.16)

(Only the second or the fourth quadrants of the af plane
need be used in this case since a and S must have different
signs.) The Fourier synthesis corresponding to (4.15) can
be obtained by using the transformation (2.23). This leads to

+ +
P(z,t) = ——f da)f dk, A,(w,k,)

Xe-ikzze[wté(wz_kz +—;—(Cl_02)2)’ (4-17)

with the constraint
@ —kl= —1i(c,—c,)*. (4.18)

One should not get the wrong impression that the meth-
od introduced in this paper will replace the Fourier synthe-
sis; on the contrary, the bidirectional synthesis complements
it. As it was shown in Eq. (2.17), a Fourier decomposition is
simply a special case of a general partitioning of the operator
L. In many instances dealing with single frequency phenom-
ena, the Fourier synthesis is the most intuitive one; however,
this does not rule out all other representations, particularly
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when they can lead to new exact solutions. Consider, for
instance, initial value problems. Even though the bidirec-
tional representation is characterized by an implicit depend-
ence on time through the variables { and #, an initial value
problem can still be handled successfully. As an example,
consider the[AV: specific problem of pulse propagation
through an infinitely long cylindrical waveguide. This prob-
lem is modeled by the three-dimensional scalar wave equa-
tion
(V2 —3Du(rt) =0,

with the initial conditions

u(r,0) = F(p,2) , (4.19a)

u,(r,0) = G(p;2), (4.19b)
and the boundary condition

u(Rz,t) =0, (4.19¢)

where p = R is the radius of the cross section of the wave-
guide. The functions F(p,z) and G(p,z) are assumed to be
real. For this problem, it is advantageous to begin with the
expression (2.27). A typical solution can then be written as

u(r,) =u(p,£,m) = co(k,B)Jo(kp)e — W/4BEB1  (4,20)

Applying the boundary condition (4.19¢), one obtains
Jo(,kR) = 0. It immediately follows that kR = «,,,,, where
Ko are the zeros of the zeroth-order Bessel function. By
summing over all modes and integrating over 3, the general
waveguide solution can be given as

u(P;;;”]) = Re z dB CO(KOm 9B)
m=14J0
The initial condition (4.19a) is satisfied if
F(p,z) =Re z dpB co( Ko, :3)
m=14J0
xJO(—"‘;p )e UG AR = )z (4.22)

The spectrum cy(%,,,,3), which is, in general, a complex
function of «,,, and 3, can be determined by taking first the
Fourier transform with respect to z and then the Hankel
transform with respect to p in Eq. (4.22). This gives

* R R voy
0 —
X [CO(KOm Be G/ 4BR > — B — ko)

+ CE (Ko B) € ORI~ B k2] (4.23)

where c& (k,,,,) is the Hermitian conjugate of ¢, (Ko,,.85),
and f(Ko,.,k,) is defined as

+ oo R P ez
S(Komsk2) =f dZJ dppJo( o;ﬂ )F(p,z)eJr faz

(4.24)

By integrating the right-hand side of Eq. (4.23) over z, it
follows that
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Fomks) =L R[1, 00,1 [ B
(4]

Kom
X [co(xo,,.,ﬁ)5(——4;R s —B— kz)

KZ
+c§(xom,ﬁ)6( B +kz)]. (4.25)

48R ?
By performing, finally, the integration over 3, the following
relation is obtained:

CO(K()m) l) Ca‘(KO,,,, 2)
VEI+ (Kon/R)? kI + (Kon/R)?
2f(KOm’kz)

= Z . 4.26
7R [J, (ko) ]? ( )

Here,
Bi=4[ — k. + kT4 (kon/R)?) ] »

Bo=1[ +k, + kT + (K6, /R)?) ] .
It turns out that the initial condition (4.19b) is satisfied if

Co(KomsB1)B) — €& (Ko, :52) B,

= 2g(Kom,K,) /TR 2[.;'10(0,,l ) ]2 . (4.27)
where
+ oo R ;
gKomok,) = f dz f dp pJo( "";{'p )G(,o,z)e+ ez
(4.28)

A combination of Eqs. (4.26) and (4.27) results in the spec-
trum

1
BR?[J (ko) ]

2 KOm 2
X kz+ R +g(K0m’kz) .

(4.29)

ColkomB) = (Ftram k)

The relation 8, =8( k,) must be inverted in order to obtain
k,=k, (). Eq. (4.29) can be written, then, as

1
BRI, (Kom) ]

(St k)

cO(KOm 95) =

2 KOm 2
x\/kz(ﬂ)+( R ) +g(K0m,k,(ﬂ)))

and the solution to the original problem can be expressed as

| - 1
u(p;;;n) =Re m2=l ——_——WR 2[11(,(0 )]2

o]

1 2 KOm 2
XE(f(Kom,k,(B))\/;z(B) + ( R )

+ &kom:k. (B))) ,

(4.30)
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in terms of a superposition of the elementary blocks

~ e _QObviously, the shape of the field u (p,¢,7) depends
on the choice of F(p,z) and G (p,z). If, for example, F(p,z) is
chosen in the separable form

F(p,z) =F(p)F,(2),
and

G(p,2) =0
Eq. (4.30) can be rewritten as

(-} 1
u(p.g,m) =Re ,,;::1 TR, (Kom) ]2

= Pk
XJ B Fyl ;(B))

o)
XeiB'l]J( omp)f dp va(p )JQ( R pl)’
(4.31)

where ﬁ'z(kz ) is the Fourier transform of F,(z). To be more
specific, let

F](P) = (1/477)J0(K0mp/R) 3
Fy(2) = Ko [ (Kom/RW@+ 27 ],

where K, is the zeroth-order modified Bessel function of the
second kind. The initial conditions in this case have the form

K
- LAl

(4.32a)

a4z

u,(r,0) = (4.32b)

The Fourier transform of the function F, (z), required in Eq.
(4.31), is given in this case by

s e_a,/k§+ (Kom/ R)?
2
K
2 am
kz + (__)
R

The expression for the root 3, viz.,
(28— k) =k +#5,/R?,

can be used to invert k, = k, (8). This leads to the relations
k,= +15,/48R* -8B, (4.34)
k2 +15,/R*= (15,,/4BR* + B)* . (4.35)

Fy(k,) = . (4.33)

Equations (4.33) and (4.35) can be used in conjunction

with (4.31) to obtain
>, Jolkomp/R) f

112 = B_
u(p,5,m) mzl TRI[T, (ko) |2

— (kb/4BR* + Bra , — G5,/ 4BR L iy
KOm '
o)

(4.36)
By integrating over p’, Eq. (4.36) simplifies to
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u(p,C, =Re[ —
(p.gm N
x e—(’é,m/4ﬁxz)(a+i;)e_B(a_in)J()( K();p)] .

(4.37)

The remaining integration over f can be carried out using
equation (3.478.4) in Gradshteyn and Ryzhik.*® The solu-
tion to the initial boundary value problem under considera-
tion then assumes the form
1 KOm
u(r,t) = Re{— K [
(r,0) yyn]

N CET O ]Jo( °"'p>] L (438)

An interesting variation of the solution given in (4.38)
can be obtained by simply replacing the single parameter a
by two parameters a, and a,, namely,

u(r,t) —RelLK [KO'"
’ 4r °l R

x(a, +i§)(02_f7l)]Jo(K0;p )] (4.39)

Because of the asymmetric dependence on the values of a,
and a,, the pulse given in Eq. (4.39) can be made to travel
mainly in one direction. On the other hand, the solution
(4.38) represents a pulse that will split into two halves prop-
agating in opposite directions. Such claims can be verified by
referring to Eqs. (3.38) and (3.39) which give the positive-
going and the negative-going components of the splash
pulse. The only difference entails the replacement of the inte-
gration over « by a summation over «,,,,. The backward and
forward spectra have the following ratio:

F(kpkom )/ F(

It is seen that for a, = a,, the positive and the negative com-
ponents have the same strength. On the other hand, fora,> 1
anda,<€1,F(k,, «,.,)>F( —k,, k,,)andthepulse moves
predominantly in the positive z direction. Moreover, in con-
tradistinction to the splash pulse (3.19), the solution (4.39)
is localized by the walls of the waveguide and one does not
have to worry about its localization in the transverse direc-
tion.

_kz,"bm)ze(‘zz “,

V. CONCLUDING REMARKS

A novel bidirectional decomposition of solutions to par-
tial differential equations into backward and forward travel-
ing plane waves was introduced in this paper. This technique
is distinct from other factorization methods available in the
literature (cf., e.g., Ref. 41). The main difference stems from
the fact that it involves a product of plane waves propagating
in opposite directions, while usual factorization techniques
decompose the solutions into a sum of forward and back-
ward traveling plane waves. The bidirectional decomposi-
tion, which was developed within the framework of a more
general embedding procedure, allows the construction of
general solutions by means of a superposition of elementary
bidirectional blocks. Such a novel superposition differs sig-
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nificantly from the more conventional ones, e.g., the Fourier
synthesis. In particular, it is characterized by algebraic sin-
gularities that can be much easier to handle than the branch-
cut singularities arising usually in the Fourier synthesis. In
spite of these differences, there is a one-to-one correspon-
dence between the new synthesis and the Fourier method
and these two methods complement each other.

Several mathematical aspects of the new synthesis were
addressed. It was shown that the elementary blocks entering
into this superposition are composed of exponential and Bes-
sel functions which form complete sets of orthogonal func-
tions. This led to an inversion formula, from which different
spectra can be calculated from the knowledge of exact solu-
tions. Necessary conditions for the choice of the spectra
leading to convergent solutions were discussed.

The bidirectional decomposition was applied to the
three-dimensional scalar wave equation, the three-dimen-
sional Klein-Gordon equation, the three-dimensional dissi-
pative wave equation, and the telegraph equation. For all
these equations, it was demonstrated that new, exact solu-
tions can be easily obtained. It was noted that the new syn-
thesis provides the most natural basis for the construction of
the unusual Brittingham-like solutions and that it can be
used as a vehicle to find the Fourier spectral content of these
solutions in order to gain a better understanding of their
properties. Finally, it was shown that initial-boundary value
problems can be solved using the bidirectional decomposi-
tion. A specific example was worked out in connection to an
infinite waveguide and new solutions [cf. Egs. (4.38) and
(4.39)] were derived. These pulse solutions, especially
(4.39), exhibit unusual decay patterns as they propagate
down the waveguide. A detailed analysis of their properties
has been published elsewhere.*> A natural extension of this
problem is the case of the open waveguide whose aperture is
illuminated by the pulse given in Eq. (4.39). The solution to
this problem is incorporated in Ref. 42.
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It is shown that one loop Feynman integrals containing spurious poles (kn)~

! are completely

determined by consistency properties, if they are allowed to depend either on one nonlightlike
or on two lightlike vectors. Although no £ prescription is given to the spurious poles, the
results are identical either with the principal value or with the Leibbrandt/Mandelstam results.

I. INTRODUCTION

Since axial-type gauges f (n4) = O have been used for
the first time,' the amount of interest in these gauges has
grown considerably. They are in some way more “physical”
than covariant gauges, ghosts decouple in homogeneous axi-
al-type gauges, and the light-cone gauge has had some fun-
damental applications in supersymmetry” and string theo-
ry.> The major disadvantages are the loss of manifest
Lorentz covariance and the occurrence of so-called “spur-
ious poles” (kn)~' in the propagators. In handling these
poles in Feynman graph calculations it is vital to distinguish
between the cases n’#0 (axial gauge) and n* =0 (light-
cone gauge). For the axial gauge the principal value (PV)
prescription

1) 1( 1 1 )
——— —_ — 1
(kn pv 2 kn+z'e+kn—i£ (H

has been used successfully in one loop integrals,* but it is
unsuitable for n? = 0. For this case a second lightlike vector
has been introduced in the two equivalent prescriptions

( 1 ) _ kn*
kn)v  knkn* +ic’

R ey

kn/m  kn + ic sgnkn*’

suggested by Leibbrandt’ and Mandelstam® (LM). The aim
of this paper is to show that, by allowing the values of Feyn-
man integrals to depend either on one vector n,, with n”#£0
or on two vectors n,n* with n? = (n*)? = 0, certain basic
consistency properties of integrals (without assuming any

sort of -type prescription for spurious poles) imply unique
results identical with the PV or LM results.

(2)

Il. THEORY

Our considerations take place in a 2w-dimensional Min-
kowski space witha + — — --- metric. A Feynman inte-
grand will always consist of a Lorentz-invariant “Feynman-
type” part and of spurious poles. If we restrict ourselves at
first to a single simple spurious pole and combine all Feyn-
man denominators with the usual Feynman trick, the most
general one loop integral will be

k “en
W (P Lina) = fd o . (3)
’ (k2 —2pk — L) kn
The o dependence will be suppressed in our notation
throughout this paper. We make the following natural as-
sumptions on the propertiesof I,, ..., :
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(a) correct mass dimension 20 — 2a + 7 — 1;
(b) compatibility with differentiation with respect to p
and L:

o, (D:L;na)

a"p =2al,. .,  (pLna+l), (4)
Hri

u, (P Lin,a)
s =al, .., (pLna+1); (5)

{c) homogeneity in » and, if another vector n* is intro-
duced, in n*:

yr(P,LS/ln’a) = (I/A)Iy‘u-#,(P,L;n,a); (6)

(d) compatibility with nonspurious Feynman integrals:

Hr_1 . 7)

k .
ndy, ... (P Lina) = szmk (kZ#_, 2pk — L)

and (e) invariance under shifts of integration variables.
Because of (b) we can restrict ourselves to

1 1
Kp,L:na) =Jd2‘“k — (8)

P (k2 —2pk — L)* kn
and determine 1, ..., by differentiation with respect to p,,.
For r>a one has to assume analytic continuation in @. Thus

(d) becomes

aI(p,Lna) sz‘”k 1 .
—2pk — L)**!
9
Assumption (e) implies
1 1
I(p,L;n,a) =Jd2‘°k , (10)
? (k2 —p*— L) kn + pn

showing that I(p,L;n,a) depends on L and p only via L + p’
and those components of p on which (kn + pn) ' depends,
namely, pn for n?#0 and pn and pn* for n* = 0.

Let us first examine the axial gauge with n°30. Then
I(p,L;n,a) will depend on p* + L,pn,n*a. Because of (c) it
has to be of the form

I(p,L;n,a) = (pn/n*)G ((pn)*/n*,L + p5a),  (11)

with a function G that we want to determine. Equation (9)
yields

2
G+2(pnz){ IG i G )
n* \d((pm)¥/nd) AL +p?)
=2aI(L+pha+1), (12)
with
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T=|d*k 1
(k*—2pk — L)
. I'a — o) 2yw—a
= —1N)ye———_"7(L @w—a 13
i ( ) ra (L +p°) (13)

This is an inhomogeneous first-order partial differential
equation. Since we know that the PV of I(p,L;n,a) fulfills
conditions (a)-(e),

(14)

is a particular solution to Eq. (12). The remaining homoge-
neous equation is easily solved:

2\ — 172 2
Ghom =((p:2) ) f(L +p2———(p;) )

where fis a priori an arbitrary function. Condition (a) im-
plies

2\ - 172 2\w—a— 1.2
Ghom =((pn) ) /i,(a)(L +p2__ (pr:lz) )

2
(16)

Gparl = (nz/pn)IPV (p)L;naa)

‘ (15)

n

and therefore
2\w—a—1/2
I=Ipy +—1—/1(a)(L +p2—(ﬂ'2—)—) .an
Jn? n

To allow compatibility with differentiation with respect to L
[ef. Eq. (5)], A(a) must fulfill

(w —a—A(a) =at(a+1). (18)
In Ref. 6 the integral
1 1
I (p.Lna)=|d*k 19
P Lime) f (k?—p*—L)* kn+ic (9

was calculated. It allows a calculation of PV integrals:
Ipy (p,.Lin,a)
=l (p.L;n,@) — I, (p,L; — n,a)). (20)
Then I(p,L;n,@) as in (17) with any A that fulfills (18) is
equal to
pl, (pLina) — (1 —p) 1, (p,L; — n,a) (21

with some u. Condition (c), however, implies that
I(p,L;n,a) must be odd in n,,. This is only satisfied for 4 = 0
(corresponding toz = 1), showing that the only permissible
choice for I'is Ipy .

Let us now turn our attention to the light-cone case.We
have n? =0 and allow our integrals to depend on another
vector n} with (n*)? = 0. Now I(p,L;n,n*,a) will depend
on L + p?, pn, pn*, nn* and a. Homogeneity in n* implies
that 7 depends on n* only viapn*/nn*. Because of (¢) /must
be of the form

(1/pn)G(pn pn*/nn* L +p2;a)'
Analogously to Eq. (12) we derive

G G
+2 3
d(pn pn*/nn*) a(L + p°)

(22)

=2a I (L+pha+1).
(23)

With
3 I(L+pha)

=al(L+pha+1),
d(L +p?)

(24)
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we see that
G = 1 (L + p*a) (25)

is a particular solution. It corresponds to the PV prescription
on the light cone.” The solution of the homogeneous equa-
tion is

Goom =S(L + p* — 2pn pn*/nn*). (26)
Thus (a) implies
Giom = A(a) (L + p* — 2pn pn*/nn*)° 27

and compatibility with differentiation with respect to L
yields

(w —a)i(a) =ad(a+1) (28)
and therefore
Ala) =A"[T(a—)/T()]( — 1) (29)
We have
I(p,L;n,n*,a)
= (- 1)aﬂ4»___r(a_“’) RS
I'(a) pn
- kx\w—a
x[(@+pre - T(L4pr -2 2D,
nn
(30)
with 4 = — 7 ““A’.For A = 0 we get the PV result and
for 2 = 1the LM result (see, e.g., Ref. 8). Thus
IA)= AT+ (1 — A)y. (31)

All these values are internally consistent for noninteger w. It
is well known, however, that on the light cone the PV (but
not the LM) results develop double poles in (2 — @) and
also poles proportional to In p? in the context of dimensional
regularization, which cannot be treated within the usual re-
normalization schemes. Therefore in physical applications
we must not allow our integrals to have PV-like parts and set
A = 1. In this manner we have arrived again at a unique
result for I(p,L;n,n*,@).

Let us now examine integrals with one multiple spurious
pole both on and off the light cone. It seems natural to define

1 1
2 _2pk — L) (kn)*?

Ip.LnafB)=| d*k
(p.L;n,a,B) f %

=Jd2"’k 1 1
(k*—L—p"* (kn+ pn)?

_(=1Fr 98-t

- T(B  dpn)f!

I(L +p*pn,+),
(32)

where I(L + p*pn,...) = I(L,p;n,a) or I(L,p;n,n*,c) as de-
fined previously. Only in this definition multiple spurious
poles can be regarded as limits of products of different single
spurious poles (for a more detailed presentation of this argu-
ment see Ref. 9). We have full compatibility with a general-
ization of (d) to B> 1 and, again, we get the PV or LM
results.
The simplest integral with different spurious poles is
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J(p.g,L;n,a)
= f 2ok ! L 1 . (33)
(k, —2pk — LY* kn kn +gn
There are two consistency relations analogous to (d):
" aJ(p,q,.L;n,a)
ap*
py f d 2k L L
(k* —2pk — L)** ' kn + gn
2gn aJ(p,q,.L;n,a) 4 aJ(p,q.L;n,cx) (34)

aL ap*
~2a f d*k ! €
(k? —2pk —L)y**' kn
Subtracting these two equations and keeping in mind that
aJ(p,q.L;n,a)

=alJ(p,gLna+1), 35)
oL (p.g (
we get
qnJ(p,q,L;n,a + 1)
=fd2wk 1 1
(k*—2pk —L)**"' kn+gn
— J-dz’"k 1 _1_ (36)
(k?—2pk —L)**"' kn
This implies
J(p.g.Lina)
=L ('(dZ(u 1 1
qn (k? —2pk — L)® kn +gn
- sz“’k ! L)
(k*—2pk — L)= kn
+6(gm)f(p.g.Lina). (37)

The 5(gn) term arises because division of Eq. (36) by gn is
an allowed operation only for gn 0. Thus, in the context of
Feynman integrals,

i 1 1 1 1 1

=S8(gn)b(kn)g,
kn kn+qn qn kn amoliems

(38)

where g has to be dimensionless and homogeneous in # and,
if necessary, in n*. Here 5(kn) arises because of the symme-
try of the 1hs of Eq. (38) between k& and g. The §-function
terms in (37) and (38) only become meaningful in the con-
text of integrals over more than one loop. Since the value of
such an integral should not depend on the order of integra-
tions and integrals with a single spurious pole are interpreted
as PV or LM integrals, g has to take the same value as in the
context of these prescriptions, namely, g = 7 for n>#0 and
g=0forn*>=0.

q_nkn+qn
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11l. CONCLUSION

Although we have used a higher loop argument here, we
cannot give a complete analysis to all orders. The PV pre-
scription is well known to exhibit difficulties in higher loop
integrals because [PV((kn)~')]?#PV((kn)~3). It seems
that our approach, namely, not giving any prescription at the
level of propagators and interpreting integrals only in the
context of consistency requirements, might be safer. One
should recall here that we always interpret (kn) ~#asin Eq.
(32), no matter which propagators contribute to an expres-
sion.

It has been shown that mere consistency properties of
one loop Feynman integrals with spurious poles determine
the values of these integrals completely. If we allow our inte-
grals to depend on only one nonlightlike vector n,,, they turn
out to be equal to the PV results, whereas those depending on
two lightlike vectors have to be equal to the LM integrals
only if we also demand the absence of nonsimple poles in
dimensionally regularized integrals. Thus both prescriptions
are unique in the contexts of their applications. If we allow
our integrals, however, to depend on two unrestricted (not
necessarily lightlike) vectors, this uniqueness is lost. Gener-
alizations of the LM prescription'® fulfill the requirements
(a)—(e), but, using the methods of this paper, one finds that
adding any function to these results that depends on p and L
only via nn*pn — n’pn* and n*(L + p*) — (np)? and has
the right dimensionality and homogeneity properties yields
values that are also internally consistent.
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Using the IWOP (integration within ordered product) technique, a new unitary operator is
found that is useful in diagonizing the Hamiltonian of a pair of coupled harmonic oscillators.
The coordinate representation of the unitary operator is presented, and is well applied to
obtain the wave function of energy eigenstate of the coupled oscillator.

I. INTRODUCTION

Of a system of two interacting spinless particles with
coordinates ¢, and Q,, the typical one is the coupled har-
monic oscillator whose Hamiltonian is given by

H="(P? + P2) + P 02(0% + 0%) + £(0, - 0,)?
2m 2 2

0%, (D

where a[a' ], b[b' ] are two-mode annihilation [creation]
operators of the uncoupled harmonic oscillator, and they are
related to Q,[Q,] and P,[P,] by

S
Q = \/zmw(“”” P = ‘/’"“’ﬁ” 4 (©

+

= [ Poyon, p=_ [ lZbl
2mo T2

The coupled oscillator problem has some intrinsic interest,

because in the strong interaction limit, it is a crude model of

the states of a tightly bound diatomic molecule in a crystal.’

It is well known that by introducing the center-of-mass and

relative coordinates respectively, as

=#w(d'a+btb+1) +§(Q. -

X=%(Q1+Qz)’ x=0—0Q,, (4)
and their conjugate momentum,
P=pP + P, [XP]=if, (5
p=i(P,—P), [xpl=ifi, (6)
(1) can be put into
H=Hcm +Hrel ’ N
H_, =—+MQZX7‘, M=2m,
M
2 m (8)
Hrel =£—+ﬁb—-2x21 H=—>
2u 2 2
where @ is the new frequency, defined by
&= (0" 4+ x/n)"2. (9)

Let the respective harmonic oscillator eigenstates of H,, and
H_, be|n,) and |n,)’,

[n) [y} =[nyn,) = (A" BT /\nln,1)|00),
where 47, BT are defined by

(10)

*) Present address.

1273 J. Math. Phys. 30 (6), June 1989

0022-2488/89/061273-04$02.50

B*:L( Moy i P ) [BB']=1, (11)

2 #i VMot

o (o).
2 U

and |00)’ is the ground state in the new Fock space spanned
by |n,n,)'. By virtue of Egs. (2)-(6), A, B become

B=(1/\2)(a+b),
A= (1/2200) [ (B + @) (a — b)
+(@—w)(a"—-b"].

Obviously, the Hamiltonian of the coupled oscillator is dia-
gonized and its spectrum is given by

Hl”]”z)’ = [#id(n, + %) + fiw(n, + 5)]|n.n2)’ . (14)

The wave function of |n,n,)’, though a very simple function
of the eigenvalues of X and x, is a rather complicated func-
tion of the eigenvalues g,, ¢, of the particles coordinates Q,
and Q,." In this paper, we find that the operator U exp[i(7/
2)J, ], whereJ, = 1/2{ (a'b — bTa) and Uis a new unitary
operator whose coordinate representation is given in Sec. II,
can play the role of transforming two isotropic dimensional
harmonic oscillator’s Fock basis,

|nny) = (@b /ynIn,1)|00) , (15)
into the Fock basis |n;n,)". In terms of the transformation,
the wave function {g,q,|n,n,)’ can be easily obtained. The
paper is arranged as follows.

In Sec. 11, we begin by identifying the coordinate repre-
sentation of U. Then the calculation is carried out, employ-
ing the newly developed IWOP technique®~® to obtain a nor-
mally ordered form of U. This form is further simplified by
using an operator identity that is derived in Sec. 111, follow-
ing the way given by Ref. 7. The transforming properties of
a, b under the U transformation are thus obtained, which
manifestly show that U exp[i(7/2)J, ] is just the generating
operator changing |n,n,) into |n,n,)’. In Sec. IV, with the
help of the coordinate representation of U, we give the ex-
plicit form of the wave function (g,g,|n,n,)".

(12)

(13)

1. COORDINATE REPRESENTATION OF U
The new unitary operator, which is useful in transform-
ing (15) into (10), is introduced here by identifying the
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following coordinate representation:

1/4
v=(2)"[ | a
aute 94— q @ 9+ 4
X + —_, —
' 2 2 \/-'a; 2
+42 9

2 \/7><q1q2 H (16)

where |¢,,¢,) =14,)|q.) is the two-mode coordinate eigen-
state. In the Fock space of two-dimensional harmonic oscil-
lator, they are given by

1/4 2 12
0= (%) "ew| -2+ [reaa ~ o,

(17)

mo\'* { mo 2mo ¢ b”]
== — oo —2—110),,
g2) (n-h) exp Eq%+‘/ 7 9 = (10)
(18)

where |00) =|0),|0), is the ground state, satisfying
i |

@ 1/4 1
U=7"'—= dq, dqzexp ——{[3+
w 4

%)(q% +¢3) + 24142(1 ~

al00) = b |00) =0
|00) (00| = :e—'a— 5",

(19)
(20)
here : : stands for normal product.

The completeness relation of |g,) can be reformed as an
integration within normal product,

J- dg,|g,){ql

172
=) aa(3) el -5

+ 2—';3 g,(a" +a) ——;—(a* +a)2]:

© + 2
= dg exp{ [q_a—i—a] ]:=1.
e Vi 7
By virtue of (17), (18), (20), and the IWOP technique, we
can perform the integration in (16) similar in spirit to (21),

and obtain
Dol f2)

(21)

+ (1 - %)b*] + %[(1 - \/—%‘)a* + (1 + \/%)b *] +2(910 + g:b)

——;—(a*2+b*2+a2+b2) —a*a-b*b]:

2\/(05)"2 0—3 4 “} [(\/ —Jw)? ] [5—(0 ]
= _O9 gt _ph2: b+bta—a'a—b'b) frexp]—2"2 (a—-b)?}.
(a)+5 Plawra © T 2w T R e Y
(22)
-

Here g,, g, are dimensionless integration variables. Equation
(22) is a normally ordered form and is not seen in the earlier
literature. Obviously, when x = 0, w = @, (22) reducesto 1,
as expected. In order to prove that U is unitary, we rewrite

0= (5)" e ] el

(et o257 ).

> (23)

then we have

——l—UTU

SWICH

since the Jacobian for the integration variables’ transforma-
tion is det g = yw/y@. To see how a[b] changes under the
transformation U, we need to further simplify the right-hand
side of (22).

(25)
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lI. TRANSFORMATION PROPERTY OF a, b UNDER THE
U TRANSFORMATION

In order to remove the : : which appears on the right-
hand side of (22), we need a new operator identity, e.g.,

:explo(a’b + bTa—a'a — b1h)]:

=exp” ——;—ln(l —20)](0*b+b*a

—aTa—b*b)}, (26)

where o is a parameter. To prove (26), we follow Ref. 7 by
introducing

=(a@a—b)/\2, A'=(a"—bNH/2, 27

with [A, AT ] = 1. Consider canonical coherent state gener-
ated by A, i.e.,

Alfy=£11) (I =1 (28)
Then, obviously,
(FINA] 1) = e~ VDWP s rprgrre
= (fle VA 1y (29)

By the overcompleteness relation of | ') we obtain
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exp[AATA] = exp[(e* — 1)ATA]:. (30)

Setting A = In(1 — 20) in (30), we get (26). Note that (26)
can also be proved by using the IWOP technique. In terms of
(26), U becomes

U=(2@)l/zexp{ w—E_ (aT—bT)Z]
o+ 4(w + @)
xexp(i(a* — b (a—bln 2\/5—2)
2 O+ @
D —w
Xexp{m(a——b)z]. 31
Using
e~ Wogtei — gt cos(8/2) +bTsin(6/2), (32)
e~ pte = bt cos(8/2) — atsin(6/2), (33)
we have
S=exp[A(a'b+bTa—a'a—b'h)]
:ei(ﬂ—/z)Jye_ua*ae—i(n/zuy. (34)
1t then follows from (32), (33), and (34) that
Sals ' =j4la"(e M+ 1) + b (1 —e” ], (35)
SaS~'=1la(1 +&*) +b(1 —H],
and
ShiS ' =4[bTe P+ 1) +a'(1—eH)], (36)
SbS ' =1[b(1 +*) +a(l —eM)].
By virtue of (35) and (36), as well as the formulas
M b ge = =0T — g 4 2A(BT —a'), (37)
eMa' =8 pe—Ata =D — p 4 2 (at —bT), (38)

we know that under the U transformation a, 4 turns to
UaU™'= (I/&ow) [(a'— ) (@ — ) + (V& +Jo)’a

U( 1/\/5)((1 + b)U—l — Uei(w/Z)bee—i(ﬂ/Z).lyU—l

= (1/y2)(a +b) =B,
U( 1/\/’5)(“ _ b)U—l — Uei(fr/Z)Jyae—i(ﬂ/l)JyU—l
= (1/2J200) [ (@ + w) (a — b)

+(@—w)(@—-b")]=4.
Further, by virtue of (31}, we have

Uei(n/2)1y|00> - ( 2\/0)5 )1/2

o+a

(41)

(42)

w—0
X exp| —— —(at — b*)z] 00) .
p[ 4w+ @) 100}
(43)
One can easily obtain
aUei(v/Z)Jyloo) __o— o (@ —b" Uei(v/l).lyloo) ,
2(w + @)
(44)
bUei(ﬂ/Z)Jy‘oo) — __al___a_(b t_ aT) Uei(ﬂ/Z)Jyloo) .
2w + @)
(45)
It then follows that
(1/42)(a + b) Ue"™>%|00) =0, (46)
(172\203) [ (& + w(a — b)
+ (@ — ) (@' — bT) U400y = 0. (47)

By comparing (46) and (47) with (41) and (42), we can
identify |00)’ as

|00)’ = Ue'™*%|00) . (48)
Thus we obtain the result
Ue'™ 2\ nin,) = |nin,)’ . 49)

Note that (36) has squeeze operatorlike form.*#

- o —Jo)b], (39
— ) In this section we show that the coordinate representa-
~ (@ —Jw)a] . (40) tion of U provides us with a convenient way to derive the
It then follows from (39), (40), and (13) that wave function (g,g,|n,n,)’. Using (49) and (16}, we obtain
J
{g:1q21n1m) = <4192’Ué(ﬂ/2uy1”1”2>
1/4 oo , x , ql + ’ 1 gt ’ + ’
_ (g) <q|q2 J- dq, f dg 11742 + a9 — 9 g’% 9
17} —w — 2 2 7] 2

I 92 ;‘h \/_g_>(q;q£ Iei(w/z)./ylnln2>
@

@ 1/4 o , ®© ) qr + q:
= (t) J dq; f dq; 5(‘11 -= z

7] —® Cw 2
)&

X (q1g; | 7% |niny)
_ (E)(( \/E N 1)& _
) w 2
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[u—y

( @ _
@
in which

1275

79— | G+9 -9 |
- =6l ¢, — - e
2 7] 2 2 @

ei( w/2)Jy

”1n2> ’ (50)
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n o+ ny T __ptyn,t 1y n,
e )y = (___1_) (a"—b")Y"(a"+b")
vnln,!

.

V2

1/\k

=(_1_)n.+n, n,om (”1)<n2)(_)n,kz[(l+k)!(n1+n2—l—k)!]1/2

V2

Substituting (51) into (50), and using

[=0k=0

() (E-)e 2 ez

mow /2

l+k,n1+n2——l-—k>. (51
NI

l+k,n,+n2—l—k>

1
— (22 L+ 0k, = 1= ] enp| — P[4 ) (0 +D) — 2010:@ — )]

><H,+k{\/§[(ﬁ+@%—w%—@%]]ﬂn,m_l_k{\/g[wm@%—w’a‘—@%]]. (52)

Where H,  , is the Hermite polynomial, we get

, 1 ny+ n, 2 —\1/4 n, n, n n o _
(9:42|n,m5) =(—2') (’th)?) I;o kg()(;)(,:)( =) ()72

Xexp[ 2 (G + &) 0+3) —240.4,@ — w)]}HM[\/%[(\/% + JE)% - (JE—JB)%”

44

XH,

Finally, it is worthwhile to point out that although the sepa-
rate form (7) of the coupled oscillator has been known for a
long time, the problem of what is the unitary transformation
changing |n,n,) into |n,n,)’ had not been paid enough atten-
tion before this work solved the problem.
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Long-time behavior of two-point functions of a quantum harmonic oscillator

interacting with bosons
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A class of exactly soluble models of a one-dimensional quantum harmonic oscillator
interacting with bosons moving in the d-dimensional space R? is considered and the long-time
behavior of the two-point function of the oscillator at zero temperature and at finite
temperatures is analyzed. It is shown that the two-point functions decay with a power-law
respectively as the time tends to infinity and that, in the case where the boson is massless, the
two-point function at zero temperature decays faster than those at finite temperatures, while,
in the case where the boson is massive, they decay with the same order. Further, the
dependence of the decay order on d as well as on the infrared behavior of the one-boson energy
and the momentum cutoff function in the interaction Hamiltonian is clarified in each case.

I. INTRODUCTION AND THE MAIN RESULTS

In a previous paper,' we considered a general class of
models of a one-dimensional quantum harmonic oscillator
coupled to infinitely many bosons in the Hilbert space

F =L*(R)8F (¥), (1L.1)

where # () is the symmetric (Boson) Fock space over a
complex Hilbert space 7 [e.g., Ref. 2 (§I1.4) ]. The unper-
turbed (free) Hamiltonian of each model in the class has the
common form

Hy=wsa*ae® I+ Iedl (h). (1.2)

Here a is the annihilation operator of the oscillator acting in
LZ%(R), dI"(h) is the second quantization of a non-negative
self-adjoint operator 4 (the one-particle free Hamiltonian of
the boson) [e.g., Ref. 3 (§X.7)], I denotes identity, and
@, > 01is a constant parameter denoting the circular frequen-
cy of the oscillator. The interaction part (perturbation) H,
is given by a general form quadratic in the annihilation and
creation operators for the bosons and the oscillator. (For the
detailed form of H,, see Ref. 1. But, in the present paper, we
do not need it.) It was proved in Ref. 1 that, under some
conditions, the total Hamiltonian

H=H,+ H, (1.3)
is unitarily equivalent to dT"(A) + E, [acting in & (5]
with a real constant E; and hence, in particular, all the possi-
ble embedded eigenvalues of H,, except for the zero eigenval-

ue, disappear under the perturbation. Further, in the case
X = L*(R?), taking H, as

Hy=wa*ao I+ Iedl (o) (1.4)
with a rotation invariant function @ on R and a parameter
r> 0and changing the parameters in H;, we showed that the
class gives a unified description of standard models of a one-
dimensional quantum harmonic oscillator coupled to bo-
sons, containing the following ones:

(M1) (The RWA oscillator; r = 1) (e.g., Refs. 4-7)

H=owx*ael+1edl'(w) +agb(p)* + a*eb(p).

(M2) (The Schwabl-Thirring model; »r = 1/2) (e.g.,
Refs. 6, 8-13)

H=owwa*ael+19dl(0"?) + g d(p).
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M3) (r=1/2)
H=1p'el+Iedl(0'?)

+ (03/2)ge I— 10 ¢(p)) — Jw,.

Here b( f), feL 2(R?), is the (smeared) boson annihilation
operator acting in ¥ (L *(R?)), geR denotes the position' of
the oscillator, p = — id /dg,

¢(f) = AAD{b0™*))* + b0~ N},
and p is a cutoff function.

The model (M3) may be regarded as a simplified ver-
sion of a three-dimensional quantum harmonic oscillator
minimally coupled to a quantized radiation field with an
ultraviolet cutoff (e.g., Ref. 14 and references therein).

In the present paper, taking % = L *(R?) with H, giv-
en by (1.4), we investigate the long-time behavior of the
two-point function at the zero temperature defined by

W(t,,t,) = (2,9(t))q(1,)Q), (L.5)

and that at a finite temperature 5 ~' > 0 given symbolically
by

t,1,€R,

W, (1) = Trle ™ "q(2)q(t,)) ,

Tre— %

where g(¢) is the time evolution of ¢ by the total Hamilto-
nian A given by (1.3)

(1.6)

itH , , — itH

q(t) = e""ge ™", (1.7)

€ is the ground state of H, and Tr denotes the trace [strictly
speaking, the rhs of (1.6) is defined as an infinite volume
limit of a finite volume approximation of the quantum sys-
tem under consideration]. As we shall see below, W(t,,t,)
[resp. Wg(t,,t,)] has a characteristic form common to all
the models in the class. We are mainly interested in the fol-
lowing aspects:

(I) The dependence of the order of the time decay on the
dimension d, r, and on the infrared property of the functions
of w and p [i.e., the behavior of w(k) and p(k) as k—0].

(II) The difference of the time decay between the case of
finite temperatures (0 << o) and that of the zero tem-
perature (8= o ).

(III) The difference of the time decay between the

g<R,
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massless case [inf, w(k) =0] and the massive case
[inf, @(k)>0].

We remark that we can not expect an exponential decay
for the two-point functions, because we assume that H is
bounded from below to define them; this follows from a gen-
eral theorem (Ref. 15, §7.3, Theorem 3.3). See also Appen-
dix C in the present paper.

The problem of the long-time behavior of two-point
functions (or correlation functions) of a quantum harmonic
oscillator coupled to a heat bath (an infinite system of bo-
sons) has recently been discussed in the statistical physics
literature (e.g., Refs. 6, 12, 16, and 17; cf. also Ref. 10 for a
field theoretical discussion) and some partial results have
been obtained with some concrete models [ mainly those re-
lated to the models (M1) and (M2)]. In these works, how-
ever, the authors make an ad hoc assumption on the spectral
density of the correlation function or on the memory kernel
in the Langevin equation. This procedure formally corre-
sponds to taking a special form for the cutoff function p in
our Hamiltonian formalism. In the present paper, we do not
make such an ad hoc assumption and consider the models as
generally as possible. Accordingly, our results include as
special cases the partial results on the long-time behavior
mentioned above and generalize on them. At the end of this
section, after stating our results, we shall give a more de-
tailed comparison of our results with those obtained in the
other works.

We now proceed to describe the two-point functions in
our models.

Let w, be a non-negative, continuously differentiable,
and monotone increasing function on (0,0 ) such that
w,(x)— 0 as x— oo with the derivative ; (x) >0 for all
x>0. We set

m = inf w,(x)>0. (1.8)
x>0
The rotation invariant function @ on R is defined by
w(k) = o,(|k|), keR% (1.9)

The cutoff function p is a real-valued continuous function in
L?(R?) such that

f PI)” ik < o, (1.10)
r! w(Kk)
and

p(k)? L1l
Jnd m— o) < (1.11)

Remark: If m > 0 (the massive case), then (1.10) is au-
tomatically satisfied because of peL 2(R?) [more generally,
we have w ~ “peL 2(R%) for all A > 0], but, in the case m = 0
(the massless case), this is not true.

For j = 0,1, we introduce the function (Dg) (z) by

oY (2) = Ld——“’z‘f’;‘:(‘:)’z dx, (1.12)
which is analytic in the cut plane

C, =C\[m,0). (1.13)
Let
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DY(z) =af’ —aPz+ 4, fp(k)z dk + @Y (2),
(1.14)

wherea!’, i,j = 0,1, are real constants witha{’ > 0, j = 0,1,
and &, is the Kronecker delta function. We assume that

d9=a9 — aPm+5,, fp(k)zdk

+ &P (m) > 0. (1.15)
Then it is easy to see that
DY (z)#£0, zeC,,. (1.16)

Remark: By renormalizing the parameter a§” as

&’ =af’ +af’m -8, | p(k)>dk — @9 (m),
af’ >0,
d ¢ can be made positive.
For technical reasons, we assume the following:

(AD) (a) sup |®Y(x—ie)| <,
€>0
xe{m, )
(b) inf |DY(x—ie)|>0.
€e>0
x€[m,w )
For sufficient conditions for (AI) to hold, see Appendices A
and B.
It follows from (AI)(a) that, for all sufficiently large
x>0,
|D P (x — ie)|»cx (1.17)
with a constant ¢ > 0 independent of €.
One can show using the theory of the Hilbert transform
(e.g., Ref. 18) that the limits
DY (x)=limDY(x +ie), j=0,1,
- €10
exist for a.e. xe (m, ), which, by assumption (AI)(b),

(1.18)

- cannot be zero.

We are now ready to give an explicit form of W(z,,t,)
[resp. Wj (¢,,2,) ] (up to a constant multiple) which follows
from Ref. 1:

W(zl,t2) = W(t1 - 12), (119)
Wy (tiuty) = Wy(t, — 1), (1.20)
with
2, — ito(k)"
Wity =f pk)e” dx,
r? 0(k)*™|D 9 (w(Kk))|?
Jj=01 (1.21)
and
2, (B — ityw(k)’ it (k)”
Wg(t)=f pUo (e te” ) gk,
R¢ a)(k)z’“|D(£(a)(k))|2(eB‘"(k) _ 1)
j=0,1 (1.22)

Here > Ois the parameter in H,, given by (1.4) and aeRisa
parameter appearing in b(w ~ "“p) and b(w ~ "p)* in the
interaction H;, and j depends on the form of H,; for example,
in the model (M1) [resp. (M2), (M3)], we have (7, a,
N =(1,0,0) [resp. (41,0), (4,4,1)]. Of course, the con-
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stants a§’ and a{” also change according to models : In the
model (M1) [resp. (M2), (M3)], we have a{” = w, and
a{® =1 [resp. af” = 0ja{®, af" = wja}{"]. In deriving
(1.21) [resp. (1.22)] with the case m = 0, an additional
assumption that P/ (™| DY (@)% [resp.
p*/0** 1D P (»)|?] is integrable near the origin is made.
Note that, for all zeR, Wj(¢) - W(t) as f— o (the zero-
temperature limit).

To make the present paper self-contained, we take for-
mulas (1.19)-(1.22) as the starting point. Therefore the
reader is not required to have any detailed knowledge in Ref.
1.

We shall denote by 77(x) the inverse function of @ (x),
w,(n(x))=x (1.23)

for x > m. By the inverse function theorem, 1 (x) is differen-
tiable and monotone increasing in (m, o ) with

limn(x) =0, %'(x)=[w](n(x))]"",

xlm

xe(m, o). (1.24)

For a measurable function f on R% we define the func-
tion [f] on [0, ) by

Flx) = J dS(0)f(x0), xe[0,0), (1.25)
Sd#l

where S ¢~ 'isthed — 1 sphere and dS'is the surface integral
measure on S9!, Let

I9(x) =9 (x)nx) " X[p*l(n(x)), xe(m,»).
(1.26)

Since p is continuous by assumption, it follows that 7 ¢ (x) is
continuous in xe(m, ).
As another technical assumption, we take the following:
(AII) There exists a constant 8e(0,7/2) such that the
function 7 ¥ (x) has an analytic continuation 1 ¥’(z) onto
the domain

D, , = {zeC|Rez>m, — O<argz <0} (1.27)

with the following properties:
(a) im IV (x — ie) = I(x), xe(m,o).
€10

(b) [I9(z)|<const |z| =¥
for all sufficiently large |z| (z€D,, ,) with a constant g; >O0.

IU’(m—l-z):AU)

m

(¢c) lim =
z—0 jim
2€Dy o z‘p
with constants 4 ¥’ 0 and p; (m) >0.
(d) For all sufficiently small ¢,> 0,

inf |DY(x — ie) — 2inl V(x — i€)| > 0.
O<e<e,
xe[m, o)

Remark: As is seen from the definition of IV (x), p; (m)
is determined by the dimension 4 and the infrared property
of w,, w{, and p. See Sec. IV for an example.

In order to investigate the decay property of W(¢) and
W5 (2) in a unified way, we introduce the following more
general function:
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[ (@(k))p(k)’e~ "’
r: (k)| D (w(k))|?
Here fis any meromorphic function in D,, , with the follow-
ing properties:

(f I) The number of poles of f(z) is finite.
(fII) The limit

W(ts) = dk.  (1.28)

lim f{x — ie) =f(x)
€10
exists for a.e. xe(m, w0 ).
(FIID)  sup{|f(z)] |2eD,n o U (M, ), |2|>7e} < o
with a constant 7,> 0.
(fIV)  lim 2 f(m 4 2) =,
z-0

z€Dg o

with constants «,, (f)eR and f,,, #0.
We now state the main results. We mean by

g(t)[~ h(t)
that

im £ _ 1.

t—co h(t)
Let

BY = (DY (m) — 2i1750‘pj(,,,)A MDD (m). (1.29)

Theorem 1.1: Suppose that 2ra 4+ ¢, + 1> 0.

(a) Let m = 0 and suppose that

(0) — —2ra—j+1

'qupj( ) ao(f)r e —J+ >0. (1.30)

Then
AP fe™ ™y
wf) ~ o Jof , () 7, (1.31)
1= w rB§’

where I'(z) is the gamma function.

(b) Let m>0and

vj_———pj(m)—am(f)+1>0. (1.32)
Then

A [0 —ifrv]-/ZI-\ ) — im"
wf) ~ n/me (v))e t Y. (1.33)

mw Pyt TIT = DYg O

Remark: Under the assumption of Theorem 1.1 in each
case m = 0 or m > 0, the integral of the rhs of (1.28) is abso-
lutely convergent.

As corollaries of Theorem 1.1, we can derive the asymp-
totic behavior of W(z) and W (¢) as t— .

Theorem 1.2 (the massless case): Let m =0 and
2ra+j+q; +1>0.

(a) Suppose that

=pj(O) —2ra—j+1 S

A 0. (1.34)

r
Then

) —iﬂA/Zl-\ A,

Wiy ~ Age T s (1.35)

1= o0 rB§’
(b) Suppose that 4; > 1. Then
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W,(t) ~ 2Re

t—

BrBY '
(1.36)

Proof: (a) We have

W) = W(tf=1).
On the other hand, the function f (z) == 1 obviously possesses
properties (fI) and (fII) with a,(f) =0 and f,=1.
Therefore, in this case, we have u; = A;. Thus (1.31) yields
(1.35).

(b) Let

f(z)=/(F —1)
and

g(z) = 1/(f% —1).
Then we have

We(t) = W(tf)+ W(g).
It is easy to see that each of fand g satisfies (f I) and (fII)
withao( f) = a,(g) = rand f, = g, = 1/B. Hence we have
u#; = A; — 1. Thus we get (1.36) from (1.31). O
Theorem 1.3 (the massive case): Let m>0 and
2ra+j+g; + 1>0. Then

(a) W(t) ~ AP e ™ V(g (m) + 1)

fm oo rpj(m) + 1m2ra +i+ (r—Dip(m) + I)B (”1")

X e~ itmy ~RUM =1 (1.37)

A 9T (p; 1
(b) W,(t) ~ DL(p;(m) + 1)

— oo (eer _ l)rpj(m) + 1m2r¢z +j+ (r— Dlpdm) + 1)

(B—itym — imp(m) + 1)/2
€
X

BY
itm" + i‘n'(p](m) + 1)/2
+— ]t TAM L (1.38)
BY
Proof: Similar to the proof of theorem 1.2. O

Theorems 1.2 and 1.3 show that the two-point functions
decay with a power-law respectively as f— «. In both cases
m = 0 and m > 0, the order of the decay increases as p; (m)
does. On the other hand, the dependence of the decay order
on the dimension d and the infrared behavior of  and p
comes only from p; (m) [see (1.26) and (AII)(c)]. In par-
ticular, it follows from (1.26) that p; (m) is monotone in-
creasing in d. Therefore the higher d becomes, the faster the
two-point functions decay.

In the massless case, Theorem 1.2 shows that W(z) de-
cays faster than W (¢). On the other hand, in the massive
case, the order of the decay of W(r) coincides with that of
W (t). We note also that, in the massive case, the oscillating
factors exp( + itm”) appear in the asymptotic behavior of
the two-point functions.

Remark: We have assumed d ¥ > 0 [(1.15)] to obtain
Theorems 1.1-1.3. In fact, in the case d ¥ < 0,D ¥’ (z) has a
simple unique zero v,e( — «,m) and the oscillating terms
proportional to exp( + iv,t) appear in the two-point func-
tions. This corresponds to the nondisappearence of embed-
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ded eigenvalues of H, under the perturbation (in other
words, the oscillator mode persists under the perturbation)
(cf. Ref. 7).

We now try to compare in some detail our results with
those on the long-time behavior obtained in the other
Works.6'12'l6"7

In Ref. 16, a phenomenological model based on an aver-
aged Langevin equation rather than on a Hamiltonian was
presented; the correlation function at the inverse tempera-
ture S is given as

(Q(t)Q(O))=J i;i;l’"(aJ) L

—_— (1.39)
)
where y” () is the imaginary part of the Fourier transform

of the response function,

PSR Yo
X' () M ) (1.40)
with positive constants ¢ (the damping constant) and M
(the mass of the oscillator) and # is the Planck constant
divided by 27. They showed that, at the zero temperature
B— «,thereal part S(¢) (the symmetrized correlation func-
tion) decays as

iy 1
S(t) ~ — —.
.

We can show that this result is a special case of our results: in
fact, at the zero temperature (8- ), one has from (1.39)

(1.41)

(g(£)g(0)) =f d%x”(w)ﬁe""‘”. (1.42)
0

On the other hand, the function W(¢) given by (1.21) is
written as

W(t) =fw w(x)e "™ dx (1.43)

with
o (x)

x2rda +le ,(f)(x) |2 '
Therefore, by considering the case with m = 0and r = 1 and
by setting formally

w(x) = (#/my" (x),
we have at the zero temperature

W(t) = (q(1)q(0)).
Since y" (x) ~yx/(Mewyg ) as x—0, we have

AP /B = fy/mMwy, A; =2.

Then, (1.41) follows from (1.35). On the other hand, at
finite temperatures £ ' > 0, {(g(#)q(0)) is not of the form
W5 (t) given by (1.22), because the frequency spectrum of
{q(t)q(0)) is equal to the whole real line R as is seen from
(1.39). [The frequency (energy) spectrum of our models is
equal to [m, « ).] This is a big difference between the model
under consideration and ours. They also showed that, at fi-
nite temperatures, (q(#)g(0)) decays exponentially. We re-
mark that, if one modifies the correlation function as

w(x) =

(1.44)

wt

* dw . fie ~
t)g(0 = _—y" -
(g(Hg(®) L X (@)
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or

ﬁe—iu)t
1 — e 8’

@20 =f L 3 @)

then one gets

(—dHy 1
)q(0 _~a
(g(t)q( ))“‘,-w Mt 1
1
t

’

.

(4(1)4(0))_ TMaB
Namely, (q(t)q(O)) ; have a power-law decay. This fol-
lows from an application of Theorem 2.1(a) in Sec. II.

In Ref. 17, a generalized version of the model in Ref. 16
was considered and a more detailed analysis on the long-time
behavior of the correlation functions was done. As in the
model in Ref. 16, the correlation function at zero tempera-
ture is a special case of our model and the result on the long-
time behavior coincides with ours, at least, up to ¢ ~2 order.
As for the case at finite temperatures, the same remark as
that concerning the model in Ref. 16 applies.

In Ref. 12, they start from a discrete version of the mod-
el (M2) with respect to the boson degrees of freedom and
derive the dynamical equation for the position operator of
the oscillator. Then, they make an ad hoc assumption for the
memory kernel so that the symmetrized autocorrelation
function of the fluctuating force per unit mass ® - () and the
symmetrized autocorrelation function of the particle veloc-
ity C,, (¢) take the form

d,.(1) = wall do . @ cothBﬁw P
Mry J_. 2 &*+ 9 2
(1.45)
and
® 3
va(t) = ﬁyz d—w 2
Mrg ). 27 ®>+ 7
X 1
|@? + (¥/1x) liw/ (Y — i®)1]?
X coth _ﬂTﬁw e, (1.46)

respectively, where 7, >0 is a constant. They showed that,
at finite temperatures, ® - (¢) and C,, (¢) decay exponential-
ly as t— oo and, only in an intermediate time region, display a
long time tail as const ¢ ~2. These results do not coincide with
our results. This is due to the fact that, in the present case,
the frequency spectrum runs from — « to + o as is seen
from (1.45) and (1.46), which is an effect of the symmetri-
zation. Let ®57(¢) and C ;7 ’(r) be the functions defined
by the rhs of (1.45) and (1.46) with the integral interval
replaced by [0, 0 ), respectively. Then, we see that ®$+(¢)
and C {,;* ’(¢) display a power-law decay as

q)( + )(t) ! _1_
t—o TMTR ¢
and
cuow ~ & L
- TMB ¢

At zero temperature, we have

1281 J. Math. Phys., Vol. 30, No. 6, June 1989

ﬁyz ¥ w iwt
<I>T(t)=MTR Ref do 2+y2e ],
C,()= iy’ Re[f da)

Mrym

lw + (¥/7r) [ta)/(y uo)]|2]'

By integration by parts and applying Theorem 2.1(a), we
get

# 1
(1) ~ — -—=, 1.47
e Mrpm 12 (147
fir 1
Co(t) ~ ——% .~ 1.48
W = s (1.48)

These results are not given in Ref. 12.

In Ref. 6, the authors start from the models (M1) and
(M2) with a discrete boson degrees of freedom and calculate
the momentum autocorrelation function C(z) of the oscilla-
tor

C(t)y =Cy(n) + C, (1) (1.49)
with

Cl(t)=J:° ewl_ G(A)cos(A)dA, (1.50)

C(t)=—J. G(A)e~ *dA, (1.51)

where G(A) is a function depending on the choice of the
models (M1) and (M2). The exact form of G(A) was not
given and, by assuming that G(1) ~A™, they showed that,
at low temperatures, C, (t) decays witha powerlaw as t— .
However, analysis on the long-time behavior of C,(¢) at
nonlow temperatures and of C,(z) (the correlation function
at zero temperature) was not given. We note that (1.49)
with (1.50) and (1.51) is exactly of the same form as Wj (1)
given by (1.22) with m = 0. This is easily seen by change of
variable. Thus we can apply our results and solve the prob-
lem left in Ref. 6. One can easily check that our general
results yield as a special case the partial result on the long-
time behavior of C,(#) obtained in Ref. 6.

The rest of the present paper is organized as follows: In
Sec. II, we establish a limit theorem on an integral of Four-
ier’s type. In Sec. I1I, applying the limit theorem, we prove
Theorem 1.1. In Sec. IV, we discuss an example of w. In
Appendices A and B, sufficient conditions for (AI) to hold
are given. In Appendix C, a necessary condition for expo-
nential decay of Fourier transforms is given.

. A LIMIT THEOREM

In this section, we prove a general limit theorem con-
cerning an integral of Fourier’s type.

Let g be a measurable functionin L '((m, « ),dx). We are
concerned with the asymptotic behavior of the funetion

G(t) = on g(x)e”™dx (t>0) 2.1

ast— oo, where m>0 and r> 0 are constants. We assume the
following:
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(A-g),, There exists a meromorphic function g(z) in
D, , with the following properties:

(a) lir(r)lg(x——if):g(x), a.e. xe(m,o),

(b) For all sufficiently small €>0 and every a,b
€(m,0)(a<b),

sup_ |g0x — )| <Cas

a<x<
with a constant C, , > 0 independent of €.
(c) For all sufficiently large |z| (z€D,, )

lg(2)|<C/|z|*

with constants C>0and ¢> 1.
(d) g(2) has no poles in {zeD,,, o| |z — m| < €} with a
constant €,> 0 and the limit

lim £(M+2)

z—0 2“"'
exists with constants g, and u,,, > — 1.

Under the assumption (4-g),,, we have the following

theorem.
Theorem 2.1: (a) Let m = 0. Then

G(t) _ goe—ifr(ilu+l)/2rr((‘uo+ l)/r) ; h(”"+”/r'

t— oo r

=g.#0

(2.2)
(b) Let m> 0. Then
(=4 1) =it [+t + D21 L + 1)

gm™
6 ~ T

—(p,p+ 1D

Xt (2.3)

Proof: We first consider the case m = 0. Let
h,(z) =e~ "™g(z), t>0.

Then A, (z) is meromorphic in Dy 4. Let € > 0, 8 > 0 be suffi-
ciently small, L > 0 be sufficiently large, and 0 < §, < 6. Let
I'(e, 8, L, 8,) be the curve in Dy 4 given by

I'(e, 8, L, 6,) = {x — ie|6<x<L}
U{6 — i€ + se~ ®|0<s<L}

U{6 — ie + Le™| — 9,<u<0}

with the anticlockwise orientation and D(e, &, L, 6,) be the
interior domain of I'(¢,8,L,6,). Let {a,}¥_, be poles in
Dy, [Nis finite by (Ag), (b)—(d) ]. Then, by applying the
Cauchy integral theorem to the integral of 4, (z) along
I'{e,6,L,6,), we get

L L
f h, (x — i€)dx =f h, (6 — i€ +se%)e= "% ds
s o
+ JO h, (8 — ie + Le™)iLe™ du
— o,

— 27 Res(h, (2) 1@y )’

a,eD(€5,L.6,)

(2.4)
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where Res(h, (2),a, ) denotes the residug of 4, (z) at z = a,
[we take '(€,6,L,8,) so that a, ¢ (€,6,L,0) for all k]. We
take 6, to satisfy O < r6, < w/2. Then we have by (4-g),—(c)

\h, (6 —ie + Le")|<C/L?
for all sufficiently large L with a constant C> 0 independent
of L. Hence we get

lim h, (8 — ie + Le™)iLe™ du = 0. (2.5)

For s>5,> 0, we have by (Ag),—(c)

|h, (6 — i€ 4 se ™ %) |<ae~ bs”

with constants g >0 and 5> 0 independent of § and €. For
0 < 5<5,, we have by (4-g)o~(d)

|h, (8 — i€ 4 se =) |<C
if 4o>0 and
|h, (8 — i€ + se = @) | < Cs

if —1<py<0, where C> 0 is a constant independent of §
and €. Therefore, |4, (5 — i€ + se ~ )| is dominated by an
integrable function on (0, « ) independent of § and €. Thus
by the Lebesgue dominated convergence theorem we get

o
lim| A,(6—ie+se”%)e%ds
€610 Jg

=f h, (se ™ Tye— % ds, 2.6)
A ‘

Similarly, using (A4-g),—(b)-(d), we can show that
|h, (x — i€)| is dominated by an integrable function on
(0,0 ) independent of § and €>0. Thus by the Lebesgue
dominated convergence theorem we get

o0

limlim| A, (x —i€)dx = f h, (x)dx.
0

810 €10 Js

2.7)

Taking the limit L — « first, €10 second, and 610 finally in
(2.4) and using (2.5)-(2.7), we obtain

G() =G(1) + G,(D) (2.8)
with
G, () = th,(se‘i"")e‘ie" ds, 2.9
0
G,(t) = —2mi z Res{h, (2),a,). (2.10)

Dy g,

Note that (A-g), implies that the number of poles of g(z) in
Dy, is finite. Hence the sum with respect to the residue in

(2.10) is a finite one and we have
|G, (1) |<e™ “P(t) (2.11)

with a constant a>0 and a polynomial P(z) in £. On the
other hand, by the change of variable s— ¢ ''s, we have
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— 6,

G, = t% expl — i(se= )] g(se?/r_)e- o gs
0

-1 fwexp[ — i(se™ )]
0

TG Do

— 6,

% (se—ien)#nu(_se_]_ (2.12)
tV

r

)e ~ % s,

where
u(z) =g(z)/z'*.

It follows from (4—g),—(c) and (d) that, for all s> O,
|u(se =) |<C/(1+s)*T7<C

with a constant C>0 (note that p,+g>p,+ 1>0).
Therefore, by the dominated convergence theorem, we get
from (2.12)

tim ¢4 DG (1) = gol(6) (2.13)
withqeo
I(7) =J: expl — i(se=")"]
X (se = TYtoe 7 ds. (2.14)

The function z* exp( —iz") is analytic in
{zeC| — m<argz<m, 2z#0} and, if — 7<r(argz) <0,
then it decays exponentially as |z| - oo. Therefore, by the
Cauchy theorem, we have

1(6y) = I(w/2r)
— e—i( to + l)w/Zerefs’sp(, ds
0

efi(,u"+l)ﬂ/2rr((lu0+ 1)/r)

. .
Combining (2.11), (2.13)—(2.15) with (2.8), we obtain
(2.2).

We next consider the case m > 0. By the change of vari-
able x"—»x" — m’, we have

(2.15)

G(t)y=e~ """’f g(x)e ™ dx
(8]
with
xr— lg((xr + mr) l/r)
(xr+ mr)(r-— 1)/r '
Therefore, the problem is reduced to the case m = 0; we need
only.to check that the function g(x) satisfies (4-g),,.

Let g(z) be g(x) with zin place of x. Then g(z) is mero-
morphic in Dy, , and

g(x) =

lim g(x — ie) = g(x), a.e. x€(0,00).
€10

Hence g satisfies (4-8), — (a).

To prove (A-—g)-(b), we note that, for
O<a<x<b< o,
[(x_i€)r+ mr] l/r= (xr+ mr)l/r
ad +0(é)

- (xr+mr)(r——1)/rx1—r
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as €l0. Therefore, by the assumption (4-g),,—(b), we get

supb|g([(x —ie) +m"1'")|<C,

a <X <
with a constant C; > 0 independent of €. Further, it is easy to
see that
ey — 1
(x —ie) <C,
a<x<bh [(x _ ie)r+ mr](r— Ly/r
with a constant C, > 0 independent of €. Therefore we get

supblg(x —ie)|<C;

a<x<
with a constant C; > 0 independent of €. Thus g satisfies (A4~
8)o—(b).

For sufficiently large |z|, we have from (4-g),,—(c)
const|z]” !

g(2)|<
‘ l\Izr_ll_’nrl(r—l)/r(zr_'_ mr)q/r

const
j2|*
Therefore (4-g),—(c) follows.
We have
(Z+mN) Y ~m +m =T/

as z—0. Hence (4-g),,—(d) implies that g(z) has no poles
in {zeD, 4| |z| < €} with a sufficiently small €, and

i 8@ _grm
2.0 zr(,u,,,+1)71 r“m
Therefore  (4-8),~(d) holds with g,=g,,

(1= DG+

and o =r(y,, +1) — 1.
Thus we can apply the result in the case m = 0 to g(x)
and get (2.3).

. PROOF OF THEOREM 1.1
We can write

W, f) = Jm g(x)e “ dx

with
S (x)
x2ra+j!D(£ (x)‘z
We shall show that g satisfies (4-g),, in Sec. II. Then

Theorem 1.1 follows from an application of Theorem 2.1.
Let

DY (z) =DV (z) — 27wl V(z2), zeC,,

and define

g(x) =

A2) IV (z)
2+ D P (2)D V' (2)
Then, g(z) is meromorphic in D,, ;. Note that D (x) is
given as

g(z) =

DY (x)=af —aPx+6,; |pk)*dk

+ Pf ok)pk)®
x — w(k)

+ 27l ¥ (x),
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where P denotes the principal value. Hence we have

limD? (x —ie) =DY (x), ae xe(m,w).

€10

Therefore, together with the fact D, (x) = D_(x), we get

lim g(x — ie) = g(x).

€10
Thus g satisfies (4-g),,—(a).
Property (A-g),,—(b) follows from (AI)(b),

(AII)(d) and properties of f.
By (1.17) and (AII-b), we have for all sufficiently large
x|

inf| DY (x —ie)| >Cx
€>0

with a constant C > 0. Further, it is easy to see that, for suffi-
ciently large |z| withImz < — ¢, z€D,,, 4,

DY (2)|>C.lz|, |DP(2)|>C.lz|

with a constant C, dependent on €>0. Combining these
properties with (AI)(b), (AII) (b), and (fI), we have for
sufficiently large |z| (z€D,, )

lg(z)|<const/|z|* /42,

Since we assume that 2ra+j+g¢; + 1>0, we have
2ra +j+gq; + 2> 1. Therefore, (4-g),,—(c) follows.

The poles of g(z) come only for the zeros of D (Q (z) and
the poles of f(z). The zeros of D YV (z) are discrete and do
not accumulate in D, . It is obvious that D (2) [resp.
f(2)] has no zeros (resp. poles) in a small neighborhood of
z=minD,,, [recall that we assume d ¥’ >0, see (1.15)].
As for the asymptotic behavior of g(z) as z—m, we have

A%
=0D ¢ (0)D (0)
in the case m = 0 and

—2ra —j— ao( f) + pi(D)

g(z)

—a,,(f)+pim)

A7
glm+2) ~ ———— -
=0 m**+/D P (m)D P (m)
in the case m > 0. Therefore, g satisfies (4-g),,—(d).
Thus we can apply Theorem 2.1 to obtain Theorem 1.1.

V. AN EXAMPLE

In this section we consider an example of @ and see how
p;(m) is determined by the dimension d and the infrared
property of @ and p, where p; (m) is defined by (AII)—(c).

Let

w,(x) = (x* + m"M4, x>0, 4.1

with a parameter 4 >0 (see also Appendix A). Then the
inverse function n(x) of w,(x) is given by
VA _ pylrayii2

7(x) =(x (4.2)
Let p, be a continuous function on [0, « ) satisfying

x>m.

p1(x)>0, x€(0,0),
and p be given by
pk) =p,(|k|), keR“ (4.3)

We assume that p, has an analytic continuation p,(z) onto
the domain DO,BP with a constant 8,€(0,7/2) such that
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limp,(x — i€) = p,(x), x€(0,0).
€10

With @, and p, given above, the function I ‘/’(x) de-
fined by (1.26) takes the form

Vdn(x)d—ij+ (1 —A)//lpl(n(x))Z

J & _
(x) 2/1 » xe(m, o0 ),
(4.4)
where
V, =f ds. (4.5)
Sd—l

Lemma 4.1: Assume that, for sufficiently large |z|
(ZGDQ,QF);

| 1 (D)]|<C /|2}9” (4.6)
with constants C> 0 and ¢( p) > 0 and that
tim 242 — p, (47)
with constants y( p) >0 and p,#0. Suppose that
q(p)/A—j+1—d/2430 (4.8)
and, in the case m = 0,
(d—2)2A+j+ (1 —=A)/A 4+ y(p)/A>0. (4.9)
Then IV (x) satisfies (AII) (a)—(c) with g; given by
g =q(p)/A—j+1-d/24 (4.10)
and
d—-2)22+j+ QA=) /A+v(p)/A,
m=290,
el FPIPSY Sy
m>0 (4.11)

Proof: For a sufficiently small 8e(0,7/2), n(z) is de-
fined and analytic in D,, , and the image of  is included in
Do,ep. Therefore the function
Vn(2)? 27+ =D (g(2))

24

is analytic in D,, ,. It is obvious that (AII) (a) holds.
For sufficiently large |z| (z€D,, ), we have

C1|z|'/2’1<|77(z)|<C2|z[”2’1

with constants C, >0, & = 1,2, and hence

I9Y(z) = (4.12)

|79 (z)|<const |z| %,

with g; given by (4.10). Therefore, (AII)-(b) follows.
Let m > 0. Then we have

”7(’" +Z) — (m“‘}“)/"//i)”zz”z
z—0

and hence

il (m + 2)) ~ po(mt =72 fA)T R 272,
z-0

Therefore we get for m >0

44
I(j)(m +2) ~ Po¥a (m(l—/l)/l//i)y(p)+(d~2)/2

z—0

X+ (1= DAy p) + (d=/2
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In the case m = 0, we have

2
I19(z) ~ PV A= 2/22+j+ (1 = /A + ¥(p)/A

z—0
Thus (AII)-(c) is satisfied with p;(m) given by Eq.
(4.11). |

Remark: Condition (AII)(d) follows from the same
assumption as in Lemma B1 (see Appendix B).

It is interesting to compare the decay order of W(¢) in
thecasem =0 [i.e., /lj given by (1.34) ] with that in the case
m>0 [ie., p;(m) + 1]. By (4.11), we have

p;i(0) =p,(m)/A +j+ (1 —A)/4,

where we take m > 0.

Hence we get

A=A, —(p;(m) + 1)

= ((1 —Ar)/Ar(p;(m) + 1) — 2a.

IfA; >0 (resp. A; <0), then W(¢) with m = 0 decays faster
(resp. slower) than W(¢) with m > 0.

In the models (M1)—(M3), A, is given as follows:

(M1): In this case, we have r = 1, @ = j = 0. Hence we
get

Ay =((1 —=A)/A) po(m) + 1).

(M2): In this case, we have r = a =1, j = 0. Hence we
get

Ao ={(2—AV/A) po(m) +1)— 1.

(M3): In this case, we have r = a = 4, j = 1. Hence we
get

A =(Q2—-A)/A)pi(m)+1)— 1.

In the standard case, A is taken as A = (resp. 1, 1) in
the model (M1) [resp. (M2), (M3)]. Therefore, in this

case, W(t) with m = 0 decays faster than W(¢) with m >0
in each model.
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APPENDIX A: UNIFORM BOUNDEDNESS OF ®{/(x—je)

In this appendix, we consider a sufficient condition for
@/ (z) to satisfy (AI)(a). We define the function J D(x)
on R by
I (x),
0, x<m,
where I 7 (x) is given by (1.26).

Lemma Al: Suppose that J ¢/ is in L?(R) with some
Pe(1, 0 ) and satisfies the Lipschitz condition

TP (x+h) =T (x)| <K |h | (A2)

uniformly in x, as #—0, with constants ae (0,1) and K> 0.
Then there exists a constant C> 0 such that, for all xeR and
€>0,

|®Y (x — i) |<C.

X>m,

J P (x) =[ (AD)

(A3)
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Proof: We can write

O (x —i€) = (Q.*J V) (x) + i(P+J ), (A4)
where P, and Q. are the Poisson and the conjugate Poisson
kernel, respectively,

P(x)=€¢/(x*+€), Q.(x)=x/(x*+¢),

and + denotes the convolution. Let & (x) be the Hilbert
transform of JV,

J(j)(s)
X—S

ds.

PP (x) = Pf

Then, by the assumption J¥’ eL? (R) and a general theorem
[e.g., Ref. 19 (Chap. VI, Lemma 1.5) ], we have

Q.+ =P *®Y.
Further, condition (A2) implies that d>,‘;°(x) is continuous
in xeR with @’ (x) -0 (|x| - « ) and hence, in particular,
®9 is bounded [e.g., Ref. 18 (§5.15)]. Similarly, it follows

that J¥ (x) is bounded. It is well-known (or easy to prove)
that

|(Poaf) (x) | <|fl
for all feL = (R). Therefore, we get
(@ ) (1) <7 @]..,
|(Petd ) (0) ||l 9 -
From these estimates and (A4), we obtain (A3). 0

Remark: Condition (A2) implies the continuity of
19 (x) and hence

lmIY9(x) =0.

xlm

A sufficient condition for (A2) to hold is the following
lemma.

Lemma A2: Let

u(x) =7(x)*"'9'(x), xe(m, ), (AS)
and p be given by
p(k) =p (|k]), keR?, (A6)

with a continuous function g, on {0, ). Assume that

(a) limu(x)=0,

xlm

(b) 7(x)~C, x>, (A7)
u(x) ~C, x>, (A8)
p1(x)~C,x %, (A9)

as x — oo, with strictly positive constants C,,C,, C,, (1),
8(u), and 8(p).
(¢) For all sufficiently small |k | <1 (A€R)

|7(x + A) — 9(x)|<P, (x) | |97, xe(m, o), (A10)
lu(x +h) — u(x)|<P, ()|, xe(m, o), (Al1)
loy(x + 1) — py ()| <P, (x)|h |, x€[0,00), (Al2)

with strictly positive constants €(7), €(u), €(p), and non-
negative polynomially bounded continuous functions P,,
P,, and P, on R. Suppose that

26(m)8(p) — 8(u)>0, (A13)
sup P, (x)x/ —22M%@ o (A14)
X>m
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sum P, (7(x))P, (x) <@ x/+ 000 —8mée) « o (A15)
X>m

Then, (A2) holds.
_ Proof: Let x>m and |4 | < 1 be sufficiently small. We set
IV’ (m) =0. Then we have

JP(x+h) —JTVx)
=IPx+h) —1Y9(x)
=V (F\(x,h) + F,(x,h) + F5(x,h)),
where V) is given by (4.5) and
Fi(x,h) = (u(x + h) — u(x))(x + hYp,(n(x)),
Fy(x,h) = 51Ju(x)/’1(7l(x))2h,
Fy(x,h) = u(x + b)Y (x + hY [py(n(x + h)) + py(n(x))]
X [p1(n(x + h)) — p{n(x))].

(In the case x = m, we take 2> 0.) By the assumption, we
can estimate as

(X' + )P, (x)|h |

1 4 x26(ns(e

X2k |
|F,(x,h)|<const 15 xmsm

|Fy(x,h)|<const

2

|F3(x,h)]
1+ x)é(u) +ij(77(x))Pn (X)E(p)lh ls(n)e(p)
(1 4 x5(mse) :
These estimates together with (A13)-(A15) imply (A2).
In the case x < m, (A2) trivially holds. O
We conclude this section with an example of w, and p,.

Let @, be given by (4.1). We suppose that Ae(0,1].
Then, u(x) defined by (AS5) takes the form

x(l —A)/A(xl/A _ mlM)(d—Z)/z
24
1—A)/A d-—2
_ x( ) "7(")
24

where 7(x) is the inverse function of w, [see (4.2)]. If
d > 24, then we have

<const:

u(x) =

) (A16)

x(d— 2A)/24

U ~——

as x— o and hence (A7) and (A8) hold.

To prove (A10) and (A11), we first note the following
elementary estimate.

Lemma A3: Let a>0. Then, for all sufficiently small
e>0and |7 |>0,

[(x + )" —x*<C(1 +x*~) A, x>0, (Al8)

with a constant C > 0, where, inthe case x = 0, we take 2> 0.
Proof: Tt is sufficient to prove (A18) for > 0and x> 0.
Let 6€(0,1) be fixed and x>#4 /6. Then we have A /x<5< 1
and hence
(x+h)*=x%(1 + h/x)*<x%1 + C(h /x))
with a constant C> 0. Therefore we get
O< (x4 h)*—x*<Cx*(h /x)

<C(Sl — sxa - eh e.

1724
’

7(x)~x (A17)
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In the case x<A /6, we have
0<(x+h)*—x*<{(1 + 1/86)* + 1/6°h°.

Thus (A18) follows. O
Lemma A4: Let (x) be the inverse function of w, [see
(4.2) ). Then, for all sufficiently small € > 0 and |4 |, we have

|7(x + h) — n(x)|<const(l + x"?Y =€) |h|¢ (A19)
for the case m =0, and
|7(x + h) — p(x)|<const[x"'~

+ (XA — m Ay D - U = DA e
(A20)

A)/24

for the case m > 0.
Proof: We first consider the case m = 0. Then we have.

n(x+h) —n(x) = (x+m)"* =% x>0.

Therefore, by Lemma A3, we get (A19).
Let m>0and m > h> 0. Then we have

n(x + ) <{x*(1 4+ Ch/x)) — m"* 3% x>m,
with a constant C> 0. Therefore, we get
0<n(x +h) — p(x)<x ~P2H{(X + Ch)"? — X '/?}
with

X= (xl//i _ ml//l)x(ll* l)/l.

Therefore, using Lemma A3, we get (A20). a
We introduce a function 6 _ (x) on [0, ) by
1, x>0,
0.0 = {0, x=0. (A21)

Lemma A5: Let u be given by (A16).
(a) Let m = O and d>2A. Then, for all sufficiently small
€>0and |4 |>0,

lu(x+h) —u(x)|
<const(l 4+ 0, (d — 2A)x“4 P 1 =9 h |5,
x>0, (A22)

(b) Let m>0 and d>2. Then, for all sufficiently small
e€>0and |h|>0,

lu(x + h) —u(x)|
<C0nst{1+6+(d—2)(x+ 1){d—2—2,{€+2(1-—}~)£]/2).
+ 0, (1 —A)x@-24-2924 g€ xo>m.  (A23)

Proof: (a) The case d = 24 is trivial, since we have
u(x) = 1/2A. Let d > 2A. Then, we have

u(x +h) —u(x) = (1720){(x + by -207

— x(d—24724}

Therefore, applying Lemma A3, we get (A.22).
(b) We prove (A.23) only in the case d>2 and
0 <A < 1. The other cases are easier. We write

u(x+h) —u(x)
= (120 [(x + B =P —xU =D n(x + h)d 2
+ (172)x" =YY (q(x + h) — 7(x))

d—3
X ¥ p(x+h)?3 " p(x)"
=0
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Then, Lemmas A3, A4, (A.19),and (A.20) give (A.23). OO
Lemmas A4 and AS show that (A.10) and (A.11) hold.
As for p,, one can easily find a number of examples
which satisfy the conditions required. For example, one can
take functions of the form

pr(x) = Q(x)/[1+ P(x)], x>0
where P(x) and Q(x) are polynomials with positive coeffi-
cients and deg P — deg Q> O is sufficiently large.
APPENDIX B: ESTIMATE FOR |D%(x—/e)|

In this appendix, we consider a sufficient condition for
(AI) (b) to hold.

Lemma BI: Suppose that p(k) > O for all k#0. Then,
under the assumption in Lemma A1, (AI)(b) holds.

Proof: We have

D (x) =af’ —al’x + 8, J.p(k)zdk

+ @Y (x) + iml P (x). (B1)

Asstated in the proof of Lemma A l, <I>,(,j’ (x) is continuous in
xeR and

Y (x) -0 (B2)

as |x| - oo. Therefore D ¥’ (x) is continuous on R. [For

x<m, DY (x) = DY (x).] By the Remark after the proof

of Lemma A1 and condition d ¥ > 0 {see (1.15)], we have

inf |[DY(x)|>0
x<m+ 8
with some constant & > 0 and hence, taking (1.16) into ac-

count, we get

inf |DY(x—ie)|>0.
€>0
xe[m,m + &)

It follows from (B1) and (B2) that

[D Y (x)|>const x

(B3)

for x> R with a sufficiently large R > 0. Combining this esti-
mate with (1.16), we get

inf |DY(x —i€)|>0.
€>0
x> R

The positivity of p together with that of 7 and %’ implies that

(B4)

inf 7Y (x)>0.
S<x<R

Hence we have
inf |[DY’(x)|>0,
5<x<R

which, together with (1.16), gives

inf |[DY(x —ie)|>0. (BS)
€>0
6<x<R
Estimates (B3)—(B5) yields (AI) (b). (]

APPENDIX C: A NECESSARY CONDITION FOR
EXPONENTIAL DECAY OF FOURIER TRANSFORMS

In this section, we give a necessary condition for the
Fourier transform f(¢) of an L >(R) function f(x) to decay
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exponentially as t— o and hence a sufficient condition for f
under which} does not decay exponentially.

Proposition C1: Let f#0 be in L2(R) and f(¢) be the
Fourier transform of f,

N 1 )
) = —— f e~ f(x)dx, teR.
V2r J - =

Suppose that there exist positive constants C>0 and a>0
such that, for all teR,

| F(D)|<Ce= ! (Cl1)

Then, supp f, the support of £, equals the whole real line R.
Proof: [cf. Ref. 15 (§7.3, Theorem 3.3) ] It follows from
(C.1) and a general theorem [e.g., Ref. 3 (§9.3, Theorem
9.13)] that £ (x) has an analytic continuation}'(z) to the set
S, ={z| |Im z| <a}. Suppose that supp f #R. Then, the set
A =R/supp fis an open set in R and f (x) = 0 for all xe4.
Hence }(z) = 0 for all ze4. Therefore, it follows from an
elementary property of holomorphic function that f(z) =0
for all zeS,. But this contradicts the assumption that f(x)
does not vanish identically. Thus supp fmust be equal to R.
0
From Proposition C.1, we have
Corollary C2: Let g#0 be in L *(R) and put

b
G, (1) = f e~ “g(x)dx.

a

Suppose that — w<a<b< o Or — w <a<b< . Then,
G, (1) does not decay exponentially as |¢ | — 0.
Proof: We need only to apply Proposition Cl with

f=27) as 8 Where x|, , ; is the characteristic function on
[a,b): ¥ (05 (%) = 1, x€[a,b); X(0p (x) =0, x¢[a,b]. O
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Quantum integrable models associated with nondegenerate solutions of classical Yang-Baxter
equations related to the simple Lie algebras are investigated. These models are diagonalized for
rational and trigonometric solutions in the cases of sl(N)/gl(N)/, o(N) and sp(N) algebras.
The analogy with the quantum inverse scattering method is demonstrated.

1. INTRODUCTION

Asis well known, the classical and quantum Yang-Bax-
ter equations (CYBE and QYBE, respectively) play a cen-
tral role in the theory of classical and quantum integrable
systems." In the case of CYBE a classification of their non-
degenerate solutions related to the simple Lie algebras was
given.? In this paper we investigate quantum integrable sys-
tems associated with these solutions. They are generaliza-
tions of Gaudin’s models.*> Given a finite-dimensional Lie
algebra g and its representation 7= & T;, Gaudin looked
for sets of mutually commuting operators H,—special ele-
ments of corresponding representation of enveloping algebra
(Ref. 5, Sec. 13.2.2),

M
H =3 SuhX,xl,

i=1 a

(1.1)

where X/, represents generator X, in T; and then simulta-
neously diagonalized these operators in the case of su (2)
when w/ were trigonometric and rational functions of some
coupling constants (Sec. [V) and for u(#n) in the rational
case. We show that for such systems the classical » matrix
plays an analogous role as the quantum R matrix in quantum
integrable systems associated with QYBE (see Ref. 2). We
also diagonalize some models of interest [e.g., for trigono-
metric solutions of CYBE for generalized Toda systems of
types 4P, B, CP, and D (Ref. 6)].

The crucial inspirations of this paper were Faddeev’s
footnote,” that Hamiltonians of type (1.1) solve CYBE as
well as Gaudin’s work on the su (2) case®> and Refs. 8 and 9
dealing with group-invariant generalizations of Heisenberg
spin chains.

Il. CLASSICAL YANG-BAXTER EQUATIONS

CYBE is a functional equation'

[r01(/1)”o'1(,u)] + [roo (4 — ), 76, (A) + 701 ()] =0,
(2.1)

where r(1) is a g ® g-valued function of complex parameter
A, g being a finite-dimensional Lie algebra and
Fog (A) =r(A) @ ry, (1) =I®r(d),etc. If r(4) isasolu-
tion of (2.1) then (p; ® p;) (1), where (p;, V), (p;, V;)
are irreducible representations of g that also solves (2.1).
Classification of nondegenerate solutions for simple Lie al-
gebras was given in Ref. 3. Such a solution is a meromophic
function that has a pole of first order at A = 0 with residue
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res r(1) = KX, X,, (2.2)
A=0

where K is the matrix inverse to the Killing matrix X, . In
the following we shall use two properties of nondegenerate
solutions 7(4)3:

(1) r(A) fulfills the so-called unitarity condition

Fa(—A) = —rp(d); (2.3)
(2) if eI’ [T is the set of discrete poles of #(4) ], then

riA+y)y=,eDr(d)=U84 ")),
(2.4)
(4, 84,)r(d) =r(d),

where A, is an automorphism of g (for its form see Ref. 3).
Well-known nondegenerate solutions are, for instance,
the rational solution

r(d) = (1/A)KX, 9 X, (2.5)
and the trigonometric solution
il
r(A) =cotan AZH, X H, + .e ) E,®E_,
sind 5%
e~ iA
. E_,®Fk, (2.6)
sin A &%

where H,, E, is the Cartan-Weyl basis for g.>° Solution
(2.6) is equivalent (in sense of Ref. 3) to

r(Ad) =cotanid Y H,® H,

explid (1 — (2/n)p(a))]
+ ; sin A
where p(a) is the height of the root @(mod »n) with n being
the Coxeter number.
. QUANTUM iNTEGRABLE SYSTEMS

Now consider a finite chain of M sites. The space of
quantum states at each site/ = 1,. . . , M will be the represen-
tation space ¥, for representation (p,, V;) of g. Then the
space & = V, ® - - - V,, is the quantum state space for the
system. With the notation
ri(A) = (p, ®p;)r(d), 1,j=0,0,1,..,M,

M 3.1
L(A) = 2 roi(d —€), r(d) =ry (1),
i=1
where €; are arbitrary constants and the indices O and 0’ refer
to the fundamental vector representations, we can—as a
consequence of (2.1)—write

(2.7)

E(I@Eva9
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[L(A)el,IeL(u)]

+[r(A—p), LAY I+ 19 L(n)]=0.
In more compact obvious notation,
[Lo(A), Ly(u) ] + [7ap (A —p), L, (A) + L, (u)] =0.

(3.3)

Denoting T(4) =} Tr, L *(1), where Tr, is the trace
taken only over the first factor in g ® g, we have the following
lemma:

Lemma:

[T(A), T(n)] =0. (3.4)

Proof The Laurent expansion of T(1) in A=¢;
+ v, velis using (2.2), (2.4) and the invariance of Killing
form

(3.2)

I S S (3.5)
2 A—€ —9p)? ’ '

A—€—vy
where H, =2, r;(€; — €;) and C} is the second-order
Casimir operator (K“® X, X} ) in representation (p;, V;).
Further, for i#j,

[Hi’I{j] = [z rjk(Ej — €), 2 r,(€; —€)
k #j

I#i

T(A) =

A UACELARACET)

+ [ra(e —€), ryle; — €]

+ [ri(e; —€), ru(e, — )] =0, (3.6)
where we used CYBE and unitarity of #(1), (2.3). So the
function [7(1), T(u)] has no poles and according to the
Liouville lemma it is identically zero.

The following relation can be proved using only (3.2)
and the trace properties'®

[T(A), L) ] + [Trolr(A —p) (L(4) ® D)
+3Tro (A —p), L(w)] =0. (3.7)
Note that computing the residue of (3.7) at 4 = ¢; yields

with (3.5) quantum equations of motion HdL(u)/dt)
= [H;, L(x)] in the Lax form

z.dL;tﬂ_) - LrEs (Tro(r(A — ) (L(A) ® D)

+%Trorz(/l—,u)),L(,u) =0. (3.8)

IV. PREPARATION OF DIAGONALIZATION OF H,

Lete,; bethebasis of gl(N), (e.5); = 8 8551, B15 1
i=1,...,N.Weembedg=4,,B,,C,,D, into gl(N) with
N=n+1,2n+ 1, 2n, 2n, respectively. Here L(A) deter-
mined by (3.1), (2.5), and (2.6) (with an appropriate nor-
malization) can be written in one formula,

L = S0 — ) Sewe 0 X b +84 - €0

XY eap®Xp, +8(A—€) ZeaﬁeX;,a],

a<fi a>pf

4.1
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where f(A) =g(A) =1/4 for the rational case, and
fA) =cotan A, g(4) =e”/sinA for the trigonometric
case. The elements X, 4 of g satisfy the commutation rela-
tions:

(D [Xogs Xy5] =85, X s — 805X,55 (4.2)
forg=4,;

(2) forg=8,, C,, D,,

[Xogs X5 ] = 8p,Xas — 8asX g

+ €,€3055X 0w — €,€58,, X505,

Xp= —€,6X3,, ’=N+1—a, (4.3)
where €,=1 for B, and D,; €,=1(1<a<n),
€, = — 1{n+ 1<a< 2n) for C,. In the case of 4,,, we have

to assume the representations (p;, ¥;) of sl(¥) appearing in
4.1) and~(4.2) are obtained as reductions of representa-
tions (p;, ¥;) of gl(NV) with generators X . 5; explicitly,

X =X, — (1/N)2X,;,
- : (4.4)
Xaﬁ = Xaﬁ, a#p.

Since the commutation relations for these two sets of genera-
tors are identical, we can always take gl (V) instead of sl(V);
if it were of interest to pass to the s1(N); one would only pass
from the weights m' to m' — (1/N)Zm/[in formulas
(5.11) and (5.12) below].

The corresponding r matrices can be written similarly as
(4.1)%: for gl(N),

rHA) =f(A)Zeny ®aq +8(A) Y eup

a<pB
®ez, +8(A) D es0ep, (4.5)
a>p
and for o(N) and sp(N)
r(/l) =f(ﬂ') z eaa ® (eaa - ea’a') +g(/l) Z eaﬁ
a<f
@ (ep, — €,€58,5 ) + 8(A) Ze,,,,
a>p
® (ep, —€,€3,5 ). (4.6)

Note that it is not hard to see, using explicit forms (4.1),
(4.5), and (4.6) and the Liouville lemma, that

[Tro (A — ), L(p)] =0, (4.7)

which simplifies (3.7) in the considered cases. For all cases,
the Hamiltonians have the form

Hi = Z[f(en - €j) Z‘sza X{xa

JEi

+8le; — €)Y Xip Xba +2(€: —€)

a<f

XY Xag X;',a].

a>pB

(4.8)

It is now clear from the above formulas, that it does not
matter that 0(4) is not simple.
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V. DIAGONALIZATION OF H, IN THE CASE
g=gl(N)(si(N}))

In analogy with Ref. 8 we write the N X N matrix L in
block form as

_(4D) B(l))
L('l)-(cu) DAY/ -1
where B(A) is a row with N—1 components

(BY,..,B"'), C(1) is a column, and D(4) is an
(N—1)X(N —1) matrix. The N?>XN? r matrix (4.5)
takes in this basis the form

f(A) 0 0 0
0 0 gAMy_, 0
r=| , gD, 0 0 (52)
0 0 0 s(4)

where s(4) is an (N — 1) X (N — 1) matrix and has the
same structure as r(4). The following commutation rela-
tions [derived from (3.2) in the block form] will be useful:

(4(4), B(u)] = —fIA —u)B(u) +8(A —pn)B(A),

(5.3)
[D.(4), By (u)] = —8(A —p)B,(4)
+ B, ()sap (A — ). (5.4)
From (3.7)
[T(A), B(p)] =g(A —pu)A(n)B(A)
+ B(u)Trofs(A —p)D(A) @ 1)
— A —p)A(A)B(u)
—8(A —u)B(A)D(p). (3.5)

Now let the spaces V,, ..., ¥, be the representation
spaces of gl(N), corresponding to the highest weights
(ml, ..., m"). Let # °C 27 denote the subspace of vectors
ves” such that

Xiv=mh, X, v=0, a=2,..,N, (5.6)
ie, #°=V"e VS, where V?C V¥, corresponds to the
embedding of gl(N —1)Cgl(N) and is an irreducible
gl(N — 1) representation space of the highest weight
(m?, ..., mY). We construct (in analogy with Ref. 8) vec-
tors

1

hy = — Zf(ei —A)ym; + 2f(6i - Gj)ml!mj!
X

J#Ei

F=B"(A")---B™(4 SOF, (5.7)

We use the summation convention for pairs of upper and
lower indices and introduce the space # ="
Vae1® V3, ., where V3, are the representation
spaces CV~! for the fundamental representation of gl
(N — 1). Here, FYe# will be specified later. Further we
denote

H, =4 res Try L*(A) = res T(A), (5.8)
where {6, }4" ={e,, ... €y, A", .., AP} and L(A)
isdefined as in (3.1) for an extended chain of (M + n,) sites
with gl(N — 1) spins with representation spaces V; = V9,
i=1,...,M+ n, The aim is now to commute the 7(1)
over all B”’s in F using the commutation relation (5.5) and
then using (5.3) and (5.4) to commute the occurring 4 ’s
and D’s over the remaining B’’s to the right. Using (5.6),
sampling together the “wanted” terms [containing the B'’s
with the same arguments as in (5.7)] and the “unwanted”
terms (there occur for every & such terms in which the argu-
ment A { in B, is changed by A), demanding that the “un-
wanted” terms cancel and assuming that according to (3.5)
H, = res T(A), we can prove the following theorem [for

A=¢
analogy with GL(N)-invariant generalization of Heisen-
berg magnetic chain see Ref. 8].
Theorem 1: Vector (5.7) is an eigenvector of H; with
eigenvalue

h=— Zf(ei —A)ym]
x

+ Y fle,—€I)mim] + he, (5.9)

f=
if F e 7 is an eigenvector of 7 ., with eigenvalue }Li and the
set {1 {V}2_, satisfies the equations

T AAD = A0) = S AAL — €mi + by =0,
£k i
’ (5.10)

Then, using embeddings gl(N) Dgl(N — 1)---Dgl(2)
and repeating the recursive procedure following from
Theorem 1, we have for the eigenvalues of H,,

N—-1
+ > (Zf(e,. —€)m;m;+ Y fle; — A "yms -3 M —zl}j’)mf)
k k

S=2\j%i

+ Y fle; —I)mim + Y fle, — A"~ V)ym?,
k

J#Ei

and for sets {4 {"};,'." | conditions that guarantee the
canceling of “unwanted” terms in each step of this recursive
procedure:

23 fAP —AP) = T ALY — €]
7

i£k

+ Y AL —gyml =5 AP -4 (P) =0,
7 7
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(5.11)

r

23 fAP —A) =S (AP —6)m
J

I#k

—SAAP — AP0 + TR —6)
! J

Xt = S SAL =45 =0,
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o) zf(/l;(Nfl)_/l;NAl))_Zf(liN‘l)_ej)m/{V—l
J

I#£k

_Zf(AiN'])_ﬂ';N-Z))
i

+Zf(/l,ﬁ”‘”—ej)m;v=0. (5.12)
7

These equations are also conditions that the poles of T at

A=A (" disappear.

V1. DIAGONALIZATION OF H, IN THE CASES g=0o(N),
sp(N)
When g = o(N), we write L(1) in the block form

A(A) B(A) 0
LAy =1C(A) D) B*A)} (6.1)
0 C*(A) A*A)
where B(l) is a row with (N —2) components

(B',..,BY"=2), C(A) is a column, and D(1) is an
(N—2)X(N—2) matrix, and A*(A)= —AL),
BA)= —B™+*1-1(),C(A)= —C™¥*1-1(1). The
useful commutation relations in block form follow from
(3.2) and (3.7):

[4(4), B(w)] = — fIA —w)B(u) + g4 — pn)B(A),

(6.2)
[Da(/l)be(.u‘)]
= —8A —p)B, (1) + B¥)g(A —p)
+ B, (45 (A — p), (6.3)
[T(4), B(u)] = 28(4 — u)A(w)B(A)
+ B(u)Tro(s(A —p)D(A) & I)
—2f(A —)A(A)B(u)
—28(A —uw)B(A)D(p). (6.4)

Here again s(4) is an (N — 2)%X (N — 2)? matrix with the
samestructureas #(4) in (4.6),andg(A) isan N X (N — 2)?
matrix with elements g(1), . =8(4) 8,4 8x-.

Theorem 1 holds also in this case but with the following
obvious modifications: m%; i=1,.. , M, k=1,..., [N/2]
stands now for the highest weights of irreducibile represen-
tations of o(N), I?;, is now the Hamiltonian associated with
chain of o(N — 2) spins, and we must multiply the first two
terms in rhs of (5.9) with a factor 2 [see (6.4)]. Also the
equations for the eigenvalues (5.11) and (5.12) hold with
these changes.

In the case g = sp(N) we write (in analogy with Ref. 9)
the L(A) matrix in form

A(A) B(A)
L =(C(/1) D(/l))’ (6.3)
where 4, B, C, D are n Xn (n = N /2) matrices and
Ay =Dy, By= =By, Cy=—Cy,
ij=1,..,n i=n+1-—i

We shall use the commutation relations in block form
[4.(4), By (1) ]
= — e (A —p)B, (1) + B, (), (A — )

+Bb(/~t)q,,b(/1— u), (6.6)
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[D, (1), B, ()]
= —qu (A —pu)By (1) — Uy (A — p)B, (4)
+ By, (1)sa (A — ),
[T(A), B(p)]
= B(u)Tro(g(A — w)(A(A) I

+s(A —p)D(A) 1))

+ A Tro(a(A — p)(B(A) 1))

— Tro(s(A —pu)(d(4) & I)

+g(A —p)DA)I))B(1)

— Tro(#(A — p)(B(A) ® I))D(p). (6.8)

Here s(A) is an n% X n”? matrix with the same structure as the
r matrix (4.5) for the gl () case, g(4) is an n* X n” matrix,

(6.7)

q(/l) = ﬁf(/i) Z eaa ®ea'a’ —g(/l) Zeaﬁ ®ea'[3’

a<l a<f

—8(A) Y eqp®eup,
a>f3

and u(d) is an n*Xn® matrix u(d)y =gA)
(i jni10xy1ns1 —0Ou8;y). Now, let the spaces V;
i=1,..., M be the representation spaces for sp (2n) with
the highest weights (m!, . .., m!). We denote #°C# as
the subspace of quantum space that is invariant under the
action of 4; (4) and D;; (1) such that

C;,(Lv=0, Y™

(6.9)

It is not hard to see that #°° = & ™ | V,, where ¥, are the
representation spaces for §1(n) with Lhe highest weights
(m), ..., m"). We denote A; (A1) resp. D;(A) as the reduc-
tions of 4; (1) and D;; (1) to 7. Further we take

F= Bilj.(/il) ---B ikjk(ik )Flgll_)

RV

k k
FO¢%° g V0 g VO,
i 1

i=1 i =

(6.10)

- k - k
L) = 3 g0 (A —24,) + A(A) — 3 i (A — 4,),
i=1 =1
(6.11)

= k -~

i=1

k
— S JA =4, (6.12)
=1
where T, stands for transposition in ¥? — i'th representa-
tion space for fundamental representation for gl(n) and de-
note

I?i = res 7’(/1),

A=c¢;

T(A) =1 Tr, L(A),

f[,lk = res T(A),

LT (6.13)
T(A) =1 Tr, LX(A), H,= res T(4),
A=¢€
Eakz res 7(/1).
A=A
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Now using the commutation relations (6.6)—(6.8) and
notations introduced above, we can prove the following
theorem [for analogy with Sp(2n)-invariant “magnets” see
the Appendix of Ref. 9].

Theorem 2: The state (6.10) is an eigenstate of H,,
(4.7), with eigenvalue 4, iff F" is an eigenstate of H, and H,
with eigenvalues h, resp. h;, h, = h, + h, and the numbers
A, satisfy the following conditions:

By +hy, =0, Yk,

where 2,0 h 4, are eigenvalues of H 2, Tesp. " e
Now using automorphisms of gl(r),

(6.14)

€us— — s Cag— —€gys Cup—Cup,

we can see that all Hamiltonians in Theorem 2 are of the
gl(n) type and can be diagonalized according to Sec. V. We
shall not write out explicit results because they are cumber-
some and their structure is obvious.

In this paper we are not dealing with such problems as
completeness of obtained eigenstates, their norms, or calcu-
lation of some correlation functions [for the su(2) case see
Refs. 4 and 5]. Further we note that in cases when the (semi-
classical) solutions R(4,7) of QYBE, such that
r(A) =lim,_,(d /dn) R(4, 1), is known,*>'! all results of
interest can be obtained in this limit from the quantum in-
verse scattering method.>!?
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We do not give here any example of a system in the
described class, because we shall devote forthcoming papers
to such examples of physical interest [four-boson interac-
tions, three-boson interactions (also multiple), second har-
monics generation, the Dicke model].
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The Lanczos spin tensor [C. Lanczos, Rev. Mod. Phys. 34, 379 (1962)] is obtained for

arbitrary space-times type III, N, or o.

. INTRODUCTION

In his paper of 1962, Lanczos' shows that for any Rie-
mannian four-geometry, there always exists a third-order
tensor K ,,, which functions as a potential or generator of the

Weyl tensor C; 4, in the following way:
Coaip = Kogio — Kooy + Kiopg — Kingp

+ %[gpb (‘Kltl +Kq,) —gpj(qu +Kbq)
+ 85K,y +Kyy) —2,4 (K, +K,)]  (la)
where

Kpb*Kp bic* (lb)

K. is called the Lanczos spin tensor and it possesses
the following properties:

Kabc = - Kbac’ bib = O’
Kabc + Kbca + Kcab =0 (IC)

For a given geometry, the construction of K , is equiva-
lent to solving Egs. (1a) with Egs. (1c) as constraints. This
is not simple in general; nevertheless in this paper X, is
constructed satisfying Eqs. (1a) and ( 1c) for arbitrary type
o0, N, or I1I space-times.

Il. WEYL-LANCZOS EQUATIONS

For simplicity, we will use the notation and conventions
attributable to Kramer et al.? with respect to Newman-Pen-
rose formalism*® (NP).

Thesymmetriesin (1c) imply that K,,. has 16 real inde-
pendent components; that is, eight complex projections on
the NP tetrad,

Q= K(,)(4)(4), Q, =Kinhwm

Q, =K Qs =Ky (2a)
0, =Kiy0) @ Qe = Koy
Q=K &= Kiyaas
where
Kooy =KprZiy 26y "2y (2b)
with the null tetrad,
(Z,") = (m"m"l"n). (2c)

Hence, once (2a) are known, the Lanczos potential is
obtained from

Kabc = 4 b +Tabc’ (33)

2 Area de F{sica, CBI, Universidad Auténoma Metropolitana-Azcapot-

zalco, Av. Sn. Pablo 180, Mexico 02200, D. F., Mexico.
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with a bar meaning complex conjugation such that
Tope = QoUspl. + Q1 (Mol — Uym,)

+ 0 (Vpl. — Myym ) — Q¥ m,
- QU,,m, + Qs(Upyn, — M, . )
— Qe(Myon. — Voo, ) + Q; V0., (3b)
where
Vap = nam, — nym,,
Up = —1I,m, +1,m,, (3c)

Mab = mar—ﬁb —_ mbr—'ia _ nal,, + nbla.

Therefore, projecting (1a) on (2c), we obtain the fol-
lowing relations.
Weyl-Lanczos equations:

o =2[ — 8Q + D + (@ + 38— T)Qp — 300,
+ (—3e+€—p)Q + 3¥Qs],

20, = — AQ, — 389, + 6Q, + 3DQ;
+ By+7+3 -+ 3@+ B—-7—1),
— 60, + (—3a+B—3r—7)Q,
+3(—€+E+p—p)0s+ 6xQ

0= — AQ, — 50, + 804 + DY + v,
+Qu—-p+y+NQ + (@-B—7—-27),
—afl, —AQ, + (—a+B—21—7)Q;s
+(e4+€—p+2p)0 + ¥y

2y, = — 3AQ, — 6Q, + 360, + DO,
+3(—a+pu+7—1)0, + 6vQ,
+(@—38—-3r—mQ,
— 6405+ 3@+ B — T — 70

+ (Be+€—p+3p)Q,
Ya=2[ — AQ; + 60, +3vQ, + (— G -3y + ),

— 340+ Ba +B—7)N,], (4)

where the Q),, r = 0,...,7 are related to the NP quantities ¢,
a = 0,...,4 and with the 12 spin coefficients y, o, p, ... .

It is difficult to solve Eqs. (4) directly, but comparison
of (4) with the NP? equations suggests a solution for arbi-
trary, N, III, or o, Petrov type.

(a) type 0 or N: We know that (2¢) could be chosen such
that ¢, =0, a#4: 1,50 if type N and ¢, =0 if type o.
Therefore a solution of (4) is
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Qo= —x/2, Q= —0/2,
Q= —p/6, Q5= —1/6,
O, =7/6, Qg=u/6,
V=472, Q,=v/2.

(b) type o or III: In this case, there always exists a null
tetrad such that ¢, =0, a#3: ¥,#0if type Il and ¢; =0,
if type 0. By comparison of (4) with the eighteen NP? equa-
tions, it is simple to obtain the solution

(5)

Qo= —y, Q= —o0,
Q= —p/3, Qs= —1/3,

1 P 5 (6)
O, =a/3, Q¢=u/3,

Q=4 Q=

Note that (5) and (6) differ by a factor of 2. To verify that
(5) and (6) are solutions of (4), it is helpful to use the 18
well-known NP? equations.

In the case of type o, we may select Q, =0,
r = 0,...,7,which corresponds to the trivial solution; (5) and
(6) give us a nontrivial solution of (1a) for this Petrov type.
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In literature about Lanczos potential, it is common to
find the idea that the construction of K. involves a great
deal of work. Nevertheless in this paper we show that NP
allows one to express, in a simple way, the Lanczos generator
for arbitrary, type N, 111, or o space-times. We are currently
seeking the existence of similar solutions to (5) and (6) for
arbitrary space-time types I, II, or D. However, to the preés-
ent, we have not found those solutions.

In the general case (arbitrary Petrov type), we conjec-
ture that the 2, will be linear combinations of the spin coeffi-
cients (with respect to some canonical tetrad).

'C. Lanczos, Rev. Mod. Phys. 34, 379 (1962).

2D. Kramer, H. Stephani, M. MacCallum, and E. Herlt, Exact Solutions of
the Einstein Field Equations (Cambridge U.P., Cambridge, 1980), Egs.
(7.28)-(7.45).

*E. T. Newman and R. Penrose, J. Math. Phys. 3, 566 (1962).
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Zeeman’s lemma states that transformations of Minkowski space-time that preserve timelike
causality also preserve lightlike causality. The significance of this lemma is that it makes
possible an explicit determination of the “causal automorphisms” of Minkowski space-time
without recourse to regularity assumptions: they must be orthochronous Lorentz
transformations. Here Zeeman’s lemma for Robertson-Walker space-times is proved, a result
again tantamount to obtaining the causal automorphisms of these space-times explicitly.

I. INTRODUCTION

In general terms, one event in space-time can cause an-
other whenever some influence (i.e., a particle of some sort)
can pass between them. Since the world line of this particle
must be a nonspacelike curve, one event can cause another
whenever some future-directed nonspacelike curve contains
both events in the correct order. If the curve is timelike (i.e.,
if the particle is material) the causality is said to be timelike
and if the curve is null, the causality is said to be lightlike. In
the following, we also distinguish between passive causality
{when the nonspacelike curve is a geodesic) and ordinary
causality as usually defined (when it need not be a geodesic).

Zeeman’s lemma' states that transformations of Min-
kowski space-time that preserve passive timelike causality
preserve passive lightlike causality. [Note that although
Zeeman’s proof implicity uses geodesics instead of more gen-
eral nonspacelike curves, in Minkowski space-time, there is
in fact no distinction between passive and ordinary causality.
For other space-times, there is generally such a distinction:
in anti-de Sitter space-time, for example (as illustrated in
Fig. 20 of Ref. 2), the events reachable from a typical event p
via timelike geodesics clearly form a proper subset of those
reachable via more general timelike curves.] The signifi-
cance of Zeeman’s lemma is that it makes it possible to deter-
mine the “causal automorphisms” (i.e., the causality-pre-
serving transformations) of Minkowski space-time
explicitly, without assuming them to be in any way regular
(hnear, continuous, etc.). Since transformations preserving
passive lightlike causality trivially preserve pairs of events
joined by light signals, the problem reduces to showing that
transformations that preserve such pairs of points are essen-
tially Lorentz transformations. ( This is the substance of Ref.
1; however, the same conclusion follows from earlier, less
well-known theorems of Alexandrov.? See also the bibliogra-
phies of Refs. 4 and 5 for related theorems.)

In the following, we prove Zeeman’s lemma for passive
causality in Robertson-Walker space-times. We begin in
Sec. II by describing these space-times in terms of certain
scalar products and continue in Sec. ITI by finding their non-
spacelike geodesics explicitly. In Sec. IV we derive algebraic
conditions for passive causality and in Sec. V we use these
conditions to prove the lemma. We note that since the trans-
formations of Robertson-Walker space-times preserving
light signals were derived explicitly in Ref. 4 {the results are
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too lengthy to state here), this proof of Zeeman’s lemma is
tantamount to a derivation of explicit forms for the passive
causal automorphisms of Robertson—Walker space-times.

1. ROBERTSON~-WALKER SPACE-TIMES

Robertson-Walker space-times are those with exact
spherical spatial symmetry about every point (see Ref. 2,
Sec. 5.3 for a more detailed description). For a suitable coor-
dinate system, the metric of any such space takes the local
form

ds* = —dp* + 11(49)2 do?,
where p is a timelike coordinate; do ? is a three-dimensional
spatial metric of constant zero, negative, or positive curva-
ture; and & = h(p) is some appropriate “‘radius” function.

We require a more formal and global description of
Robertson-Walker space-times. For some open interval I of
R (I may be infinite or semi-infinite), we assume that the
function 4:1 - R is everywhere positive and “nice,” i.e., such
that all limits, derivatives, and integrals required below ex-
ist. As described below, the spatial metric do * will be ex-
pressed in terms of a suitable scalar product.

Consider first the case of constant zero spatial curvature
and let ( , ) be the usual dot product on R.*

Definition 2.1: The Robertson-Walker space-time of
constant zero spatial curvature corresponding to the func-
tion A:I - R is the set

R°(h): ={(p,r)|pel, reR’},
together with the metric
ds’: = —dp® + h(p)*(dr,dr).

For constant positive spatial curvature, let ( , ) denote
the usual dot product on R*. We allow r to range over the
sphere (r,r) = 1 in R

Definition 2.2: The Robertson—-Walker space-time of
constant positive curvature corresponding to the function
h:I-R is the set

R* (h) = {(p,r) |pel, reR*, (r,r) = 1},
together with the metric

ds’: = —dp® + h(p)*(dr,dr).
[ By parametrizing the sphere as
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r = (cos y, sin y cos 6, sin y sin § cos ¢, sin y sin @ sin ¢),

we obtain the more familiar form (dr,dr) =dy?
+ sin” y(d6? + sin® 6 d¢?).]

For constant negative spatial curvature, define the inde-
finite scalar product ( , ) on R* by

(ryry): = — WaW, + XX, + Yy, + 2,25,
for all ri: = (w,x,,,2;) and r,: = (WyX,,p5,2,)ER?. The
equation (r,r) = — 1 represents a hyperboloid of two sheets

in R*. By fixing the sign of the w coordinate, we let r range
over one sheet of this hyperboloid.

Definition 2.3: The Robertson-Walker space-time of
constant negative spatial curvature corresponding to the
function 2:I1- R is the set

Rﬁ(h): = {(P,r) 1P€I, rER4y(ryr) = — 19 w>0},
together with the metric
ds’: = —dp® + h(p)*(dr.dr).

[The more conventional form for do ? can be obtained by
parametrizing the sheet of the hyperboloid as

r = {cosh y, sinh y, cos 6, sinh y sin & cos ¢,
sinh y sin & sin ¢);

we then calculate that
+ sin? 8 d¢?).]

We note some useful properties of this indefinite scalar
product.

(i) For distinct a and b in R* with positive w coordinates
satisfying (a,a) = (b,b) = — 1, we have (a,b) < — 1.

(ii} For any a, ¢, and d in R* with at least one of (a,a),
(c,e), or (d,d) negative,

(dr,dr) = dy’ + sinh® y(d6?

(a,a) (ac) (ad)
(c,a) (ce) (ed) <O
(da) (dye) (dd)

Before continuing on to our discussion of geodesics and
passive causality, we look at a useful modification of the
timelike coordinate p. Fix an arbitrary number vel.

Definition 2.4: For any scalar ¢>0 and any pel, we de-
fine

e J‘ L dA

Pe= L nad + clh (Y7
We also define I = {p,|pel}.

The following theorem lists the properties of p, .

Theorem 2.1: For any p, a, Bl with B> a and any ¢>0,
(1) B, >a,; (ii) if ¢5#0, then py>p,; (iil) if c5#0, then
By —ag>B.—a,; and (iv) if g is any scalar with
0<u <fy — a, then there existsac> 0 with 8, — a. = pu.

Proof: Statements (i} and (ii) are obvious from the de-
finition of p, and elementary properties of integrals. For
(iii) and (iv), define the function F_z:[0, ) - R by
o — f di

e RO+ x[A(A) 1P

Now F,; is a strictly decreasing function of x and
F,3(0) = B, — a,, from which statement (iii) follows. Fur-
thermore, F,; is continuous (since k is *“nice”) and
lim,_  F,(x)=0, so for any u with O<uy

Faﬁ(x): =ﬁx -
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<Bo — ap = F,5(0), we have statement (iv): F,z(c) =p
for some ¢> 0. |

IIl. THE NONSPACELIKE GEODESICS OF ROBERTSON-
WALKER SPACE-TIMES

Let R denote whichever of the Robertson-Walker
space-times R°(4), R~ (4), or R* (4) is under discussion
and fix the scalar etobe 0, — 1,0r + 1, respectively. Denote
derivatives with respect to arc length s by dots and deriva-
tives with respect to o by primes. Set h: = h(p).

Theorem 3.1: Geodesics in R satisfy the following equa-
tions:

p+hh'(iE) =0, [h%) = —eh (i i)r.

Proof: Use the standard variational argument:
2ds8(ds) = —2dp 8(dp) + 2hh’ Sp(dr,dr)

+ 2k *(dr,5(dr)),
)

0= f 8(ds) = Jp(ap) “ds

+ f hh'(t,r')8p ds + J h*(E,(6r) " )ds.
Integrate the first and third integrals by parts and simplify:

0= f {5 + b’ (i.6) 180 + ([ %] .60) Y,

true for all SpeR and all allowable ér.

If R = R%(4), there is no restriction on r, so all 8reR>
are allowable. Then for 8r = 0, we obtain p + hh'(r,F) =0
(the first equation) and for 8p=0, we obtain
([h%] ,6r) =0 for all 6reR?, which implies that
[A%] = 0= eh?*(,I), the second equation.

If R = R* (h), then since (r,r) = ¢, only those dreR*
with (ér,r) = 0 are allowable. For ér = 0, we again obtain
the first equation. For §p = 0, we have that [A %F] " is orthog-
onal to all that are orthogonal tor, so [fl %] = Ar for some
scalar A. Then Ar=h% +2hhr, from which
A(rr) = (h% 4 2hhiy), ie, €l =h?i(ir) + 2hh(t,r).
However, (r;r) =€ implies that (f,r) =0 and (k1)
+ (1) =0, so A= —eh?@i) and [A%]
= — eh?(k,F)r. [ |

We now use these geodesic equations with appropriate
initial conditions to find the nonspacelike geodesics of R.
Define § tobe + 1 or O whenever the geodesic under discus-
sion is timelike or null, respectively.

Theorem 3.2: Assume that the following initial condi-
tions for the geodesic equations of Theorem 3.1 hold ats = 0:

p=a, p=B r=a, =W,
where

(bb) =1, ¥>0, —B%+ [AH(a)]?¥’ = —4.
If R#R°(A), then

(aa) =¢, (ab)=0.

Then (taking p>0) the nonspacelike geodesics in R are as
follows.
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If ¥ =0, then r=a, p =5+ a, and the geodesic is
timelike.

If ¥ > 0, then for ¢: = 6W2[h(a)] ~*>0, the geodesic
takes the form

ffor R=R°h) r(p)=(p. —a,)b+a
for R=R7(4), r(p) =cosh(p. —a, )a

4 + sinh(p, — a,)b,
for R=R"(4), r(p)=cos(p, —a.)a

L + sin(p, —a.)b

and is timelike if and only if ¢£0.
Proof: Expand the second geodesic equation and multi-
ply by 24 %
2h% 4 4h3hi = — 2eh*(b,F)T.
Take the scalar product with I and rearrange; then
[A*(k,0)] = — 2€h>(5,F) (1,F) =0,
since either € = 0 or (r,F) = 0. Use the initial conditions to

obtain that (#,r) =A2h = for A:=¥[h(a)]*>0, from
which the two geodesic equations become

p+A%hh' =0

and

(ia)

[A%F] = —ed?h °r. (1b)

If ¥ =0, then 4 = 0; thus p = 0, which implies that
p =5+ a,and (r,t) = 0, which implies that ¥ = 0 and thus
r=a.

Assume then that ¥ > 0. Multiply Eq. (1a) by 2p and
rearrange:

(") =Ah7".
Then use the initial conditions to obtain

p={4h "2+ 86} =4h {1 + ch?}'/2
' Definedg =p, —a..Nowp, =h ~' {1l +ch?}~'2, 50
¢ =p. =p.p = Ah ~2. Use the appropriate chain rules to
calculate that

) Y
d’r _ (i ; #r) = A 2(h%] K2,
d¢?* ¢
so from (1b),
2
dx =4 —€eA*h )h?= —er.
de*
The solutions to this equation for the various values of € give
the required curves. [

IV. ALGEBRAIC CONDITIONS FOR PASSIVE
CAUSALITY

As in Minkowski space-time, passive causality in R is
defined in terms of nonspacelike geodesics. In the following
definition, passive timelike causality is denoted by the sym-
bol < and passive lightlike causality by the symbol <- .

Definition 4. 1: For any two events (,a) and (8,b) in R,

(i) (a,a) < (f,b) if and only if there exists a timelike
geodesic joining (a,a) and (B,b) and a <.

(i) (a,a) < - (B.b) if and only if there exists a null geo-
desic joining (a,a) and (5,b) and a < 5.
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The next two theorems give more workable character-
izations of passive causality.

Theorem 4.1: For any two distinct points (y,¢) and
(6,d) in R, (,¢) < (5,d) if and only if §, > 7, and

for R=R%h), (85— 7,)%>(d—¢cd—c),
for R = R.-(h), COSh((sO - '}’0) > — (d,c)y
for R=R*(h), cos(d,— 7)< (d,c)

or 8y— Vo> .

Proof: (i) Assume that §,> ¥, and that the appropriate
condition holds; then & > ¥ [Theorem 2.1 (i}]. If ¢ = d, then
the curver = ¢, p = s + ¥ is a timelike geodesic joining the
two points, so (y,¢) < (6,d). If c#d, then

O<(d—cd—c)'"? <8 — 7o
O<cosh™'{ — (d,e)} <8y — 7o
0<cos™'(d,c) <8y — 7,

From Theorem 2.1 (iv) there then exists a positive ¢ such
that )

(d—cd—c)"?
5. — 7. ={cosh™'{ — (d,0)},
cos~ !(d,c).
Define
6. —y) 'd—e),
b: = { — coth(8, — y. )¢ + csch(S, — 7,)d,

—cot(d, — y.)e+cse(S, — 7. )d.

Then it is easily checked that (bb) =1, (b)) =0 if
R#R(%), and

r(p) =(p. — 7. )b+¢
r(p) =cosh(p, — 7.)c + sinh(p. — 7.)b,
r(p) =cos(p, — ¥.)c+sin(p. — 7.)b

is a timelike geodesic joining the two points. Thus
(y,e) <« (6,d).

(ii) Assume that (y,¢) < (6,d); then 8, > 7, [Theorem
2.1 (i) ] and there exists a timelike geodesic joining the two
points. If this geodesic has the form r = a, p =5 + a, then
the appropriate condition holds trivially. Assume otherwise;
then the geodesic has the form given above for appropriate ¢
and b. From r(y) = cand r(6) = d follows

(d—ed—c)= (6. —7.)%
— (d—c¢) =cosh(6, —7,),
(d,e) =cos(d, — ¥.),
which, since §, — ¥, <8, — 7, [ Theorem 2.1(iii) ], implies
the required relation. =
Theorem 4.2: For any two points (y,¢) and (§,d) in R,
(7,¢) < - (6,d) if and only if ;> ¥, and
for R=RA), (85—7y)*=(Wd—cd—c),
for R=R7(4#), cosh($,—,) = — (d,e),
for R=R*(h), cos(8;—¥,) = (dyc).
Proof: The proof of Theorem 4.2 is analogous to that of
Theorem 4.1 with ¢ = 0 and will thus be omitted. [ |
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V. PROOF OF ZEEMAN'S LEMMA

The crux of the proof is to characterize passive lightlike
causality ( < -) in terms of passive timelike causality ( < ).

Theorem 5.1: For distinct (y,¢) and (6,d) in R,
(y,¢) <-(8,d) [and 8, — yo<7if R =R™* (h)] ifand only if
(7,¢) * (6,d) and, for all (a,a) in R, (a,a) < (7,¢) implies
that (a,a) < (6,d).

Proof for the case R=R°h): (i) Assume that

(y,¢) < (5,d); then (§o—9y)°=W—cd—c) ([so
(7,¢) 4 (8,d)] and 8,> . Suppose that (a,a) < (y,¢) for
some (a,a) in R; then ay<y, and (y,—a,)’

>(a—c,a—c). Then

(Yo— a0) (8o — v0)’>(a—c,a—e¢)(d—c,d —c)

>(a—cd-—c)?

using the Cauchy-Schwarz inequality. Taking positive
square roots, we have

(Yo — ) (G —70) >|(a—cd—c)|>(a—cd—c).
Nowd -a=(d—¢) — (a—c¢),so0

(d—ad—a)
=(d—c¢d—¢c)—2(d—c,a—¢)+ (a—c,a—c)
<{(8o — ¥0)* — 2(¥o — @) (8o — ¥o) + (Yo — @)?
= (8 — o).

Thus since 8, > ¥, > a,, we have that (a,a) < (5,d).

(ii) Assume that (7,¢) * (85,d) and that for all events
(a,a) in R, (a,a) < (y,¢) implies (a,a) < (5,d). We also as-
sume that (y,¢) <-(8,d) and derive a contradiction. The
two subcases 7,<8, and y, > 8, will be treated separately.

Suppose that ¥,<8, Then [since (7,¢) # (6,d), (¥,¢)
4 (6,d), and (y,¢) < (6.4)], (86— 7,)? <(c—dec—d),
s08, — (¢ — d,c —d)'/? <¥,. Choose a number A in I, such
that §, — (¢ — d,c — d)'/? <A < ¥,; then there exists an a€l
with a,=A. Define a:=c¢; then (¥,—ay)’>0
=(¢c—ac—a), so (aa) <(y,¢). However,
0<8y — Vo< —a, <(c—dec—d)"? from which
(8o — @y)? < (a — d,a — d). This implies the contradiction
(a,8) $(54).

Suppose that 7,>8,. Choose any A in I, with
Yo>A > 8,; then 4 = g, for some & in 1. Define a: = ¢; then
since a, < Yo and (¥, — @o)* >0 = (a — ¢,a — ¢), we obtain
(a,a) < (y,¢). However, a,> 8,, so we again have the con-
tradiction that (a,a) £ (6,d).

We have thus a contradiction in both subcases, so
(7,¢) < (6,d), as required.

Proof for the case R=R"(h); Define w>0 by
coshw: = — (¢,d).

(i) Assume that (y,¢) <-(6,d). Then y,<d, and

cosh(8, — 7,) = — (e,d), s0w = 8, — ¥,. Suppose that for
some (a,a) in R, (a,a) < (7,c), but (2,a) 4 (5,d). Define
6,6>0 by cosh 8: = — (a,¢), cosh ¢: = — (a,d).

From (a,a) < (y,¢) follows that a, < ¥, and cosh(y,
— a4) > (8,¢), so cosh(y, — ap) > cosh 8, from which 7,
— o> 6. Since 8, > ¥, > @y, it follows from (a,a) § (6,d)
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that cosh(d, — ay)< — (a,d) =cosh @, so &, — ay,<¢é.

Thus 0 +0=20 + (8§ — Vo) <Oy — ay< e, 0
cosh(8 + @) < cosh ¢.
Now
(a,a) (a,c) (ad)
0>|(c,a) (ee) (c,d)
(da) (de) (dd)
—1 —cosh§ —coshg
= | —cosh @ —1 —coshaw| .
—coshd¢ —coshw -1

This can be written as
{cosh(8 + w) — cosh ¢}{cosh(8 — w) — cosh ¢} <0,

so since the first factor has been proven negative,
cosh(@ — w) »cosh ¢, from which |6 — w|>¢. However,
6 + w<$,500 + w< |6 — w|, whichimplies that either for
@ 1s negative, a contradiction. Thus no (a,a) with
(a,a) < (7,¢) and (a,a) 4 (6,d) exists.

(ii) Assume that (¥, ¢) 4 (6,d) and that for all events
(a,a) in R, (a,a) < (y.c) implies (a,a) <(5,d). We com-
pare the values of w and 8, — 7.

If &8,-—vyo>w>0, then cosh(8,— 7,)>coshw
= — (¢, d), so we have the contradiction that (y,¢)
< (6,d).

If 8, — Yo<w, then choose a number Ael, with
8y — @ < A < ¥, Since A€l, then A = &, for some acl. De-
fine a:=c¢; then since a,<68, and cosh(y,— a,)>1
= — (a,a) = — (a,¢), we have (a,a) < (y,c). However,
8o — < 0, S0 cosh(8, — ap) <coshw = — (¢,d)
= — (a,d) and we have the contradiction that (a,a)
4 (5.4).

It follows that ; — yy=w. If @ =0, then y =4 and
(c,d)= —1,s0 ¢e=d and (y,¢) = (6,d), another contra-
diction. Thus >0, so 8,>7, and cosh(§,— 7,)
=coshw = — (¢,d),ie, (7,¢) < (5,d).

Proof for the case R = R *(h): The proof for this case is
analogous to that for the previous case and will thus be omit-
ted (See Ref. 5, Lemma 3.2 for an essentially identical
proof.) ]

We now prove Zeeman’s lemma. Let /* R — R be a bijec-
tive function which preserves passive timelike causality, i.e.,
such that for all (a,a) and (B,b) in R, (a,a) < (B,b) if and
onlyiff (a,a) <f (B,b). IFTR#R™ (h), it follows immediate-
ly from Theorem 5.1 that for all (a,a) and (B,b) in R,
(a,a) «-(Bb) if and only if f (a,a) < f(B,b), ie., fpre-
serves passive lightlike causality.

If R =R " (A), the above argument works only when
B — a<. The following theorem will enable us to extend
the theorem to more distant points.

Theorem 5.2: If (a,a), (B,b), and (y,¢) are points in
R™ (4) with

(a,a) < (B,b), (B,b) «-(1.0), (a,a) < (¢},

then there exists a single null geodesic containing all three
points.

Proof: We have that
cos(fBy, — ag) = (b,a),

(a,a) = (bb) = (c,e} =1,
cos(¥p — By) = (¢,b), and
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cos(yp — @) = (c,a), from which we calculate that the
Gramian determinant

(a,a) (ab) (ac)
(b,a) (bb) (b,c)
(c,;a) (eb) (ce)

vanishes and so a, b, and ¢ are linearly dependent. Then there
exists a unit vector deR* orthogonal to a and scalars 8 and ¢
such that b= cos fda + sin 8d and ¢ = cos ¢a + sin ¢d.
From the above values for (a,a), (ab), etc., we calculate
that @and ¢ can be chosen to be 5, — a,and ¥, — a,, respec-
tively (it may be necessary to replace d by — d), so all three
points lie on the null geodesic with the equation r(p)
= cos(py — ap)a + sin(p, — a,)d. ]

Now assume that (a,a) and (f5,b) are arbitrary points

in R* (h) with (a,a) < (B,b). Choose consecutive points
(a,a) = (Yos€0)s (715€1) -5 (¥,5€,, ) = (B,b) on the null ge-
odesic joining them such that for all i=1.2,..,n,
Vi—Vio1<im. Then (y,_,,c;_;)<-(y,,¢;) for all
i=12,..,n and (y;_;,¢;_,) < (¥i.€,,) for all
i=1.2,.,n — 1. By Theorem 5.1, since ¥, — v, _, <iw<m,
i) < f(y,e) for all i=12,..,n and since
Yier = Vi1 ST S (Vo 1€21) < f(¥ip1€4y) for all
i=1,2,...,n — 1. Then from Theorem 5.2 any three consecu-
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tive f (¥;,¢; )’s lie on a common null geodesic. Furthermore,
since the p coordinates of any two consecutive f(y;,¢;)’s
differ by less than 7 (this condition is preserved from
Theorem 5.1), two consecutive f (¥;,¢; )’s lie on at most one
null geodesic. It follows that all £ (y,,¢;)’s lie on the same
null geodesic, so since the p coordinate of f (@,a) = f (7,€,)
is less than that of f (y,,,¢,) =f (Bb), f(a,a) < f(Bb).

This concludes our proof of Zeeman’s lemma for Rob-
ertson—Walker space-times.
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Separate differential and integral transformations are introduced for the individual radial and
angular equations governing the (infinitesimally) gauge invariant Newman-Penrose quantities
which represent massless perturbations of the Kerr black hole. Using these new
transformations it is shown, without need for numerical investigation or reference to the
analytic behavior of the separation constant, that no unstable mode perturbations exist for any
physical value of the spin of massless fields on the rotating black hole background.

I. INTRODUCTION

In its most general form, which has been studied at great
length over the last 30 years, the problem of black hole stabil-
ity arises as an initial value problem for the stability of linear-
ized gravitational perturbations on a black hole space-time
background. Frequently, the methods used are also applica-
ble to other massless fields of lower spin, so that often a
general analysis is able to provide, simultaneously, results
for all perturbations of physical or theoretical interest. The
most recent results can be categorized' as (i) a transition
away from mode analysis to obtain pointwise bounds for
perturbation of the Schwarzschild space-time; (ii) a demon-
stration of mode stability for general massless perturbations
of the Kerr black hole; and (iii) a specification of the criteria
for stability in the boundary value problem for spherical geo-
metries, which arises in the comparatively new context of
gravitational thermodynamics. Although result (iii) will
not be considered further here, it is perhaps useful to note
that in the thermodynamic regime dominated by black hole
geometries, the condition for gravitational stability exactly
ensures that the various criteria are satisfied for the indepen-
dently defined question of thermodynamical stability.>

With regard to the initial value problem for perturba-
tions on spherical black hole space-times, whether eternal or
forming from collapse, the best available results beyond
mode stability>* are found in the recent work of Kay and
Wald.® Kay and Wald® have established that the evolution of
regular (i.e., smooth and bounded), compact initial data
will remain pointwise bounded in time throughout the entire
domain of outer communication, including the boundary
(horizon). An important point of physical relevance is that
the result of Kay and Wald holds even for fields that do not
vanish initially on the horizon (nor, in particular, on the
bifurcation two-sphere of the global, Kruskal extension of
the exterior Schwarzschild space-time).

The other new result pertinent to the initial value prob-
lem for black hole stability is the subject of this paper, viz.
mode stability for perturbations of the Kerr (rotating) black
hole. Although of a different nature than the most recent
results for the Schwarzschild space-time, the work reported
here represents a major step forward in the study of black
hole stability. The present work is also of great astrophysical
significance since almost all astronomical bodies rotate, in-
cluding those that might eventually undergo gravitational
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collapse. Thus stability of rotating black holes is really a
more pressing concern than is the stability of a static, spheri-
cally symmetric black hole.

In the remainder of this paper, an introduction to the
Kerr metric is first given, after which the difficult nature of
the stability problem that it presents is indicated. Then, from
a tractable form of the perturbation equations, differential
and integral transformations of the equations and their solu-
tions are developed. Finally, the construction of a positive
definite “energy” integral is given, permitting the proof of
mode stability to be completed. The Appendix gives some
mathematical details. The proof given here does not adhere
closely to any previous work on this problem.

il. THE KERR BLACK HOLE

The Kerr metric, representing an axisymmetric, black
hole solution to the source-free Einstein equations, was dis-
covered by Kerr® almost 50 years after the spherically sym-
metric solution was first written. In subsequent work, Carter
was able to establish,” rather unexpectedly, that the Hamil-
ton—Jacobi equation for a free particle and the Klein—-Gor-
don equation for a scalar field were separable. (Carter also
studied the relationship between this result and the form of
the Kerr metric®). Then, following a method used by Bar-
deen and Press® for (the gauge and tetrad invariant) pertur-
bations of the Weyl tensor in the Schwarzschild geometry,
Teukolsky demonstrated'® that analogous perturbations in
the case of the Kerr black hole also obeyed a separable equa-
tion. Similar perturbation equations have since been
found''-* for all fields of physical interest in a background
Kerr geometry.

lIl. PERTURBATION EQUATIONS

Massless Klein—Gordon,” Dirac {neutrino),!! Max-
well,'® Rarita-Schwinger,'? and linearized Einstein'® equa-
tions, when written in a decoupled form for the correspond-
ing tetrad and gauge invariant Newman-Penrose'> (NP)
quantities in the Kerr background (and including the
Schwarzschild limit), can all be represented in a single (sep-
arable) master equation of Teukolsky, which in Boyer-
Lindquist coordinates'* may be written as
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where A =7 — 2Mr + @* (., can be given suitably in
terms of the relevant NP guantities). In the case of spin-zero
fields on the Schwarzschild black hole, this equation imme-
diately admits a conserved “energy” integral with a positive
definite integrand, establishing that there are no modes that
have an unbounded time derivative, i.e., there are no unsta-
ble modes. The radial part of the equation is complex when
acting on an individual mode of higher spin, but by a trans-
formation of the radial function for obtaining the Regge-
Wheeler® (or corresponding'®) equation, a similar proof of
stability can again be given® for massless perturbations of
spin-2 (and spin-1) in the Schwarzschild space-time.

Except for axisymmetric scalar perturbations, no analo-
gous consideration has previously yielded even this limited
proof of stability in the case of Kerr black holes for the fol-
lowing two reasons.

(i) For nonaxisymmetric scalar perturbations the coef-
ficient (1/sin? @ — a*/A) of |y, /34|? in the energy inte-
grand is only positive outside the ergosphere, indicative of
the fact that there is no Killing vector which is timelike ev-
erywhere within the region exterior to the event horizon.

(ii) Prior to this work, although transformations were
known'® that mapped Kerr radial functions to solutions of
equations that reduced to Regge~Wheeler-type equations in
the Schwarzschild limit, for the rotating black hole these
other equations are quite unlike the Regge-Wheeler equa-
tion® in that they depend on the separation constant (i.e., the
unknown angular eigenvalue) in a highly nonlinear way.

Procedures that remedy the above difficulties are given
below.

Physical considerations'' lead one to regard as unstable
modes those perturbation solutions that are purely ingoing
on the horizon and purely outgoing at (null) infinity. Conse-
quently, in the exterior region, unstable modes have,
asymptotically, support only on the future horizon and at
Suture null infinity. Unstable modes have characteristic fre-
quencies with positive imaginary parts; thus on a spacelike
section, they can be regarded as radial eigenfunctions, which
become unboundedly large to the future.

In the development of a proof of the mode stability for
perturbations of a Kerr black hole, new progress has become
possible through a generalization of certain previously
known results; these results are detailed as follows.

(i) There are Teukolsky—Starobinsky’'’ ordinary differ-
ential relations that can be used to change helicity from s to

— s for the radial and angular dependence of the separated
solutions of Teukolsky’s master equation.'®

(ii) The kernel of an integral equation can be written'®
for radial functions of spin-zero fields in the Schwarzschild
background.

In order to proceed, it will be convenient to introduce a
notation for exploiting the similarity between the rand cos
dependence of the Teukolsky equation.'®
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2
+az)__+aa_¢_ (r-M)S] — 4s(r + ia cos 0)—:%

a 2
[a sin? =- 4+ — + i cos 9-s] ]~1/J.S =0,

—

The separated radial and angular equations can be writ-
ten in the form [for ., = e~ “'e™* R (r)S, (6)]

[3 SPENRC LR S S Lk
XX x x2
L et TS Sl ]Mu=0,
x—1 (x—1)2

where for the angular equation, x = (cos § +1)/2,u=3S,,
a = 2aw,
B=(—-—m)/2, y=(s4+m)/2,
A=i+a(y—=B) —{(y—B"+ (Ar+9)
(with a, B, ¥ given above)

K =35,

and for the radial equation, x=(r—r_)/(r, —r_),
u=R

a=2iMwe;, k=s5—2iMw,

B=(s/2 + iMw) — (i/€;,) (Mo — am/2M),

Y= (5/2 + iMw) + (i/€,) (Mo — am/2M),

A=i+aly=B) —{(y—B >+ (Ar+9),
(with a, B, ¥ given above).

59

The separation constant 4, appears in Teukolsky’s radial
equation'®; (A, + s) is invariant under s— — 5. The rela-
tions A=r-2Mr+a*=(r—r, )(r—r_) and
€= (r, —r_)/(r, +r_) havebeen used.

Near x =0, u~x%%,

nearx =1, u~(x — 1)%7,
—dk—1
b

6,8,6"=+1

near x = oo, U~e°x
We are particularly interested in transformations of the
above equations which leave the singular points (number
and type) and {1, + 5) dependence unchanged.

IV. DIFFERENTIAL TRANSFORMATIONS

A general structure’® can be shown to underlie the con-
tiguous relations for special functions; familiar examples
would be the differential operators which change angular
momentum for the spherical Bessel and associated Legendre
functions. By examining the Teukolsky-Starobinsky rela-
tions'” in this context one can view them as a particular con-
sequence of the following. For those values of €, €,
€”"( = + 1) that allow

n=ex+€f +€"y

to be a positive integer (there can be four such at most), then
with

= —ea, k=€h +¢€"y,
B=n/2—€B, A=4,
y=n/2—¢€"y

the function given by
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7 =e"xP(x — 1)5’(1)"e€""x€'3 (x—1)"
ax
satisfies a similar equation to that satisfied by u, where the
new parameters are given by the overtilde quantities above.
The set of equations that can be obtained by repeated appli-
cation of this result is finite. A certain degeneracy occurs
when the derivatives act on the polynomials that they anni-
hilate. There is an inverse transformation operator

ewx P (x — 1)6"?(-5—)"e&*x79(x — 17
Ix

which maps solutions for # onto solutions for u, with a simi-
lar statement as above applying in the case of degeneracy.

The Teukolsky-Starobinsky (helicity flipping) rela-
tions'” are a known example of this kind of transformation,
with n = |2s] in the radial and angular transformations. For
the radial functions, no other integer values of # are possible
for a general value of the frequency except on a Schwarzs-
child space-time, in which case a new expression of known
results is obtained.?’ For the angular functions, n = |s — m|
and n = |s + m| are always additionally possible; they map
angular eigenfunctions to eigenfunctions of two new opera-
tors which are related to one another by x--1 — x, i.e,, by
cos @—cos(m — ). A solution of one of these new operators
is given by

ed

T = (sin 6)""’"( + aw

dcos 0

|s — mj
sin‘@

where s — m = €|s — m|. This new angular function 7 will
be used in a proof of stability: For nonzero a = 2aw, its con-
struction can never be degenerate.

V. INTEGRAL TRANSFORMATIONS

The known integral equation'® for scalar wave functions
in the Schwarzschild space-time was of the Laplace type,
where the “center” of the kernel [i.e., that part of the inte-
gral kernel given by the nonseparable functions H(x,y)
which occur in the expressions below] is of the form e = 4.
For all the radial and angular functions arising from pertur-
bations of the Kerr black hole, I have recently found kernels
of integral equations which they satisfy, where these kernels
are now more complicated functions of xy: Similarly, Euler-
type kernels depending on (x + y — 1), etc., have also been
found. Moreover, the conditions that disallow the existence
of integral kernels simply depending on the functions xy,
x + y — 1 (or their variants) are precisely those conditions
that permit the construction of integral transformations?' to

the solutions of new equations of the same general type as we
need to consider. In the radial case, for the spin-2 (gravita-
tional) perturbations on the Schwarzschild background, one
of these new equations turns out to be the Regge-Wheeler
equation® previously related to the NP perturbations'® only
by a differential transformation: Its simple generalization in
the Kerr case will again be useful in a proof of stability.

These integral transforms can be described as follows.
Under suitable conditions, the function

B
u =f F(x.y)u(y)dy
A

will satisfy an equation of our given form provided that ¢, €',
€(=4+1) can be chosen so that yp(y—1)
X W (u(p), % (x,9))|5 vanishes identically. (Here W is the
Wronskian.) The function % (x,p) has the general form

e xP (x — 1)TH(x,p) ey B (y — 1)€Y
and a number of different usable “‘centers” H(x,y) have been
identified, e.g., e 2%, (x4+y—1)"""! etc. (where

v = ex + €8 + €"y whether or not it is an integer or real).
For the first of these “centers,” the quantities

a=ea, k=€eB—¢€"y,
B=%(ex+e’ﬁ +€"y), A=A,
Y=l —e+e€p +€y),

give the parameters in the equation for #. (Note that 4 is
again unchanged.)

We will choose a bounded new radial function ,, K, giv-
en by an integral transform of _ R, (r) over the range
(r,,o), with €,€, € = — 1. Since the “center” is of the
Laplace type, this integral transformation will never be de-
generate. In what follows, stability for negative helicity
modes will also assure stability for positive helicity modes
because, via the Teukolsky-Starobinsky relations,"’ the
modes can be independently transformed into one another.
(Only for the algebraically special perturbations are these
transformations singular,?” but then the boundary condi-
tions given above for unstable modes are not satisfied. )

VL. PROOF OF STABILITY

The transformations that have been chosen ensure that
the Kerr angular and radial functions corresponding to an
unstable mode will map to bounded solutions of the new
operators. In addition, this construction implies that the
function

q)s —e~ i«;teimqﬁl(Y (r) Ts (9)

will satisfy the equation given below, where

I
(r—r_) @& (r—M)Z]A
Aror) @ M1 S of :
S 7 M A 63(> orr>r,)
d,ad 1 J . d 9?2 r— M\ 92 1—cosf r—r
IA2 1 % Gne 2 _ 2 29——20( ) ) —s2( +)]q>s=o.
oo T o g "m0 ge VN H e O SOt ) aras “\itcoso r_r.

Here the operator is totally independent of Teukolsky’s separation constant A 7.'® (Note that in the metric that can be derived
from this equation, d /Jt is globally null.) The conserved quantity that follows from the operator has a positive integrand:

1303 J. Math. Phys., Vol. 30, No. 6, June 1989

Bernard F. Whiting 1303



J 1

2
ey dr d0 d¢ sind {(f(r) + a” cos? G)I%? +A

Since the leading radial dependence of ®, near the horizon is
(r — r,) ~*™< and near infinity it is ¢“" and the leading an-
gular dependence near the south pole is (sin £)°, every term
in the above integrand is integrable for unstable modes.
Hence the value of the conserved “‘energy” bounds the inte-
gral of the time derivative terms, which consequently cannot
grow exponentially. Thus there can be no unstable modes for
Kerr angular and radial functions since we have now ruled
out the solutions of the above equation to which they would
be mapped.

Parameters in the transformations depended explicitly
on the mode decomposition. Consequently, it seems that any
stronger result for the Kerr black hole would require addi-
tional understanding concerning mode completeness since
the particular methods of Kay and Wald,® which might cir-
cumvent this, are not directly applicable and no appropriate
generalization is known at present.
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APPENDIX

Properties of the transformations referred to 1n this pa-
per may be sufficiently unfamiliar to some that it would be
useful here to sketch a proof of the most important relations.
A simple derivation of the differential transformation can be
obtained via the use of the following two elementary results:

e xB(x — 1)"”[8“ —a+ —+

X x x—1

=7 ]\/x(x—l)
(x—1)?

— 1 _ 2 cax €8y __ 1\€y

= T {x(x = 1)d,, + (ax® + bx + ¢)d, + dx + e}e*xP(x — 1)<,
where

a= —2ea, b=2(ea—€f—€"y+1), ¢c=2f—1,

d=2a(ek+€f+€'y—1), e= —ak—A— (2ef—1)(ea+}—€"y).

Result (ii):

M x(x — )8, + (ax® + bx +¢)d, —a(N — 1)x + e}

={x(x—1)3,, +(@x*+ (b+2N)x +c—N)Jd, +a(N+ D)x+e+Nb+N—-1)}3],

which-accounts for the necessity that N be a positive integer.

In the case of the integral transformations, explicit demonstration of the results depends on the form of the integral

“center” H(x,p), e.g., for H(x,p) = e~ we have

[x(x — 13, + (ax* + bx +c)d, —avx +ele "% = [p(y — 1)3,, + (ay* + by + v)d, —acy + e]e ™ 7.
When ¢ = v it is thus possible to construct an integral equation for #(x).

Similarly, for H(x, y) = (x — y)*, say, we can obtain

[x(x — 1)d,, + (ax* + bx + ¢)d, — avx +e](x — y)¥

=[y(y—08, +{a* + b +2(v+ Dlp+c— (v+ D}3, +a(v+2)x+e+ (v+ Db+ ] (x—p)"

where we have indicated by the superscript T the adjoint operator which arises under the integral sign in a verification of the
transform properties. Note the similarity of the transformed operator here to the operator arising for the differential trans-
form (with N—v+1). The transformation properties for other similar ‘“centers,” e.g., for those depending on
(x —1)(y—1) or (x 4+ y — 1), can be constructed directly or obtained by the substitution x -1 — x, etc.

Kernels for integral equations can be produced in abundance as a result of the elementary (but nontrivial) observations
(x(x— 19, +(@ax* +bx+¢)d, +dx+e)—(p(y— 1), + (&f + by + )3, + dy + ¢)

=(x—-p[d,, + (au—c)d, +d+p) —(v9,,+ (—av+a+b+c)d, +u)]

= x-S, + (af +a+b)d,+d+0/f)— [(1 —g)/f]

X [8(1 —g)8p +(— 2+ c)g+a+b+c)d, +0/(1 —g)]},
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where u=xy, v=(x—1)(y—1), f=x+y—1, and
g2=(x—1)(y—1)/xy. Here, 4 and o would be new con-
stants of separation.
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In four dimensions, two metrics that are conformally related define the same Hodge dual
operator on the space of two-forms. The converse, namely, that two metrics that have the same
Hodge dual are conformally related, is established. This is true for metrics of arbitrary
(nondegenerate) signature. For Euclidean signature a stronger result, namely, that the
conformal class of the metric is completely determined by choosing a dual operator on two-

forms satisfying certain conditions, is proved.

I. INTRODUCTION

Self-dual fields have played a major role in many of the
recent developments in general relativity. Foremost among
these is Penrose’s twistor program (see, e.g., Refs. 1 and 2).
Such fields seem to be fundamentally involved in attempts to
quantize gravity (see, e.g. Ref. 3), notably Ashtekar’s new
variables (for a review see Ref. 4). The material discussed
here was motivated by the attempts of one of us (JS) to
better understand Ashtekar’s new variables, but the presen-
tation is entirely self-contained.

In four dimensions the Hodge dual operator on two-
forms is manifestly conformally invariant. Thus, if two met-
rics are conformally related, they have the same Hodge dual.
We show that the converse is also true: Two metrics of arbi-
trary (nondegenerate) signature that have the same Hodge
dual are conformally related. For Riemannian manifolds
(signature + + + + ), we are able to establish a much
stronger result: Any choice of a three-dimensional, positive-
definite subspace of the space of two-forms determines a
dual operator, which in turn determines a conformal class of
metrics whose Hodge dual agrees with the original choice.
Thus there is a one—one correspondence between conformal
classes of metrics and dual operators.

Our presentation is organized as follows. After estab-
lishing the notation in Sec. II we show that the equality of
Hodge duals implies that the metrics are conformally relat-
ed. In Sec. III we consider the Riemannian case and establish
the stronger result described above. Finally, in Sec. IV we
discuss our results.

. CONVERSE

Let M be an oriented four-dimensional manifold with
(nondegenerate) metric g,,. The volume element (Levi-Ci-
vita tensor) is the four-form €,,., = €. » Which agrees
with the orientation and whose nonzero components are

2 Permanent address: Department of Mathematics, Oregon State Universi-
ty, Corvallis, Oregon 97331.

) Permanent address: Department of Mathematics, University of Poona,
Pune 411007, India.

) Present address: Department of Physics, University of Utah, Salt Lake
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+ \/H ,whereg = det(g,, ). Denote by A?, the space of two-
forms F,, = F|,, , on M. Then the Hodge dual operator *,
defined by g, is a map from A% — A? given by

(*F) oo = 362 “F 4. (D
It is straightforward to check that

Bap = Qg > x=x. (2)
One also has

= 1], (3)
where / is the identity operator and

€atmn€ca’ = * 4ga[cgd]b’ (4)
where the — sign holds for the Lorentzian signature
[(=—+ 4+ +)or (+ — — —)] and the + sign holds

for all other signatures. We are now ready to prove the con-
verse to (2).

Theorem 1: Let g, and g, be (real, nondegenerate)
metrics of arbitrary signature on a four-dimensional mani-
fold M, such that for all two-forms F on M,

«F=x*F (3
Then

8 = + 08 (6)
where Q = |g/g|"/*.

Proof:

Step 1: Equation (1) implies

&, F,, =¢€,""F,,, VFeA? (7a)
which implies

€™ =€4"" (7b)
But from the definition of the volume element,

Eatmn = QL€ (8)
Contracting (8) with (7b), using (4), yields

ga[cgd]b = nga[cgd]b' 9

Step 2: 1t is sufficient to establish (6) at each point peM.
Choose coordinates x' on a neighborhood of p so that g | 18
diagonal. Then

8i;8xy1 =0, unless (i,k) = ()
or (i, )) = (kD). (10)
© 1989 American Institute of Physics 1306



In particular, (10) holds if j, k, and / are all different. {Here
and for the remainder of the proof, all quantities are to be
evaluated at p.)

Using (9) and (10) we have

(8485 — 858k = (88 (8;81) — (8;81)(858u)
= (&) (881 — (&) (gilgjk)
But since 8,8, — &, #0 by assumption, one final use of (9)
yields
8 = 0,
so that g;; is also diagonal at p.

Step 3. Inserting the diagonality of both g, and g; into
(9) yields

(12)

8.8, = 0’g.g;, for i#j, (13)
which implies the result (6). Q.E.D.

1il. EUCLIDEAN SIGNATURE

We now turn to the special case of an oriented Rieman-
nian manifold [signature ( + + + +)or(— — — — )]
with volume element €., . First we need some results about
the vector space Af, of two-forms at a point peM.

There is a natural product (symmetric bilinear form) on
AZ, given by the wedge product of forms, namely,

(Fab ’ch> = eadeFab Gca" ( 143.)
or equivalently

(F,G)Ye=FAG, (14b)
where € = €!%%°9] is defined by

€abed €0de = 4! . ( 15)

Note that the metric has not been used in defining (14)
and that the inner product is not positive definite. If one
chooses a basis a' of the space A, of one-forms at p, then the
independent o' A ¢ form a basis for A2. In four dimensions

there are six such two-forms, so dim Aj = 6. Furthermore, .

by choosing appropriate linear combinations, one easily sees
that the signature of the wedge product (14) on A’ is
(+++———).

Lemma 1: Given a vector space ¥V with a symmetric
bilinear formw: ¥ X V- Rand asubspace W * C V, such that
(W™, w) is an inner product space (i.e., @[, - is positive
definite), there exists an operator #: ¥'— ¥, such that

V=W* oW,
with

W=*=iI+#V (16b)

Proof: Pick an orthonormal basis w; of W . Then the
projection operator P from ¥ to W ™ is given by

(16a)

P VW™,
vi— (v,w,)w,. (17)
Define # by
$v=2Pv —v. (18)
1307 J. Math. Phys., Vol. 30, No. 6, June 1889

Then
P=iI+#%), (19)
and the result follows. Q.ED.

Corollary: 1t is an immediate consequence of (18) that

=1 (20)
Furthermore, since (/ 4+ #) (/ — #) = 0, we have

(wr,w™) =0, VwteW *, (21a)
or equivalently

(v, Hv,) = (Bv0,), Yeel. (21b)

Let T,M denote the tangent space to M at p and for
TeT,M let Ker(T) = {aeA}: a(T): = a,T* =0} denote
the kernel.

Lemma 2: Let A be a three-dimensional subspace of
A?, such that

0#FeAr = FAF#0. (22)
Then for each vector T€T, M, the map
¢r: AT -Ker T,
F—FT):.=F,T" (23)

is an ismorphism.

Proof: Since dim(Ker T) = 3 is suffices to show that ¢,
is one-one, i.e., that F(7) = 0 implies F = 0. But by choos-
ing a basis of Ker 7 and extending it to a basis @' of A, and
then forming the associated basis of Af,, one sees that

F(T) =0 = FAF=0. (24)

Using (22) now proves the assertion. Q.E.D.

For the remainder of this section, we assume that A is
as in Lemma 2, and that the wedge product (14) is positive
definite on A*. Using Lemma 1, this is equivalent to giving a
dual operator # on Af,; A™ is the space of self-dual two-
forms, i.e.,

FeA*™ & #F=F. (25)

We now show how to construct a conformal metric A,
from A*. Fix any neAI‘,. Then for any a,ﬂeA},, choose
TeKer aNKer fNKer 7. By Lemma 2, there exist unique
F,,F,, F,eA™, so that F,(T)=a, Fe(T) =/, and
F,(T) = . Define

hy (a,8)/hy (,m) = (F . Fg)/(F,,F,). (26)
This defines 4, up to the single choice of the scale A, (17,7),
i.e., hy is determined up to a conformal factor.

We now establish that A, is well defined, i.e., that the
right-hand side of (26) is unchanged under the transforma-
tion T'— T’ with both 7,7 'eKer aNKer SNKer 7. This is
obvious if 7' is a multiple of 7, so we will assume that Tand
T’ are linearly independent. First we introduce some nota-
tion.

Extend 7 and T’ to a basis {e, = T,e, = T",e,,e;} of
T,M and let {0’ w',0%,»°} be the dual basis of A}. Let F,,
F;, F,', and F,' be the unique elements of A™ obtained using
Lemma 2 that satisfy

F(T)=w*=F/(T"), F(D=0*=F'T"). @27
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But since (27) implies

F (T T) =0=F,(T",T", (28)
we have
Fz(T') =A22(1)2 +A23m3, (293)

for some constants A4,, and A4, so that, again using Lemma 2,

E,=A,,F) + A, F. (29b)
Similarly,
F,=A,F) + A5 F5. (29¢)

Since this argument can be reversed to express F,’, and £’ in

terms of F, and F;, we must have
A:=det A=A4,,4,; — A,3A45,7#0. (30)

Now consider the transformation 7,M— T, »M, defined
by

e >e, e —Ay+ bey,
(31a)
e, e, +ce, e r—>e;+de,
where
bi=trd=4,, + 45, (31b)

and ¢,d are constants to be determined. The induced trans-
formation on A, is

&> — (/D) + o' — cw® — d?,

(32a)
o' (1/)0°, 0*—o?, o°— o’
which we will also write as
o' Blo’. (32b)
Lemma 3: Let yeA, satisfy
() =0=¢9(T" (33)
and let F,F'eA™ be determined by Lemma 2, so that
F(T)=y=F'(T"). (34)

Then (for an appropriate, y-independent choice of ¢,d),

F'=B'FB, (35a)
ie.,

F' ,=F, B",B",. (35b)

Proof: One has immediately that

B'FB(T')=B'F(T)=B'y=y=F'(T). (36)

In order to invoke Lemma 2 to conclude that (35) holds by
uniqueness we must show that ¢,d can be chosen, so that
B'FB isin A™.

But since

rY=70" + 730°, (37a)
we see that

F=1.F,+v:F;, F'=pF +vF)/, (37b)

so that it is enough to show that B‘F,B and B'F,B are in
A™. Direct calculation using (29), (34), and (37) shows
that the first of these reduces to a linear equation involving d
only, while the second determines ¢. We note in passing that

1308 J. Math. Phys., Vol. 30, No. 6, June 1989

(32) is not the only linear transformation that satisfies (35).
Q.E.D.

Lemma 4: hy is well-defined.

Proof: Assume, as above, that Tand T’ are linearly inde-
pendent and let F,’, Fp', and F,’ be the unique elements of
A™ determined by Lemma 2 which satisfy F,'(T') = a,
F,(T") =,6’,F,,’(T') = 1. Then

(Fa ,’Fﬁ') = eﬂdeFa IabFBch

= eadeFamnFquB maB anpcB qd
=€e""F,,,,Fp,, (det B) f
= (F,,Fz)(det B) f,
where fis a constant that depends on the volume element.
Therefore the two factors of ( fdet B) in the primed version
of (26) cancel so (26) is independent of the choice of T.
Theorem 2: Let * be the Hodge dual defined by the met-

ric g,,. Then A, and g are conformally related.
Proof: For F = «F, G = *G, we have

(F,G):=¢e"F,,G,

= 2F(%G) 4 = 2F G- (38)
But for any T7€T, M, we have
F,.T7"GT, = }€4mp F T "€"""G T,
=36,,"8,"6,,'F"G,, T"T,
= {F"G,T"T, + F*G,,T"T,, (39)
so that
4F,, T"G*"T,=F>G,, T"T,, (40a)
or in other words,
gF(T),G(T)}=(F,G)(g(T,T)/8), (40b)
so that
gF(T),G(T))/gH(T),H(T))={F,G)/{HH). (41)

Comparison with (26) shows that g is in the same conformal
classas 4, . Q.ED.
This shows that our definition (26) reproduces the giv-
en metric from its Hodge dual. We now show the converse.
Theorem 3: Let 4, be defined by (26) and denote its
Hodge dual by », Then «+ = §.
Proof: Choose an orthonormal (with respect to &, ) ba-
sis % of A} satisfying

P No' ANo* Ne® =€ (42)

Let F, i =1, 2, 3, be the self-dual (with respect to #) two-
forms definéd by F(X,) = o', where X,, is the basis of T,M
dual to @“. Then, e.g.,

F'=0°Ao' + ao* A&® + bo’ Ao® + c® o', (43)
with @ > 0,b,¢c, to be determined. But using the definition
(26), we have

<Fi, Fj) = 6‘}<F17 F1>9

which implies

(44)
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FP=0’Ao? + a0’ Ao + co® No® + do' Ao?,

F} =0’ Aep® + a0’ No® + do® A" + bo* N o®.
Repeating this procedure for X,, e.g., constructing
G°(X,) = & etc., and using the fact that the F'form a basis

for self-dual two-forms, yields a set of linear equations that
can be solved to give

b=c=0. (45)
Finally, using X, gives

d=0, a*=1, (46)
so that

F'=0’Ao' + 0® A&,

F?=0°No* + 0’ N o', (47)

F’=0"No® + 0' N
But this is just the standard basis for self-dual two-forms
with respect to ! Q.E.D.

IV. DISCUSSION

For Euclidean signature, let .# denote the manifold of
classes of conformal metrics at a point peM and 57 denote
the manifold of dual operators on A2. We have the following
situation:

Mo,
B

where 4 takes a metric to its Hodge dual, and B is given by
(26). Theorem 2 says that Bo4 = I, while Theorem 3 says
that AoB = I. Thus both 4 and B are one~one and onto, and
are therefore isomorphisms. The manifold .# is nine-dimen-
sional (10 metric components — 1 constraint), and the
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manifold 7 ~S0(3,3)/[SO(3) +S0(3)], so dim ¥
=15—-6 =9.

All of our results have been obtained at a point peM.
Suitably smooth metric tensors and dual operators are ob-
tained by working throughout with suitably smooth tensor
fields in a neighborhood of p.

We believe that a result similar to Theorems 2 and 3
holds for other signatures. However, our attempts to modify
the argument in Sec. IIT have so far failed, primarily because
of the failure of Lemma 2 if T'is null. In the Lorentzian case,
one can define aeA,‘, to be null if there exists a (real) two-
form F and a vector T such that

F(TN'=a, #$F(T) =0, FAF=0=FA}F. (48)

Although this definition is correct if # is the Hodge dual of a
Lorentzian metric, we have been unable to use it to actually
construct a conformal metric.
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Magnetic generalizations of all Carter metrics—Carter 4, B( + ), B( — ), and D solutions—
are obtained by applying a Harrison transformation to the Ernst potentials determined from a
linear combination of two Killing vectors. The most general magnetized Carter-4 metric
contains, among other solutions, the magnetized Kerr-Newman metrics and, modulo limiting
transitions, the magnetized branches B( + ), B( — ), and D.

I. INTRODUCTION

The main purpose of this work is to give the explicit
expressions of the metric and electromagnetic field for a gen-
eral magnetic generalization of the Carter-4 solution,' C-4
for short. Since the seed C-4 metric represents the axisym-
metric gravitational field of rotating charged masses and the
magnetizing process used (Harrison transformation®) in-
corporates into the seed solution two electromagnetic field
parameters and two kinematical constants (corresponding
to the choice of the Killing vectors), the magnetized Carter-
A metric obtained, MC-4 for short, contains (besides the
parameters of the C-4 metric) four additional parameters.

The MC-A4 metric contains as subbranches of solutions
the magnetized Kerr—-Newman metrices (MKN), corre-
sponding to magnetic generalizations of the seed KN solu-
tion for the both choices of the Killing vectors d, and d,.

The magnetizing procedure applied to the Carter-
B( 4+ ) metrices (Ref. 1) yield the magnetized Carter-
B( 4+ ) solutions, MC-B( + ) for short (see Secs. III and
1V). Since the MC-B( + ) metrics are interrelated by com-
plex transformations [ the same fact takes place in the case of
“proper” C-B( + ) solutions], one can consider the MC-B
metric as a complexified space-time and the real MC-B( + )
and MC-B( — ) solutions as two different real cuts of the
same complex structure. The MC-B( 4 ) metrics contain as
particular solutions the magnetized Reissner~-Nordstrom
metrics, which we shall denote by MRN( + ).

Section V deals with the determination of the magne-
tized Carter-D metric, which in all respects is equivalent to
the magnetized Bertotti—-Robinson metric.> We propose to
call this class of solutions the magnetized Bertotti—-Robinson
metric and denote it by MBR.

In Sec. VI we present limiting transitions of the MC-4
metric to the MC-B( + ) solutions. From the MC-B( + )
metrics, for vanishing parameter /, one arrives at the
MRN( + ) solutions. By limiting transitions of the
MRN( + ) metrics one obtains the MBR solution, which
degenerates into a magnetic flat space-time class of solutions
(MF) containing as a particular case the Melvin magnetic
universe.* Hence the obtained solutions satisfy the following
scheme of transitions:

MC-B( + )-MRN( +)

MC-A~ [MC-B( —)>MRN(—)

] —-MBR-~MF.
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It should be pointed out that we are dealing with metric
structures without the cosmological constant, i.e., with mag-
netized Carter metrics (and their limiting contractions)
with vanishing 4.

Il. MAGNETIZED CARTER-A METRIC

We shall briefly give the steps followed to generate the
MC-4 solution starting from the seed C-4 metric. Let the C-
A solution be given in the form®

A P A
=2 ar +2=(d 2do)? + 2 do?
g="5 4’ + 5 (dr+ g do)+ 2 dg

-—% (dr — p*do)?, (2.1)

with the electromagnetic field described by the two-form

o=13(f., +Lv)dx“ A dx¥

= —d[(e+ig)/(q+ip)1(dr—ipgdo). (2.2)
The structural functions P, Q, and A are
P=y—v+2np—«p?,
= -2 2
Q=y+v—2mq+«q (2.3)
A=p"+ ¢,
=€+ g%

where m is the mass, #n represents the Newman-Unti-Tam-
burino (NUT) parameter (magnetic mass), e and g are the
electric and magnetic charges, y is related to the rotation
(Kerr) parameter, and « is a free parameter which can be
considered to assume the discrete values {1,0, — 1}.

Choosing the Killing vector as a linear combination of
the Killing directions d, and d,, according to

K#*=ab* + Bb~,
one brings the metric (2.1) to the form
g=f"{f(A/PYdP* + (A/Q)dq?]
+PQ(Bdr —ado)’}y —f{— (adr+Bdo)/
(®+B%) + W, (Bdr— ado)}, (2.5)

(2.4)

where
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—f=K,K*=A""{P(a+ B¢’
— Q(a—Bp»*} =:A""'D, (2.6)
and
W,= —[D~'/(&+B) H{(a+Bg)(B—ag)P

— (a—Bp*)( B+ ap®)Q}. (2.7)
The subindex i in W stands for “initial.”
The Ernst potentials ( ¢ and ) of the metric (2.5) can
be evaluated from the relations

d¢= —iK lo,
_ (2.8)
d% = iK(dK + + dK) — 23 d¢,

where K = K, dx*, 1 denotes the step product, and * is
Hodge’s star operation (see details in Ref. 6).
The Ernst potentials for the studied metric is

6= —[(e+ig)/(g+ip))(a—iBpq) + do,

29
¢o = F+ iG, ( )

and

& =f—2vA"'(a® + Bp°¢")
+ 2i{mp[A~"(a — Bp")* + B(3a — Bp*)]
—ng[A~ (a + Bg")* — BGa + Bg)]
— afxpq + B*ypg — BvA~'pg [2a + B( ¢ — p*) 1}
+ 280l (e +i8)/( g+ ip)1(a — iBpq) + €, (2.10)

where F, G are real constants and &, is an arbitrary complex
constant.
To magnetize a given metric one applies the Harrison
transformation to the Ernst potentials according to the rules
E=8y", ¢=y¢ "¢+ (E+iB)E),
v=1—2(E—iB)¢ — 6%, &:=E?*+B?* (2.11)

E =const, B=const

(the tilde is used to denote the new quantities).
The new f function becomes

=177

while the new W function ought to fulfill the equation

dW =ypdWw, —if ~{(yd, — Y, )Pdq

— (WY, — ¥¥,)Qdp}. (2.13)

The generated magnetized Carter-4 metric, MC-4 met-
ric for short, amounts to

g=1¢? [%dp2 +%qu +f£71PQ( ﬂdr—ada)z}

_adr+pBdo

~ 2
—|¢|_2f[ peayE +W(/9d7'—ado)],
(2.14)

with the electromagnetic field given by the two-form

—w=dp A [—%+ W(Bdr—ada)]
~ adr+ Bdo
UG -

+W(ﬁdr_ada)”. (2.15)

The structural functions P, Q, and A are given by formu-
las (2.3), the function fis defined as in formula (2.6). The
complex factor function # is given, in terms of the Ernst
potentials ¢ and & from (2.9) and (2.10), according to for-
mula (2.1~1 ).

The W function, which from now on we shall denote as
W(E,B |a, B), is given by

W(E,B |a, B) = W(0,0|a, B) + Q(E,B|a, B)
+Q(¢o &) + W, (2.16)
where
W(0,0|la, B) = W, [from (2.7)], W, =const,
the function Q(E,B |a, ) amounts to
DQ(E,Bla,B)
=4E( +)(a+Bg")gP+ 4E( —)(a — Bp*)pQ
+ 68v[(a® — B¢ )P+ (a® — B Q]
+40E( + )M +40E( — )N

(2.17)

o =a*(2m? + 2n* — dmiq + K°q*) — &*Bg(8n + 4ky + Kq%) + 20°B¢ [ (¥ — v)(2(y + v) — bmg
+ &q°) — (m* 4 3n)g°] + aB>¢*[2(y — vIv + 4n’¢* — (¥ — v) (6m — kq)q] — B*(¥ — v)?¢’,

B = a*(2m® + 2n* — dnxp + K°p?) + &*Bp*(8m® — diy + K*p?) + 2B p* [ (¥ + v)(2(y — v) + 6np — xp?)
— (”* 4 3m*)p*] + aB’p*[2(y + v)v — 4m’p* — (¥ + v) (6n — kp)p] — B*(y + V)5,

H = 8a’B(mq + np) + 12a°B*(ng — mp)pg + 3aB>pql q(2pQ — 4kpq®> — 2ng* + 3xp®) — p(2qP + 4xqp®

+2mp* — 3kg?) | — B0 (3(y + V)P? + 3(y — v)@* — 2map* + 2npg?],

M = (a+ Bg) am(a — Bg) — B*(y —v)§ — a’kqlP + am(a — Bp*) (a + 3Bp*)Q

+ Bq[2a(a — Bp*) — Br*(a + Bg*) 1 PQ,

N = (a—Bp*)lan(a + Bp*) + B*(y + v)p* — a’kp]1Q + an(a + Bg*) (a — 3Pg*) P

+ Br(2a(a + Bg*) + Bg*(a — Bp*) 1PQ,
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(2.12) +8{ oA P+ % Q-+ PQY, (2.18)
where the polynominals 7, %, 77, #,and .4 are
}
(2.19)
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the symbols E( + ) and E( — ) in the expression above are constants defined as

E(+).=Fe+ Bg, E(-):=Eg— Be.

(2.20)

The function Q( ¢4, % ,), with¢, = F + iG = constand &, = — ( F? 4+ G?) — ie = const, which represents the contri-
butions to W(E, B |a, B) of the additive constants in the Ernst potentials, can be given as

DQ( $0,% o) = — {4(EF + BG) — 65( F> + G*) + 48[ (EF + BG)( F* + G*) + (EG — BF)e]
— 8[€ + (F?+ G*)?]}DW(0,0|a, B) — 128(( Fe + Gg) (a + Bg")gP + ( Fg — Ge) (@ — Bp*)pQ ]
+48{ B( F?* + G*) — Ec — 4G( EF + BG) + 8[G( F* 4+ G?) + Fe]} e(a — Br*)pQ — g(a + Bg*)qP ]
—45{ E( F?> + G?) + Be — 4F( EF + BG) + 8[| F( F* + G?) — Gel} gla — Br*)pQ
+ e(a + Bg*)gP | + 48[2(EG — BF) — 8¢][m(a® — B*p*)pQ — n(a® — Bq*)qP — B*ApgPQ ]
— 66v[2(EF + BG) —8( F2+ GV ] [(a®* — B¢ )P+ (& - B*p*)Q]

— 482 ( Fe + Gg) A + 45°(Ge — Fg) N

The function Q( ¢, &), included here for complete-
ness of the obtained solution, is useful when one accom-
plishes limiting transitions to derive other subclasses of solu-
tions (see Sec. V).

The magnetized Carter-4 metric, given by Egs. (2.18)-
(2.21), is endowed with the following set of parameters:

€= {m)n,K,er,g)E9B’a’ B}’ (2-22)

where m is the mass, n is the NUT parameter, « and y are
related to the rotation parameter, e and g correspond to the
electric and magnetic charges, £ and B are the “external”
field parameters, and a and /3 are the selecting Killing vec-
tors parameters.

By assigning to these parameters some particular values
one obtains subbranches of solutions of the MC-4 metric.
For instance, choosing

¢ ={m0,1,} & + a* — ¢0,E,B,B'a —a',a~'B'},
(2.23)

and accomplishing in the MC-4 metric (2.18)-(2.21) the
coordinate transformations

P=acosb, g=r, T=ap—71, a=a ‘¢,

(2.24)

a = const,
one arrives just at the most general magnetic generalization
of the Kerr—Newman metric (MK-N), which in particular
contains the magnetized Kerr~-Newman metric obtainable
from the Killing vector c?,,,,"s and also class of magnetized
Reissner—Nordstrom metrics (MRN); at least three gener-
alizations for two out of the four Killing vectors which the
RN solution possesses.

Other choices of € will give rise to different subclasses
of magnetized metrics, among them, those corresponding to
the seed vacuum metrics.

Iii. MAGNETIZED CARTER-5(4-) METRIC

Starting from the seed Carter-B( + ) metric given in the
coordinate chart { p, ¢, 7, 0},% and applying the magnetizing
procedure outlined in the previous section, one arrives at the
magnetized Carter-B( + ) solution [MC-B( + )] deter-
mined by the metric line element
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(2.21)
r
g = [¢|H{(A/P)dp* + (A/Q)dg’
+f7'PQ(Bdr —ado)?}
— 17 { = [1/(&® + B ] (adr + Bdo)
+ W(Bdr—ado)}?, 3.1

and the electromagnetic two-form
—w=dp[ —(1/(a* + B))(a dr + Bdo)
+ W(Bdr —ado)]
+ * {dg[ — (1/(a’ + B*))(a dr + B do)
+ W(Bdr—ado)l}. (3.2)

Notice that the metric g and the electromagnetic field w
for the MC-4 solution are in exactly the same form as for the
MC-B( + ) solution.

The structural functions P, Q, and A for the studied MC-
B( + ) metric are

P=a+2bp—xp*,
O=2v—1?—-2mqg+ «q*,
A=q2+l2’
w=e+ g,

where m represents the mass, /is the NUT parameter, eand g

are, correspondingly, the electric and magnetic charges, a

and b are “kinematical” parameters related to the choice of

the coordinate chart (by shifting the coordinate p one can

cancel out the parameter b), and « is a free parameter, which

can be considered to assume the discrete values (1,0, — 1).
The function famounts to

—f=A""{ B¢ +1*)’P— (a —2Bip)*’Q} = D /A,
(3.4)

where @ and f are arbitrary parameters related with the

Killing vector defined by Eq. (2.4}, K* = ab* + B64.

The Ernst potentials & and ¢, which determine the fac-
tor function ¢ and the new potentials € and ¢ [see Eq.
(2.11)], are given by

¢= —((e+ig)/(g+iD)a—pBpl+ig)]
and

(3.3)

(3.5)

A. Garcia Diaz and N. Bret6n Baez 1312



& =f—2vA"'a(a — 2Blp) + B*Ap*]
+ 2i{m[ A~ 'I(a — 2IBp)* + 3Bp(a — Blp)]
— xgla’l + Bp(a — Blp) (¢ — 31 1A

+ Bg(ab + afl) — 2vBpg(a —2Blp)}.  (3.6)

For simplicity, we have omitted here the additive con-
stants ¢, and & ,; one can include them, remembering that if
$—$(3.5) + do, then & - & (3.6) — 24,$(3.5) + &y, &,

= — Pobo — ie’.

}

According to Eq. (2.13), the function W amounts to
W(E,B|a,B) = W(0,0|a, B) + Q(E,B|a, B) + W,
3.7
where
w(0,0la, B) = (D ~'/(a*+ BH))aB(q* + 1*)?P
+ (a —2BIp) (B+2aip)Q], (3.8)
W, = const,

and

DQ(E,B |, B) = 4BE( + )gAP + 2E( — )[ BIP + (a — 2BIp)pQ 1 + 126vB [aAP + (a — 2BIp)p*Q ]
+ 48BE( + Ymp*(a — 2BIp) (2a — BIp)p°Q + Ala*(2m — kg) + 2aBblg + aB’q(1* — ¢*) 1P
+ q(2(a — 2BIp) (@ — Blp) — B*p*A1PQ} + 48E( — ){(a — 2BIp) [2vB*p?
— «(a — 2BIp)(a — Bip) 1pQ + PA[ ekl — 2B(ab + aBl)¢* 1P
+ Bl (a—28Ip)* + 3A(a — Bip)p) PO} + 8{ o P+ B Q + 5 PQ},

o = BA{P[IKP1? + (2m — kq)*] + 8aBl(ab + aBl) (m — kq)q + 4A[bB*(ab + afl)q — aaB*m]q},

& = 2(a —2BIp){188m’p*(a — BIp)* + 2v*B°p* — kPlp(a — 2BIp)* — 2Bp(a — 2BIp) [a (kv + K*1* + 6m?)p

+ Bl(2v — kI*) (a + bp) — Blp*(4m* + 2vk + K21?) 1},

(3.9)

7 = B(a — 2BIp){4va(a — 2BIp) — 2(a — 2BIp)>Q + BA*P + 4q{a’m + aPl(bg — kpq + 2mp)
+ B**(aq + xp*q — 2mp*) ] + 4B8*pA{a’«l + aB(3vp — 2«l*p — 3Impq — 2bq* + kpq”)
+BU[a(l*> —¢*) + bpA + p*(xl* — 4v + 2mq — xq¢*) 1},

where
E(+)=Ee+Bg and E(—)=Eg— Be. (3.10)

The magnetized MC-B( + ) metric is endowed with the
set of parameters

€ ={m,x,a,b,e8,EB,a, B} (3.11)

Without any loss of generality the parameter b can be
assumed to be zero, and « can be assumed to be equal to the
discrete values {1,0, — 1}.

Since the “seed” Carter-B( 4 ) metric contains as a spe-
cial case for / = O the Reissner—-Nordstrém metric RN( + ),
the MC-B( + ) solution described above contains, for /
equal to zero, the magnetized RN( + ) metric, MRN( + )
for short. In particular, for

¢ = {ms09 ly 190’e90,0’B’0y 1 }y

one obtains a solution due to Ernst.’

(3.12)

IV. MAGNETIZED CARTER-58(—) METRIC

By applying the previously used magnetizing process to
the Carter-B( — ) metric, one generates the magnetized
Carter-B( — ) solution [MC-B( — )]. However, one ar-
rives at the same result if one executes in the MC-B( + )
metric-——understood as a complex solution of the complex
Einstein-Maxwell equation—complex coordinate transfor-
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mations and complex redefinitions of constants in such a
manner that the resulting (real cross-section) solution will
have the correct signature ( + + + — ). Therefore the
magnetized Carter-B( + ) metrics can be thought of as two
different real slices of the same complex Einstein-Maxwell
structure.

Executing in expressions (3.1)-(3.10), which deter-
mine the MC-B( + ) metric, the coordinate transformations

p—q, g-p, T-it, O-iC (4.1)
and redefining the constants according to
m——n, l-—1I k-k, a—a, b-b,
e—~ —ig, g—ie, E-E, B-B, a-ia, p-—if,
(4.2)

E(—)—iE(+)],

one obtains the magnetized Carter-B( — ) solution charac-
terized by the set of constants

€ = {n,lx,a,bezgEBa, f}. (4.3)

The explicit expression of the metric g, which can be
very easily obtained according to the procedure outlined
above, is not included in this text because of its length.

The MC-B( — ) metric contains several subfamilies of
solutions to the Einstein—-Maxwell equations, among them
(for I = 0) the magnetic generalization of the anti-Reissner—
Nordstrom solution [ MRN( — ) solution].

A. Garcia Diaz and N. Breton Baez 1313



V. THE MAGNETIZED CARTER-O OR BERTOTTI-
ROBINSON METRIC

This class of solutions is determined by the metric g
from (2.14) and the two-form w from (2.15), with the fol-
lowing set of structural functions:

P=a+bp—2vp°, Q=h+kq+ 2vg’,
A=1, f=da’Q—pB*P=D,
¢=1—-2E—iB)®— 6%, 5 =E>+B?
¢ = (e +ig) (ag + iBp),

& =f—2(d’¢ + B*p) + iaf(bg + kp),
W=W(E,B|a,B) =W, + D 'Q(E,B) + W,
aB_ (P+0)

aZ+p? D
Q(E,B) = — 4E( + )BqP + 4E( — )apQ
+ 126vaB( p*Q — ¢°P) + 48aE( — )
X[ B*(pPQ + bg*P + 2vp*Q) — a*hpQ ]
+ 48BE( + ) [a*(gPQ + kp*Q — 2vg’P)
— B%qP ] + 8af{a’(h + kq)*P
+B%a+ bp)’*Q + a*(k*p* — 2bhp — ah)Q
+ B%(b%¢* — 2ak — ah) P},
E(+): Ee+Bg, E(—):=FEg— Be,

v =e> + g%,

W,=W(0,0|a, B) =

W, = const,

(5.1)

where
(g = {ayb’hykse’ng,B,av B}

are arbitrary constants. Without any loss of generality, the
parameters b and k can be equated to zero.

This metric, for vanishing charges e and g, degenerates
into a magnetic subclass of solutions—magnetized flat
space-time metric (MF)—which contains as a particular
case the Melvin magnetic universe. In fact, the metric
(2.14), with structural functions from (5.1) specialized to
the values

¢ ={a=0,b=4,h=1,k=0,E=0,B=By/4,

a=0,B=1},
are subjected to the coordinate transformations
p=p, q=z =T, o=14¢,

which reduces to the Melvin metric.?

VL. LIMITING TRANSITIONS

A limiting transition of a given metric structure (g,»)
consists in taking its limit with respect to a contraction pa-
rameter € when the coordinates are subjected to transforma-
tions depending on new coordinates and the parameter ¢,
x* =x"(x'"",€), and simultaneously the constants %
(which characterize the studied structure) are replaced by
functions of new constants and the contraction parameter ¢,
€ = € (€'.€). If there exists a finite limit, lim, _,(g,0)
= (g',®'), this limit represents some solution. Notice that
this process does not require finiteness of all lim__, % (€) or
lim,_qx#(x"€).

1314 J. Math. Phys., Vol. 30, No. 6, June 1989

The purpose of this section is to show that the MC-
B( + ) solutions can be derived from the MC-4 metric via
corresponding limiting transitions. From the MC-B( 1)
metrics, by letting the parameter / tend to zero, one arrives at
the MRN( + ) solutions. Accomplishing limiting transi-
tions in the MRN( + ) metrics one obtains the MBR solu-
tion (without the cosmological constant), which degener-
ates, by equating to zero the “proper” charges, into the MF
metric. In this way, one establishes the limiting transition
scheme given in Sec. L.

It should be noticed that all these solutions [MC-4,
MC-B( + ), MRN( + ), MBR, and MF] to the Einstein—
Maxwell equations arise as particular branches of solutions
from the canonical metric structure

g=[¢1*{(A/P)dp? + (A/Q)dq
+f7PQ( Bdr — ada)?} — |97
—w=dp A y+ * (@A p),
_adr+4Bdo
a®+p?

(6.1

¥ = + W(EB|a,B)(Bdr —ado),

for specific (to each branch) structural functions ¢, ¢, €, f,
P, Q, A and W(E,B|a, f3).

In the general case with @ and 3 different from zero, we
found that it is more easy to accomplish limiting transitions
from an alternative form of the metric structure (5.1) con-
cerned with a new representation of the metric term y. Rep-
resenting the constants W, in W(E,B |a, B) as

1 a 1

Wy Wy + = -2 : 6.2
It P A BL 1B ©2)

the y acquires the form
x= —i’B‘l+ W(EB |a,B)( Bdr —ado),  (63)

with W(E,B |a, B) differing from the previous one in the
W(0,0]|a, B) term; now this term should be replaced by

1

W(0,0|a, B) — W(0,0le, B) — % ———— .
0.0je- 8 o 63 B o’ +p*

For the MC-4 metric, the W(0,0|a, B) function, modi-
fied according to (6.4), is given by
W(0,0la, B) = — (1/BD)[P(a + Bg*) — Qla — Bp*)]

(6.5)

[with Pand Q from (2.3) and D from (2.6) ], while for the
MC-B( + ) metric the modified W(0,0|a, B) is

W(0,0|a, B) = (1/BD)(a — 28Ip)Q

[with Q from (3.3) and D from (3.4)].

Accomplishing the MC-A4 metric in [with y from (6.3),
and W(0,0|e, B) from (6.5)] the coordinate transforma-
tions

(6.4)

(6.6)

p—-l+p, g-gq, T-7+1% ‘o, o—€'o, (6.7)

accompanied by the redefinitions

m-m, nokl+be, K-k, y—v—xl>—2ebl+ aé,
e—e, g—g E-E, B-B, E-E+[1%'B (6.8)

B-Be™,
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and assigning to ¢,, €, and W, the values
o =F+iG—- —iBl(e +ig)e™ ",

e-2mpBl(3a + 281% e ', (6.9)
WO—* Woe_ l,

one observes that

lim {e~2P,Q,A,D, £,¢6,% Wb, 'W(E,B | B) Frc.a

€~0 (6.10)

- {P’Q1A’D9f;¢, g»'p’ W(E’B |a; B)}MC.B( + )

which implies that the MC-A metric in the limit €0 re-
duces just to the MC-B( + ) metric.

In a similar manner one obtains the MC-B( — ) solu-
tion as limiting transition of the MC-A4 metric. The explicit
form of the coordinate transformations and redefinitions of
the constants can be derived by executing the formal com-
plex transformations quoted in Sec. IV.

As it was mentioned in Sec. III by canceling out the
parameter / in the MC-B( + ) solution one arrives at the
MRN( 4 ) metric, which now we shall use in its formula-
tion with y from (6.3), W(0,0|a, B) given by

W(0,0|a, B) = (a/B)(Q /D), (6.11)

and the parameter b equated to zero. Now, let us subject the
coordinate in MRN( + ) to the transformations

p-p, 9—1+eg,
accompanied by

7€ 'r, o=-o0, (6.12)
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m-2v—e(h/2),
E-E, B-B, a—e'a B-pB,

Foeae™?, G-age?

a-a, K-2v, e—e, g-g,

(6.13)
e—0.

In the limit €0 one has

lin(l) {PyQ€_29Aybyj;¢7 g’¢’6— l) W(EyB lay ﬁ)}MRN( + )

= {P9Q9A,D’f;¢ag’¢9 W(E’B |a ;B)}MBIU (614)

and consequently the MRN( + ) metric becomes the MBR
solution.

Starting from the MNR ( — ) metric, by a similar transi-
tion process, one obtains the MBR metric.
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This paper deals with fluid space-times within the framework of general relativity and subject
to a metric symmetry (self-similarity and conformal or conformal collineation). Via the
investigation of the kinematic properties of such fluids, it is shown that the conformal
collineation symmetry plays the important role of smooth transition at the boundary of a
change in the fluid pattern (such as shear-free and isotropic to distorted fluids). As
applications, it is shown that the study is relevant to the radiationlike viscous fluid Friedman—
Robertson-Walker model, with the conformal collineation symmetry vector parallel to its
tilted velocity vector. Also, the results lead to physically significant material curves (a curve
that moves with the fluid as the fluid evolves) in the fluid.

I. INTRODUCTION

According to the theory of general relativity, the Ein-
stein field equations for a space-time manifold are

R,, — iRg,, =87Gc™*T,, (a,b=0,.,3), (1.1)

where R,,, R,and T,, are the Ricci tensor (computed from
the metric tensor g, ), the scalar curvature, and the matter
tensor, respectively; G is the Newtonian constant of gravita-
tion; and ¢ is the velocity of light. Here 7, is subject to the
conservation law

T%b =0, (1.2)

where the semicolon denotes the covariant derivative with
respect t0 g,

The basic problem of relativistic fluids is the study of
fluid space-times subject to certain physically meaningful
prescribed matter tensors. Toillustrate this point, we consid-
er the case of a thermodynamic perfect fluid for which the
matter tensor is prescribed by

Tab = (Fv +pc_2)uaub +Pgab! (13)

where u®(uu, = — ¢*), u, and p are the fluid four-velocity
vector, the density, and the pressure, respectively. The fluid
is specified by a barotropic equation of state p = p(pt), £ > 0,
and p > 0. The continuity equation is

(14)

If the only matter creating the gravitational field is the
fluid whose motion is to be studied, then we call this the
“self-attracting problem,” for which the unknown functions
are ten components of g, , three independent components of
u°, and the two scalars y, p satisfying Egs. (1.1)-(1.4). This
problem has been solved in a variety of ways. For example,
Taub' has shown that for irrotational (vorticity zero) and
isentropic (constant entropy) flows, one can choose a simple
comoving coordinate system in which the matter tensor de-
pends on g,, only. Therefore, the field equations involve a
single set of dependent variables, which simplifies the prob-
lem,; see, also, Refs. 2 and 3.

Since the Einstein field equations are a complicated set
of nonlinear partial differential equations (PDE’s), one of
the most widely used techniques (to simplify the problem) is
to impose some metric symmetry. For example, plane, cylin-

(nu);a =0.
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drical, or spherical symmetries reduce from ten to three non-
zero components of g, . Well-known physical models are the
Schwarzschild and Friedman space-times.*

The objective of this paper is to present a few fresh ideas
on the role of metric symmetries in the study of fluid space-
times. The main emphasis is on the use of a symmetry called
conformal collineation,>® particularly in dealing with a mix-
ture of fluids and/or a sudden change in the fluid pattern
(such as nonviscous to viscous flows ). We also discuss some
applications in relativistic fluids.

The space-time manifold will be denoted by (M,g),
where g is the Lorentz metric of signature ( — + + + ).
All structures on M will be assumed smooth.

In Sec. II we review the relevant aspects of self-similar-
ity and conformal symmetry and state their limited usein the
study of fluids. In Sec. III we discuss the kinematics of con-
formal collineation symmetry,>~® which takes over when the
conformal symmetry breaks and shear appears: This causes
distortion in the fluid. We show that non-null conformal
collineations play the role of smooth transition at the bound-
ary of the shear-free and distorted regions: This is an exten-
sion of an earlier result® for a timelike symmetry vector par-
allel to the four-velocity vector. Section IV is devoted to two
applications. First, we show that our study is relevant to the
radiationlike viscous fluid solution of the Friedman-Robert-
son—-Walker (FRW) models, with the symmetry vector par-
allel to its tilted velocity vector and second, our results lead
to physically significant material curves (a curve that moves
with the fluid as the fluid moves).

. SELF-SIMILARITY AND CONFORMAL SYMMETRY
A. Self-similarity

Consider a space-time (M,g). We denote by £ any phys-
ical field (such as metric, matter field, scalar, etc.) and use
natural units so that G = ¢ = 1. Let / be the unit of length.
Each ) can then be assigned a dimension ¢ (usually an in-
teger) such that under the scale transformation

I'"=¢"l, k= const, 2.1)
) transforms as
Q' = e7Q. 2.2)
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Since any two physical fields are related by the raising or
lowering of the indices with the metric tensor g, it is always
better to let g carry the dimension. Thus if we choose ¢ = 2
for g, then g = 1 and O for the space-time interval ds and the
coordinates x°, respectively.

Definition: If there exists a smooth map M — M such that
the metric g transforms under a constant scale factor, i.e.,

g—g =e’g, (2.3)
then (M,g) is called a self-similar space-time.®

Therefore, it follows that the geometry and physics at
different points of a region (where self-similarity holds) of a
space-time differ only by a change in the overall length scale.

The research on self-similarity in continuum mechanics
has its roots in a classical procedure which reduces the
PDE’s (which characterize a given problem) into ordinary
differential equations. Precisely, one assumes a specific form
for the solution in which the dependent variables are func-
tions of a single independent variable. For example, in a
spherical symmetric problem where the independent vari-
ables are a distance from the center of symmetry » and the
time ¢, the dependent variables are assumed to be essentially
functions of the variable z.

Cahil and Taub'® first formulated the relativistic ver-
sion of self-similar solutions of classical hydrodynamics, fol-
lowed by several others.'!~'® In general, self-similarity has
been extensively studied in several related areas. As exam-
ples, see Eardley® for the geometry and dynamics and
Weinwright'? for the cosmology of self-similarity.

To understand the primary role of this symmetry in the
study of fluids, we consider two regions of the space-time
such that a similarity is described in the first region defined
by a single variable z: z, < z < z,, where z,, z, are constants.
Then the dividing boundary of the two regions is given by the
hypersurface z = z,. The values of the physical fields on the
hypersurface will provide the initial data to be filled in the
field equations: One then finds that the nature of the initial
data generates a unique solution to the field equations.

The basic problem is the fitting of the similarity solution
of the first region with that of a known solution in the second
region with the possibility of retaining self-similarity. For ex-
ample, all static solutions retain self-similarity. !°

However, only the simplest kinds of matter (e.g., perfect
fluid, gas, electromagnetic fields, and dust) are allowed to
retain self-similarity between two regions. Even a mixture of
these are generally disallowed since the boundary of a region
where one component of the mixture dominates another
would define an intrinsic scale, spoiling self-similarity. In
view of this negative phenomenon, one must seek other
methods for maintaining the continuity of the fluid matter
when the self-similarity breaks. For this purpose, we now
discuss another known technique.

B. Conformal symmetry

If there exists a map M — M such that the metric g trans-
forms under the rule

g—g =g d=¢(x7, (24)
then M is said to have conformal symmetry.'® Two subcases
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are self-similarity (¢ = nonzero constant) and isometry
(¢ = 0). Equation (2.4) implies the existence of a one-pa-
rameter group of conformal motions generated by a confor-
mal Killing vector field £ such that

ngab = a;b + gb;a = 2¢gab’
where L is the Lie-derivative operator.
Example: Consider the Einstein static fluid space-time

ds = —dt*+ (1 — )" 'dr? + r*(d0? + sin? 6 d¢?),

with the fluid four-velocity vector ¥° = 8. This space-time
admits a conformal Killing vector’®

E9= (1 —r?)"2cos t82 — r(1 — r2)"?sin 15°.

For details on properties of conformal motions see Yano.!®
Since the celebrated work of Weyl*° conformal symme-
try property has been an essential geometric prescription for
a good part of physics. For example, all equations of massless
particles,”' such as the graviton, are conformally invariant.
Also, conformal invariance is the root of the twistor pro-
gram.”” However, the role of proper conformal symmetry in
general relativity is limited to the following recent results.

(2.5)

1. Garfinkle and Tian?3

Let (M,g) be a solution of the vacuum Einstein equa-
tions with the nonzero cosmological constant A. Let £ be a
proper conformal vector field of M. Then (M.,g) is locally
isometric to de Sitter (anti-de Sitter) space-time if A is
>0(<0).

2. Garfinkle?4

A space-time that is asymptotically Minkowskian,
vacuum, and has positive Bondy energy does not admit any
conformal vector field which is not a Killing vector field.

3. Eardley et al.Z5

Eardley et al.>® examined restrictions on space-times via
the existence of a conformal vector field for various forms of
the stress-energy tensor, with various assumptions about
global structure. The theorems support strong indications
that proper conformal symmetries have little role to play in
general relativity and that homothetic (self-similar) symme-
tries are useful only for model space-times that are neither
spatially compact nor asymptotically flat.

On the other hand, for the study of fluids, conformal
symmetry is useful. To illustrate this point, consider a simple
example of a liquid that changes to gas when heated through
its boiling point. When the pressure is raised, the transition
becomes less and less abrupt until at a critical pressure it is
continuous. However, at this critical point (the self-similar-
ity breaks) the density fluctuations occur at all length scales.
It is a remarkable phenomenon of universality that most
physical systems do respond in a natural way to the local
conformal symmetry at those critical points. Thus confor-
mal symmetry measures the response of the fluid subject to
large density fluctuations and describes the leading finite-
size correction to scaling at critical points. For example, it is
known that conformal symmetry fits static spherical sym-
metric distribution of matter®®?” and in particular, viscous
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fluid,?® to the exterior Schwarzschild metric. We observe
that this fitting is not possible for self-similar symmetry.

However, in general, the conformal symmetry breaks
down as a result of the action of L, on the Christoffel sym-
bols defined by

4 1
<ab> = ?g‘d [8ba.a + 8ads — 8aba ] (2.6)
¢ — L cd
L, <ab> = 2g [(L.8ba);a
+ (Lxgad);b - (Lxga,, );d ] . (27)

Indeed, setting X = £, a conformal vector field, and substi-
tuting (2.5), we conclude that every conformal symmetry
satisfying (2.5) must also satisfy

[
L, <ab> =08,0. +06:b, — gbcgad¢;d!

where & is the Kronecker tensor. This raises the following
question: Does (2.8) pull back conformal symmetry? In
general, the answer is negative. In fact, it can be easily seen
[X=¢ in (2.7) = (Le8w — 248u).c = 0(2.9)] that
(2.8) is equivalent to

ngab = 2¢gﬂb + Kab’ K{ab 1= 0= Kab;c’

(2.8)

(2.9)

where K, is a symmetric, covariant constant (and therefore
a Killing tensor) associated with £. For basic information on
Killing tensors and their use in physics, see the Appendix.

Based on the above, in Sec. IIT we discuss a higher sym-
metry which takes over when the conformal symmetry
breaks.

Ill. CONFORMAL COLLINEATIONS: KINEMATIC
RESULTS

A. Conformal collineations

A space-time (M,g) admits a symmetry called “confor-
mal collineation,”>® generated by an affine conformal vec-
tor (ACV) field £ if (2.8), or equivalently, (2.9) holds. Sub-
cases are conformal symmetry (X,, = Ag,,4 = const) and
affine collineation (¢ = const), which further includes self-
similarity and isometry. In this paper, K, will be called a
conformal Killing tensor (CKT). A special ACYV is charac-
terized by (2.9), together with

b.0p =0. 3.1

A proper ACV (K,, #8.,, ¢ = nonconst) cannot exist
in the general case. For example, it is known®® that nonflat
spaces of constant curvature do not admit a proper ACV
since they admit only one CKT K, = g,,.

On the existence of this symmetry, Katzin et a/.’° have
shown that a nonflat conformally flat space C, (#>3) admits
a proper ACV such that

Kab =BRab: (32)

This means (in view of K,,, = 0) that C,, with a proper
ACYV, is Ricci recurrent.>! Denoting this class of space by
C*, it was further proved*® that C * is reducible (irreduci-
ble) iff it is symmetric (R = 0=K 2=0).

If a reducible M admits a proper ACV &, then it is neces-
sarily a combination of a proper affine collineation vector

l. 30

B = nonzero scalar.
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and a proper conformal vector. Mason and Maartens®” dis-
played the following example for the Einstein static fluid
space-time:

ds’ = —dt> + (1 — )~ 'dr* + A(dB? + sin? 0 dg?),

with the fluid four-velocity vector #° = §§. This space-time
admits a proper conformal vector

E9=(1—=r)"%cos 185 — r(1 — *)"/*sin t6°

and a proper affine collineation vector £5 = ¢53. Thus a
combination £ ¢ = & § + £4 is a proper ACV such that

Ef=[t+ (1 =)' cos 182 — r(1 — )% sin 159,
¢= —(1—r)"%sint, K, = —2t,,. (3.3)
In general, for an ACV ¢, the following identities hold

(the proof is similar to results on conformal symmetry; see
Yano!®):

L§R Zbc = 6:¢c;b + 6Z¢a;c - ;dagbc + ¢?bgac’ (343)
L§Rab = (D¢)gab - 2¢;ab’ (34b)
L.R=60¢—26R — R, (3.4¢)

LiCl =1[8sKnRT —8,.K0RY
— K, RS+ K, R3]+ (R/6)[K,.50
— K, 58] — (R'/6) 8007 — 8..6%],
(3.4d)

where C*¢,

abc
O¢=g"d..,, R'=KiR;. (3.5)

Observe that in general, for an ACV, L, C %, #0. How-
ever, any affine collineation implies L, R 4 = 0. Also, con-
formal symmetry implies L, C,. = 0.

Using the identities (3.4), it is easy to show that a proper
Einstein space [R,, = (R /4)g,,,R #0] admits a proper
ACV, with

is the Weyl curvature tensor of M and

K., =3(k/4) — d)g., — (8/R)¢..,, K=K,. (3.6)

It is notable that an affine collineation (¢ = nonzero
const) in a proper Einstein space reduces to a full isometry
{the proof is easy).

A complete analysis on the existence of ACV’s still re-
mains open for indefinite manifolds (for positive definite
manifolds this problem was solved by Tshairo’).

In view of the above information, we postulate the fol-
lowing prescription for K,

Kab = Agab - BRab + C¢;ab’

(3.7)
where 4, B, and C are suitable scalars such that K, = 0.In
the following we show the motivation for this choice. The
choice holds for a proper Einstein space with
A=3(K/4) —¢), B=0, and C= — 8/R. Also, nonflat
conformally flat spaces [see Eq. (3.2)] can admit this pre-
scription for 4 =0 and [C =0 or ¢, = 0]. Finally, this
choice is applicable to a variety of physical problems in rela-
tivistic fluids (we discuss this in Sec. IV.)
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B. Kinematic results
Equation (2.9) may be rewritten as
g(b;a) =2¢gab +Kab’ K[ab]=0=Kab;c' (38)

A decomposition of £, into its symmetric and skew-sym-
metric parts and the use of (3.8) provides

§a;b = ¢gab + Fab + iKab’ (3-9)
where Fis such that
Fab =§[a;b]' (3.10)

A bivector satisfying (3.10) will be called a conformal
collineation bivector. This terminology follows that of the
homothetic bivector of McIntosh.*?

Suppose £ is a non-null ACV. Then, it is useful to discuss
the kinematic quantities (shear, expansion, and vorticity) of
£. A thorough discussion on kinematics may be found in any
standard text on cosmology, e.g., Ellis,>* whose notations
will be followed (both for timelike and spacelike £). We
form the projection tensor A, with the components

hab =& — eazgagb (3'11)

such that A,£°=0 and &£ =€ea’(e= +1 or —1 for
spacelike or timelike £ and @ > 0 is a real scalar).

The following results on conformal symmetry are
known.>>3¢

Theorem 1: A space-time admits a timelike (spacelike)
conformal motion with the symmetry vector £ ||u (£ ||n) iff it
is shear-free, where u-n =0and n-n = 1.

For an ACV, we have the following corresponding re-
sult.

Theorem 2; A space-time admits a non-null ACV field
E(&E=€ed’,e= + 1,and a>0) iff

O = Qa) '[Alhg — k] Ko, (3.12a)
0=a""'[3¢+1h K, ], (3.12b)

where g, and @ are the shear tensor and the expansion of &.
Proof: Consider the tensor V,, (which represents the
relative velocities of neighboring particles) expressed by

Vab = hachwgc;d =Uap + Wap s

where 6, and w,, are the expansion and vorticity tensors.
Using £ °? = ¢g* + F*? + 1K “, we obtain

O = g(ab) =04 + jlehab

=%hachbchd+¢hab‘ (313)

Contracting (3.13) with g“® and using g*°0,, = 0, we obtain
(3.12b). Substituting (3.12b) in (3.13) and lowering/rais-
ing some indices we obtain (3.12a). Conversely, assuming
Egs. (3.12) hold for some CKT K, one can show that there
exists a non-null ACV £°. [

Remark 1: It is evident from Theorems 1 and 2 that at
the breaking point of the conformal symmetry (K,, #8.,),
shear that causes distortion in the fluid appears. This change
in the fluid pattern is governed by the deviation of the CKT
K,, from the metric tensor g, . For example, the fluid will be
shear-free (Theorem 1) when K, = Ag,, (no deviation).
Our result (Theorem 2) is consistent with a remark of Col-
lins*’: “Shear-free perfect-fluid solutions might also be of
interest as asymptotic states of space-times in which the flow
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is not shear-free.” Indeed, o, -0 iff K, » 4g,, .

Conclusion 1: The conformal collineation symmetry
therefore plays the role of smooth transition between the
shear-free and distorted regions.

For a physical feeling of this natural phenomenon, con-
sider a simple case of distortion (o, #0) with no change in
volume. Then, if the fluid is at one instant (with conformal
symmetry) a spherical ball, a short while later (when the
conformal collineation symmetry takes over) it will change
to an ellipsoid of the same volume.

Now we are ready to discuss some applications of
Theorem 2 based on a suitable prescription for K, .

IV. APPLICATIONS

We consider the following general form of the energy
momentum tensor of a fluid**:

Tab - (:u +Pc_2)uaub +pgab

+7Tal7 +qaub +qbua! (41)
where i1, p, ¢°, and 7”° are the density, thermodynamic pres-
sure, energy flux vector, and anisotropic pressure tensor, re-
spectively (q,u°=0, m,u’=0, 7° =0). Let the field
equations be (here we set 87G = 1)

R, —JRg, = *T,,. (4.2)
Suppose there exists a conformal collineation symmetry
defined by Eq. (2.9): This symmetry will in general have
unreasonable physical properties unless the CKT K, has
some physically meaningful prescription. Based on postu-
late (3.11), we set
Kab =Agab - BRab’

C=0, B=#0. 4.3)

The general case (when C #0) will be discussed in another
paper. Since we are investigating fluid-filled spaces for which
R, #g.,, the choice of (4.3) (which is not unique) is suit-
able for a proper (K,, #8.,) ACV. Moreover, C = 0 will
not restrict our discussion to a special ACV for which

¢;ab = 0‘

A. Viscous fluids
The following relations will hold:
Ruu®=3(pu+3pc™?), R,uh= —q,
Rabh :h Z = (/1‘ _pc—z)hcd + 7Tcd’

449

where h,, = g,, + ¢~ *u,u, is the projection tensor. There-
fore, it follows from (3.11) that £ is timelike such that

E°=ac'ul. (4.5)
Using (4.3) and (4.4) in (3.12a), we obtain
Ty = — (2a/B)o,,. (4.6)

It is known that a particular case of anisotropic fluid is
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viscous fluids,>****? characterized by (4.1) and (4.6),
where the kinematical viscosity coefficient 7 is

7=2a/B>0, a= (e &)"*>0.

Thus we have established the relativistic equivalence to
the Navier—Stokes theory of Newtonian fluid mechanics.>®
Example: Consider FRW models

ds= —2dt> + SHDO[(1 — k)~ dP
+ A (d8? +sin’ 0 dg?) ],

where t, S(¢), and k(0 or + 1) are the cosmic time, scalar
function, and curvature constant, respectively. Introducing
the dimensionless function €(¢) = p/,ucz, one can find var-
ious FRW models by prescribing €(f). For example,
€ = const recovers the standard FRW models and €—1 as
t—0and €0 as - o are the radiationlike models (repre-
senting the epoch near the initial singularity for small ¢) and
dustlike models [the ultimate (including present) stage of
the universe for large ¢]. The interest in such models has its
roots in the discovery of the cosmic microwave back-
ground.*>4*

Related to the present paper, Coley and Tupper*” have
recently proved that FRW models with £ = 0 (flat geome-
try) can be exact solutions for a viscous fluid (with or with-
out an electromagnetic field ). Consider Coley and Tupper’s
radiationlike viscous fluid solution with S(#) = ¢ /2 and the
tilting velocity vector

= (2c/t)[cosh® 3, +sinh @I, ], (4.7)

where ®(z,r) is the hyperbolic tilt angle. The shear tensor is
Ogp = ﬁa[%hab - nanb ] y

where o = o(¢,r) is the magnitude of o, #n = (2/¢), is the
unit radial vector, and

q°#0.

Relating the above example with the ACYV data of this paper,
we observe that since FRW models are conformally flat, it
follows from Eq. (3.2) and the constant scalar curvature R
that B is constant. Therefore, using (4.5) and (4.7), we ob-
tain

Tap = ~— N04ps

&%= (at/2c)u’, B = nonzero const.

(4.8)

Discussion: The tilt of the matter velocity field relative to
the radiation field causes turbulence which drives the viscos-
ity to high magnitude. Attempts have been made to obtain
the upper limit on the viscosity {for example, see Goicoe-
chea and Sauz*® for FRW models with £ = 0 and a homoge-
neous velocity field). By (4.8), it follows that the viscosity
coefficient 7 is constantly related to the magnitude @ of the
ACV &

Conclusion 2: By adjusting the magnitude of its ACV &,
conformal collineation symmetry may be used to measure
the response of viscous fluid subject to large viscosity fluctu-
ations in order to describe the leading finite-size correction
to scaling.
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In general, viscous fluids are of great interest in explain-
ing the relativistic dissipative processes in situations near the
thermodynamic equilibrium®® and have been used to de-
scribe neutron stars in certain density ranges.*®

B. Material curves

A material curve in a fluid is a curve that moves with the
fluid as the fluid evolves (this is also known as the “frozen
in” curve to the fluid). For instance, if an observer comoving
with the fluid can be chosen at any one point, then a comov-
ing observer can be employed at any other point along a
spacelike congruence in the fluid iff the curves of the con-
gruence are material curves in the fluid.

The interest in material curves has its roots in the theory
of spacelike congruences first formulated by Greenberg*’:
This theory plays an important role in relativistic fluid dy-
namics and relativistic electrodynamics of continuous me-
dia.

We show that non-null ACV’s lead to physically signifi-
cant material curves in fluid space-times. Our results agree
with known results on conformal motions. For this, we need
the following. The effect of an ACV on any non-null unit
vector X *is®

LX= —[¢+(e/2)K, X°X)X"+Y°,
LX,=[¢—(e/2)K, . X°X°|X, + K, X"+ 7,
(4.9)
where Y“ is some vector orthogonal to X“ In general,
Y ?3£0: See Ref. 6 for an explicit example of an ACV with

Y ?#£0. In particular, for a fluid four-velocity vector u?, we
obtain

Lou'= — (¢ — 3K, u"u)u’ + 17,
Leu, = (¢ + K, uuu, + K,,u® +v,,

where v-u = 0. By (4.10), it follows that the integral curves
of an ACV £ “ are material curves iff v* = 0. This means that

Leu= — (¢ — 1K, uu)u". (4.10b)
For further analysis, we decompose £ “ = Su® + Y °, where

B= —u,f%nd Y, = 0. The following kinematic result
is known>*:

(4.10a)

ua;b =0Og + %ehab + Wgp — U Uy,

where we set the velocity of light ¢ = 1. Using this result, we
obtain

Leu,=Pu, +B i, + (logB~") ]
+ Y (a,u, + 20,,).

Equating the above result with (4.10a) and then contracting
with 4“ provides ¢ = 8 + ,&* + 4K, u’u® Finally, elimi-
nating ¢, we obtain

Vo =20, 4+ B [, + (log B71) ,h°, ]
— (K ttpu)u, — K, u° (4.11)

For an ACV £ with K, satisfying (4.3), the following
holds [here we use Eq. (4.4) forc = 1]:

(Kpetuu, + K u®=0.
Therefore, Eq. (4.11) reduces to

(4.12)
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v, = 20,E° + B [, + (log B™") k%] (4.13)

Remark 2: 1t is evident from (4.13) that the relation
between v° and the kinematic quantities is independent of
K,,. This means that the properties of material curves
(when v° =0) forbid the influence of K,, if K, satisfies
(4.3). Based on this, in particular, the following relevant
results on spacelike congruences and non-null conformal
symmetry will also hold for conformal collineation symme-
try.

Theorem 3: If a unit tangent vector n° to any spacelike
congruence is everywhere orthogonal to the four-velocity
vector field u° of a self-gravitating fluid, then comoving ob-
servers can be employed all along a curve of the congruence
iff the curves are material curves in the fluid (Tsamparlis
and Mason*®).

Theorem 4: If a rotational fluid (w5£0) space-time ad-
mits a timelike conformal vector & ||u, then the vortex lines
are material curves in the fluid (Ehlers et al.*®).

Theorem 5: Suppose a fluid space-time admits a space-
like conformal vector & |jn, where n*n=1and u-n =0.

(i) If the fluid is irrotational (@ = 0), then the integral
curves of n must be the material curves in the fluid.

(ii) If the vorticity of the fluid is nonzero (w#0), then
the integral curves of r are material curves in the fluid iff
they are vortex lines (Mason and Tsamparlis*®).

Conclusion 3: If its CKT K, is prescribed by Eq. (4.3),
conformal collineation symmetry may be useful to retain the
properties of material curves under a change in fluid pattern
when the conformal symmetry breaks.

V. CONCLUDING REMARKS

We have seen that metric symmetries (discussed within
the scope of the present paper) are useful in the study of fluid
space-times. This discussion indicates several topics for
further investigation. The results may be used to derive gen-
eral properties of non-null conformal collineations. This
may be extended to null conformal collineations, for which
the relevant kinematic quantities can be defined in a manner
similar to that outlined in the present work. Finally, it is
hoped that the present investigation, together with earlier
works,®® will help stimulate further research on this topic.
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APPENDIX: KILLING TENSORS
A vector K is called a Killing vector if
K(G;C) =%(Ka;c ~+‘I<c;a) =0 (Al)

As a generalization of Killing vectors, a Killing tensor of
order m is a symmetric tensor K, ,...,a,, which satisfies

K(a,,....,a,;c) =0. (A2)
Within the scope of this paper, we are interested in Killing
tensors of order 2, which in accordance with (6.2) obey
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K[ab] :0=K(ab;6)' (A3)

Trivial examples of a Killing tensor are the metric ten-
sor g,,; all products K,, = U ;,, of the Killing vectors
U,, V, (not necessarily different); and linear combinations
of these with constant coefficients. Killing tensors that do
not admit this type of representation are referred to as non-
trivial.

From the point of view of physics, interest in the Killing
tensors originated in their connection with the separability
of various PDE’s e.g., the Hamilton-Jacobi equation. For
further details regarding this connection, we refer the reader
to Refs. 50-55.

In reference to the existence of Killing tensors, we state
the following open problems: (i) find all Killing tensors of a
given space-time and/or (ii) classify space-times with re-
spect to the nontrivial Killing tensors they admit. Neither
problem has yet been solved, although some specific results
are known. Here we only state one fundamental result
(Hauser and Malhiot®®). A four-dimensional space-time ad-
mits at most 50 linearly independent Killing tensors of order
2. The maximum number 50 is attained iff the space-time is
of constant curvature, for which all 50 Killing tensors are
trivial. For the general study of Killing tensors we refer the
reader to Refs. 57-60.
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Expressions for the complete solution of the Rarita-Schwinger equation in terms of complex
scalar potentials are obtained by means of Wald’s method of adjoint operators. The
background space-time is required to be an algebraically special solution of the Einstein
vacuum field equations with cosmological constant or a solution of the Einstein-Maxwell
equations such that one principal null direction of the electromagnetic field is geodetic and

shear-free.

I. INTRODUCTION

The zero-rest-mass field equations on a curved space-
time constitute a highly involved system of differential equa-
tions because of the coupling between the various compo-
nents of the field and the background geometry. When the
space-time is not (conformally) flat, the usual zero-rest-
mass field equations for spins greater than 1 have nontrivial
integrability conditions that restrict their solutions. In the
case of a spin-2 field, these integrability conditions are iden-
tically satisfied if the field is identified with a gravitational
perturbation. For spin-} fields, consistent equations are ob-
tained by linearizing the supergravity field equations; how-
ever, the equations obtained in this way do vary depending
on the presence of a cosmological constant or another field.

In the case of the algebraically special vacuum space-
times, for the zero-rest-mass fields of spin i, 1, and 2, there
exists a decoupled equation for a certain component of the
field,' and the complete solution is expressible in terms of a
single scalar potential that has to satisfy a wavelike equa-
tion.>* Decoupled equations have also been derived in the
case of spin 3 when the background space-time satisfies the
Einstein vacuum field equations without cosmological con-
stant*® and when it satisfies the Einstein-Maxwell equations
with one of the principal null directions of the electromag-
netic field being geodetic and shear-free.*’ Expressions for
all the components of the field in terms of a complex poten-
tial have been obtained only for the case of vacuum without
cosmological constant.’

The solution of the decoupled equations derived from
the zero-rest-mass field equations gives a component of the
field only, which constitutes limited but useful information.’
Nevertheless it turns out that in these cases, whenever there
exists an appropriate decoupled equation, it is possible to
express the complete solution in terms of scalar poten-
tials.>®*'% The procedure to obtain these expressions and the
equations for the potentials starting from the decoupled
equations is essentially simple and is based on the concept of
the adjoint of a linear differential operator.

In the present paper, the equations for zero-rest-mass
fields of spin 3 given by the linearized supergravity theory are
reduced to a single wavelike equation by means of the meth-
od of adjoint operators, assuming that the background
space-time is a solution of the Einstein vacuum field equa-
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tions with cosmological constant, or a solution of the Ein-
stein-Maxwell equations such that one principal null direc-
tion of the electromagnetic field is geodetic and shear-free.
In both cases we recover the expressions found by direct
integration in Ref. 5, applicable to the case of a vacuum with-
out cosmological constant. v

In Sec. I, the method of adjoint operators, which allows
the reduction of systems of homogeneous linear partial dif-
ferential equations to equations for potentials that determine
the complete solution of the original system, is presented
following Ref. 3. In Sec. III, from the linearized field equa-
tions of simple supergravity with cosmological constant'' we
obtain a decoupled equation for the spin-} field, assuming
that the background space-time is algebraically special, and
then the expressions for all the components of the field in
terms of a scalar (Debye) potential are obtained. In Sec. IV
an analogous derivation is given, starting from the linearized
field equations of the N = 2 extended supergravity'? in the
case of a background space-time that satisfies the Einstein—
Maxwell equations with one principal null direction of the
electromagnetic field being geodetic and shear-free. The
spinor formalism and the Newman—Penrose notation are
used throughout, following Ref. 13.

Il. DECOUPLED EQUATIONS AND POTENTIALS

Let f be a tensor or spinor field governed by a system of
homogeneous linear partial differential equations that can be
written in the form

F(f)=0, (1)

where & is a linear differential operator that maps tensor or
spinor fields like finto tensor or spinor fields, possibly of a
type different from that of £, Examples of (1) are the Dirac
equation, the source-free Maxwell equations, the Rarita-
Schwinger equation, and the linearized Einstein equations.
By combining appropriately the equations in (1) and their
derivatives, one may be able to obtain a decoupled equation
of the form

f(x) =0, (2)
where & is a linear differential operator that maps scalar
fields into scalar fields, and y is a function made out (linear-
ly) of the components of for their derivatives; the scalar field
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y can then be expressed as y = .7 ( f), where .7 is another
linear operator. The fact that Eq. (2) follows from Eq. (1) is
equivalent to the existence of a linear operator .# such that

SE=0T 3)

identically, so that when both sides of (3) are applied to a
solution fof Eq. (1), one gets the decoupled equation (2).

If g is a field of the same type of & (f), in such a way
that the full contraction of g and € (f), denoted by
g% (f), yields a scalar field, then the adjoint of &, &7 is
defined as that linear operator such that?

gE(f) —fEN (G =V, ¢ (4)

for every pair of fields fand g of the required types, where s*
is some vector field. It can be readily verified that (2 7)?
=A (AL +B) =+ B, (A B) =BT, and if
his a function, # T = A. Thus from Eq. (3) one gets the iden-
tity

g’ =907, (5
and therefore if ¢ is a function that satisfies the equation
oY) =0, (6)

then the field .#T(¢) satisfies the equation
ENS () =0. (M

In particular, if & is self-adjoint or antiself-adjoint (i.e.,
&Y= + &), thenby virtueof (7), f= 1 (¢) isasolution
of Eq. (1), provided that the potential function 3 obeys Eq.
(6).

If, instead of being a single field, fis an array of fields
and, similarly, y has several components, then all the pre-
vious conclusions remain valid, with ¥ being now an array of
scalar potentials, provided that the contractions appearing
in the definition (4) include sums over the components of
the array in order for the left-hand side of Eq. (4) tobe a
scalar.®-10

ll. SPIN-3 PERTURBATIONS OF VACUUM
BACKGROUNDS WITH COSMOLOGICAL CONSTANT

The supergravity field equations reduce to the equations
of general relativity when the spin-] fields vanish (see, e.g.,
Ref. 14). If the supergravity field equations are linearized
with respect to the spin-3 ficlds about a solution with vanish-
ing spin-} fields, apart from the equations of general relativi-
ty with a torsion-free connection, a consistent set of equa-
tions for the spin-} fields is obtained. In this way one finds the
following equations for a spin-} massless field in a back-
ground space-time that satisfies the Einstein vacuum field
equations with cosmological constant’"'*:

Vo e =VCD'WAB' +ig(21_p3'1)'c — J’D'B'c), (8)

where the real constant g must be related to the scalar curva-
ture through

and ¥p.p.c= ¥apc- , which can be written in the equivalent

form
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HABC = H(ABC) s HAB’C’ =0, (10)
where
HABCEV(B\R‘{WC)R‘+igeA(Bii)‘R»‘R’c)y an

H% o =Vgp¥*fe, — ig¢(B'C’)A
(the round brackets denote symmetrization on the indices
enclosed; the indices between bars are excluded from the
symmetrization). These equations are invariant under the
supersymmetry transformations

Yacp = Yacp + Vep @y +i8€4clp (12)
where @, is an arbitrary spinor field and @,. = a, , pro-
vided that the traceless part of the Ricci tensor vanishes,

@ pcp- =0, (13)

and condition (9) is fulfilled.
In order to obtain identities of the form (3) it is conven-
ient to introduce the spinor field

JD'B'C EVAB‘tﬁ“CD' - vCD'!bAAB” - ig(zl—pB'D’C - 'ZD’B’C)’
(14)
where ¥ 5. is not restricted by any condition; then ¢, 5.

satisfies Eq. (8) if and only if J,,.5. = 0. From the defini-
tions (11) and (14) one finds that

(15)

4 _ R —
H? (o =0"r¢c, Higc = nchas

and using the Ricci identities together with Egs. (9) and
(13),

L4 ‘HABC = WABCDWDR, + V(BS'J|S'| RIC) - igj(BC) R,
(16)

where Jgeg- = Jpcir -

In order to express Eq. (8) as a system of linear differen-
tial equations, we need to consider 1 5c- and 9, 5. as the
unknowns; then Eq. (8) together with its complex conjugate
can be written as

z>[}ABC' ]
g\ - =0, 17
'/’A '‘B'C ( )
where
¢ABC' ] [7ABC' ]
g [ - = s 18
¢A ‘B'C JA ‘B'C ( )

with J, 5. defined by (14). This means that & is a 2X2
matrix of linear operators, which turns out to be antiself-
adjoint. In fact, using the definition (14) one can easily see
that for an arbitrary spinor field ¢ 5 ,

[¢ABC' 54 ’B‘C] % [_ABC' ]

¢A ‘B'C

e greergdee ]

A'B'C
= VAB' (ab'BICWCD’ - aB’D.A‘pCCD’
+ ¢CAD'2}B’D‘C - ¢ACB"ZD’D’C)‘

Taking ¢ pc- = ¥ 4pc, this last identity shows that if 1,5
satisfies Eq. (8), then there exists a divergenceless real vec-

(19)
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tor field made out of the spin-] field [which is equal to
2(¢D‘B’C¢ACD' - W'D’A¢CCD' ) ] .

If J ;.. is equal to zero [i.e., if ¥, ¢ satisfies Eq. (8) ],
then the spinor field H , 5 obeys an equation identical to that
found in Ref. 5 in the case of a Ricci-flat space-time [see Eq.
(16) ] which leads to a decoupled equation for each multiple
principal spinor of the conformal curvature. Indeed if the
conformal curvature has a multiple principal spinor, then by
aligning appropriately the spin frame, we have ¥, =0 =¥,
and, as a consequence of (13), x = 0 = 0. Hence from Eq.
(16) making use of the first equation in (15), it follows that

(6 —3a+ m Hyp— (D~ €~ 3p)H o
— P00 —Jo10)
=Yoo + (6 — B —2a + T)Jpoo
— (D — € —pWyo0 + Ploro — 800>
(A—=3y+u)Hy— (6 ~B—37)H o
— 7(Jr00 — Joro)
=Wy ¥oorr + (6 — B+ T oo
— (D — €+ 2 —p) 10 ~ Ao

+ 7100 — igjom“ (20)

Then by applying (6 — 28 — @ — 37 + 7) to the first equa-
tion and (D — 2¢€ + € — 3p — p) to the second one and sub-
tracting, the terms with H 4, cancel by virtue of the identity'

[D+(p—1)e+E+qgp—pl(6+pB+q7)

=[6+(p—1DB—a+gqgr+ 7](D+pe+gp),
2n

where p and ¢ are two arbitrary constants, which follows
from x = o = ¥, = 0. Making use of the Bianchi identities
(D—-3p)¥,=0and (§ — 37)¥, =0, and of the equality
Hyp=(D—26+€—p)oor — (6 —28—C+ ¥
which follows from Eq. (11), one finds that

[(D—2e+E-3p—p)(A—3y+u)
—(6=2—a—31+7)(6—3a+m) ~ ¥V, Hyp,
=K, (22)

where we have introduced

KE (D - 26 + -é - 3p —'ﬁ)[(6 —B— T“I’ 7_7-)J0'1'0 + (T+ 1_7.)']1'0'0 - (D - €+ 2?'—5)"1'1'0 _Z'JO'O'O - ig7001']
—(6—2—a—3r+ ) [(5—B—2a+ FWyoo + (B —pWoro — (D — € —p — )W 1o0 — i8on0s |- (23)

Thus by defining the linear operators ¥ and .7~ by

y[hm ]E[I_K']’ y_[zf,,gc. ]E[}fﬂ ]
JA 'B'C K 'ﬁA ‘B'C Hooo
from Eqgs. (18) and (22) we see that

o[ e ] ~ozlte],

¢A ‘B'C ¢A ‘B'C

where &

is a diagonal matrix formed by (D —2e+€—3p—p)

(24)

(25)

(A-3y+u) —(06—-2—a—-37+7

X (8 — 3a + 7) — ¥, and its complex conjugate. Therefore using the fact that

D= —-D—ec—e+p+p,
A= —A+y+¥—p—p,
§'= —6—-B+a+r—7,
8'=—-b6+a—B-7+7,

(26)

we find that &' is also a diagonal matrix with (A +2y — 7+ ) (D+3€+2p) — (6 +2¢+B—7) (6 +3B+27) -V,
and its complex conjugate along the diagonal, and from Egs. (23), (24), and (26) one can readily obtain

TascTawc1S 3]

=I5+ 28+ & — )8 + 3B+ 209 — A(D + 3¢ + 2009 — ig(B + 3B + 297}
+JHE+28 —a) (D +3e+20)Y+ (5 —p) (5 + 3B+ 21)¢}
+J"{(D+26+ &S+ 38 + 21— (r+ T)(D + 3e + 2p)¢}
+ I (D + 26 — & —p) (D + 3¢ + 2p)¢} + J "{ — ig(D + 32 + 25) ¥} + complex conjugate, S
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from which one can identify the components of [ ¢#] as
the coefficients of J .. and J,, 5.

Hence from the general discussion presented in Sec. 11,
we conclude that if ¢ is a solution of

[(A+2y—7+a)(D+ 3e+ 2p)

—(6+22+B-T(6+38+27) —¥,]¢=0,(28)
then . acting on the transpose of [¢ #] yields a solution of
Eq. (17). The components of this solution, given in (27),
can also be written in the form
b =(8+28 +a+ )8 +3p)¢

—A(D+3e)¢ — ig(d + 3B + 214,

Yro1 = (D + 26 +E+p) (8 + 3P)Y — 7(D + 36X,
Yo = (8+2B —a+1)(D + 3¢ +p(5 + 3B,
Yoor = (D + 26 —E+p)(D + 3e),
Yo = —ig(D + 3E+ 2p)4,

@1'0'0 = '2’0'1'0 = 120'0'0 =0, (29)

where we have made use of the Ricci identities

(—B+a—nr=Ap, (6—B—a—rp= —pr,
(30)

(D—et+e—p)yr=7p, (D—e—€—plp=0,

and of the relation (21).

The field given by Eqs. (27) and (29) is, locally, the
most general solution of Eq. (8), modulo the supersym-
metry transformations (12). The remaining gauge freedom
corresponds to a certain arbitrariness involved in the defini-
tion of .’ we can add to . any operator that composed
with & gives zero identically, without altering Eq. (25).% By
using the Ricci identities with Egs. (9), (13), and (14) one
can verify that

VT pc =181, (31)
Hence the operator % defined by
g[jABC' ]=[BAIVCB’JA'B’C - igeAB_BC’_fABC'] (32)
Joncl ﬂAVBC’jABC’ +ige" P BV 5 ,

with S, arbitrary, is such that ¥ & = 0, identically. There-
fore #1 4+ %7 also yields a solution of Eq. (17); the contri-
bution from & corresponds precisely to the transformation
(12) witha, = 93 ,. Thus as in the case of the electromag-
netic field, where the gauge invariance is related to the
charge conservation, the invariance of Eq. (8) under the
supersymmetry transformations (12) follows from the
“continuity equation” (31).

In the case of a type-D or conformally flat solution of the
Einstein vacuum field equations with cosmological con-
stant, Eq. (28) is solvable by separation of variables*!>5;
furthermoreif« = o = v =41 =0, from Egs. (8), (16), and
(30) we find that

(D+€—2€—5p)(D+2—€—3p)(D+3e—p)H,y,
=B —a—28+5m)(6—2a—B+3m
X8 — 3a + m)Hypo — 18Y, Hooos
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(A—7+27+5u) (A =2y + 7+ 3u)(A — 3y + u)YHy,
=(6+B+2a—-57)(6+2B+a—37)
X{6+3F—1)H,,, +ig¥V, H,,

(cf. Refs. 5 and 16).

By simply taking g, or A, equal to zero in the foregoing
results, they coincide with those found in Ref. 5 by a differ-
ent procedure. In fact, the decoupled equation satisfied by
Hy [Eq. (22)] and the equation for the potential ¢ [Eq.
(28)] do not contain the cosmological constant explicitly
[cf. also Eq. (46) below].

V. SPIN-2 PERTURBATIONS OF SOLUTIONS OF THE
EINSTEIN-MAXWELL EQUATIONS

In the case of a solution of the Einstein-Maxwell equa-
tions, without cosmological constant, a consistent set of
equations for spin-j fields is obtained from the N =2 ex-
tended supergravity.'>'* These equations involve a doublet
of spin-} fields and are given by ¢’

Vg ¥ e =Vep ™5 — i\/ifjk‘PAc‘?’kD'B'm (33)
where j,k = 1,2, €* is the usual Levi-Civita symbol, and @ .
is the electromagnetic spinor, or equivalently in the form

HjABC =Hj(ABC)’ HjAB'C’ =0, (34)
where
HjABCEv(BlR‘I PR — i\/ifjk¢A(B'zklR’l o 15
) . = - (35)
HAp oo =Vgp ¥R, — 26”0 gt 5,k

These equations are consistent if the background gravi-
tational and electromagnetic fields satisfy the coupled Ein-
stein-Maxwell equations,

Dipcp =2048Pcps

A=0,
VAC'¢AB =0,

(36)

and then they are invariant under the supersymmetry trans-
formations

V' aco =¥ aco +Vepraly — iﬁejk¢Ac&kD'- (37)
By defining the fields
Jppc=Vag ¥ cp. — Vep ¥ 15 + 26%9 W p gy
(38)
one finds that
HjAAc =4/ " ’R'C’H jAB’C' = Jj(B'C")A’ (39)

and, using the Ricci identities and Egs. (36) and (38),
V**H jABC =Y pcp ¢jADR’ + i\/i‘-‘ jk{r/}kS' R,AVBS#’AC
+V55T Y5 Re + i2e’g A(B‘_ko o) K.

(40)
Equations (33) can be written in the form
j 0
| L e ]=0, (41)
jA 'B'C
where
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J’
[ ABC’ ] [ ABC’ ] ( 42)
¢ A’'B'C A 'B’'C
This operator is also antiself-adjoint, since

¢ABC ]

JABC' jABCg
[ 9 ]Lﬁ”c

J
A'B°'C

+[¢’jABC' ¢1A3c]g[¢430 ]

= VAB’ (3jD'B'C¢j‘cp
+ ¢jCAD'§ZjB ’D c

- ajB,D,A'ijCD
— $HPYP ). (43)

(6—=3a+mH/yp,—

(D—e€— 3P)Hj|oo —pJ oo = o) =W

Therefore there exists a divergenceless real vector field, asso-
ciated with each solution of Eq. (33), which is the sum of
two similar terms whose divergence vanish separately when
the electromagnetic field vanishes [cf. Eq. (19)].

As shown in Ref. 7, if one of the principal null directions
of the background electromagnetic field is geodetic and
shear-free, then one can derive a decoupled equation from
Eq. (33). By choosing the spin frame in such a way that
@, =0 and k = g = 0, then from Egs. (36) it follows that
¥, =WV, = 0, and from Egs. (39) and (40) and the Maxwell
equations

(D —2p)p, =0,
one finds

(6—271)¢, =0, (44)

2¢j000’ 4

+ lzﬁfjk‘l’l( P'7’k1'0'o - ”'K_ka'O'o) + (8 — B —2a + T gq0

— (D — €~ p) 10 + P v + W26 oy,
(A =3y +p)H 490 —
= Watloor + 232650, (p¥ 110 — T010)
+ (6 =B+ ™ 1o
Then, using Eq. (21), the complex conjugates of
(8 —2a—B + Mooy — (D—E—p)¥ oo +p¥ 0
(D+2—E—p)pyo —
= i2e(@1 ¥ 001 = P¥ow0) +J oo
which follow from Eq. (38), and the Bianchi identities

(D—3p)¥,=20®,,, (6—30)V,= —2r®,, + 20Dy,

we get the decoupled equations
[(D—2e+€—-3p—p)(A—-3y+pu)
—(6=2—a-3r+m(6—3a+m) —V,]H

with

(6—B-— 3T)Hj100 -7(J jm'o - JjO'l’O)

~(D—€e+26—p) 711 — A Yoo + T g0 + i\/iejkq’ljkool"

= i\/if jk‘P 1'7’k0'0'o —J o005
(6-B+ T 100 — To10 + At o0

=K/,

K'=(D—2+e-3p—p)[(6—B—7+T)]% o + (1 + W oo
— (D= €+ 28— )W o — A lggo] — (6 —28—8 — 31+ 7 [(6 = B— 28 + T Y00 + (B — p) Y1

—(D—€—p—p) 10| + 265, [ (D — 26+ E+p — )Xo —

(6—28—a+7+ )T 0 |-

Therefore by defining operators ¥, .7, and ¢ in an analogous manner to that followed in the preceding section and making

use of (26), we get

(Viscd ‘anc]5t v
ABC A’B'C ¢j
=TS +28+8—1)(6+ 3B+ 29 —

A(D + 3e + 2p)9p' —

i2e*(8 + 3B — 27) ¢, '}

+I(E+ 28— 3D+ 3e+ 2009 + (p—p) (5 + 38+ 2797}
+O(D + 26 + E) (S + 3B+ 20Y — (7 + ) (D + 3¢ + 2p)07}

4+ JIY (D 42— —p)(D+3e+ 2p)¢1}
+ Jivrof
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— iy2e’*(D + 3€ — 2p) @,¥*} + complex conjugate. (45)
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The operator . acting on the transpose of [¢/ /]
yields a solution of (41), provided that the complex poten-
tials ¢/ satisfy
[(A+2y—7+E)(D+3e+20)— (3+2a+B—7)

X(8+38+2r) —W,]1¢/=0. (46)

By using Eqs. (30) and (44), the solution given implicitly in
(45) can also be written in the form

Py =(8+2B+a+7)(8+ 380’

— (D + 3¢ — 2 ¢,(8 + 3B) P,
Vo = (D+26+E+p)(8+ 3By — 7(D + 3e),
o = (6+28—a+1)(D+ 3¢ +p(6 + 3B)Y,
oo = (D +26—E+p)(D+ 3e)¢,
Vo = — V26 @,(D + 36) P,

'_pjm'o = 17/j0'1'o = zr—/’j0'0'o =0. (47)
In the present case, the invariance of Eq. (33) under the
transformations (37) can be derived from the identity

CB'yj /3 pik DCFk
v Type =W26"QP T by,

which follows from Egs. (36) and (38) and the Ricci identi-
ties [cf. Eq. (31)].

When the conformal curvature is of type D and the prin-
cipal null directions of the electromagnetic field coincide
with those of the conformal curvature (as in the case of the
Kerr—Newman solution), Eq. (46) can be solved by separa-
tion of variables.®”!>

Again, one recovers the results for a vacnum without
cosmological constant by simply setting the electromagnetic
spinor equal to zero in the results of this section.

V. CONCLUDING REMARKS

The foregoing results show that, in spite of the various
versions of the spin-} massless field equations given by the
linearized supergravity theory, in the cases treated here the
complete solution is determined by the solutions of the sec-
ond-order linear partial differential equation

1328 J. Math. Phys., Vol. 30, No. 6, June 1989

(A + (2s+ D)y — 7+ E@)D + 2s€ + (25 — 1)p)
B+ 2s—a+B-Fb6+258+ (25— 1)7)
—(s—-1D2s—1)Y,]y=0, (48)

with s = 3 [see Eqgs. (28) and (46)]. On the other hand, the
solutions of (48) with s =1, 1, or 2 generate the complete
solution of the Weyl neutrino equation, the source-free Max-
well equations, or the linearized Einstein field equations, re-
spectively, in an algebraically special vacuum space-time.?>
However, in the case of a background space-time with elec-
tromagnetic field and cosmological constant, under the as-
sumptions made in Sec. IV, the solution of the spin-} mass-
less field equations given by the linearized N = 2 extended
supergravity with cosmological constant'” is determined by
two complex potentials that obey a coupled system of two
second-order linear partial differential equations.
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Based on the results of a previous paper on the thermodynamic solution of the Boltzmann
equation, some important questions in nonlinear irreversible thermodynamics are reexamined;
specifically, the Gibbs relations, the Onsager relations, and the relationship between
thermodynamic stability in terms of the entropy balance equation and the dynamical stability

of the hydrodynamic equations.

I. INTRODUCTION

Thermodynamics is a macroscopic theory. It is well
known that some of the fundamental results in equilibrium
thermodynamics can be derived from equilibrium statistical
mechanics. The same assertion can also be made for the lin-
ear irreversible thermodynamics." However, the problem
becomes very difficult in the nonlinear region. Recently, in a
series of papers, Eu” has proposed an interesting theory of
nonlinear irreversible thermodynamics based on the Boltz-
mann equation.’ Following Eu’s work, in this paper we in-
vestigate some of the open questions, such as the Gibbs rela-
tion,' the Onsager relations, and the relation between
thermodynamic stability and dynamic stability, in terms of
the thermodynamic solution® of the Boltzmann equation
which we have obtained recently.

Although the methodology discussed in the following is
similar to Glansdorff and Prigogine,® and to Eu,’ there is,
however, a major distinction in the structure of the entropy
density S. In traditional irreversible thermodynamics, S is
assumed to be a differentiable function of the conserved ex-
tensive variables, while in Eu’s theory, it is assumed to be a
differentiable function of the conserved extensive variables
as well as the fluxes of stress tensor, heat flow, and mass flow.
On the other hand, the entropy density in our approach is a
differentiable function of the conserved extensive variables
as well as the stationary state of the fluxes, which in turn, are
nonlinear functionals of the extensive variables and their
spatial gradients. Consequently, the ensuing result that fol-
lows from the entropy density can be considered as a bridge
between the traditional theory of irreversible thermodynam-
ics and Eu’s theory on the extended irreversible thermody-
namics.

Now, consider a system of gases with ¥ components con-
tained in an arbitrary region ) with volume ¥V, where no
chemical reactions take place. Let f; (#,u;,r) be the one-parti-
cle distribution function of species / with molecular velocity
u; and at position r. The Boltzmann equation for the system
can be written as

;i

—+u VA=Y CUL L), (1)
It <

with C( f;, f; ) representing the collision integral.
Let Sbe the entropy density, J, the entropy current, and
o the entropy production, defined, respectively, by
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pS= —k3 [ duflosfi— 1), )
T Ja,

= —kZJ‘ du,(u;, —v)f;(logf, — 1), (3)
T J,

o= —kZJ- du, C( f;, f)log f;, 4)
ij Y

where k is the Boltzmann constant and {3, is an arbitrary
region of u,.

From Egs. (1)-(4), we can easily obtain the entropy
balance equation

p%S: —Vd, 4o, (5
where

4_9.,

dt Ot

On the other hand, suppose there exists some f;, such that
pS, J,, and o satisfy the entropy balance equation, and

H(t) = ZL dr L du,; f; log f,

satisfies the Boltzmann H equation

—H - _zf du, f (uf; log f)-dA

+2f er. du, C(f; f)log f; ,
i,j JOQ Q;

where the boundary condition on JQ is described by Cercig-
nani,” or by Darozés and Guiraud.® Then f; can be shown to
satisfy the Boltzmann equation.® Thus the entropy balance
equation can be considered as a nonlinear transformation of
the Boltzmann equation. Instead of solving the Boltzmann
equation directly, we look for some f; indirectly through Eq.
(5), which satisfies the Boltzmann H equation with appro-
priate boundary conditions. In order to achieve this goal, we
assume the functional hypothesis that f; depends on time ¢
and position r in terms of the thermohydrodynamic vari-
ables w={p,, v, E, H,, Q;, J;, a}, where E is the energy
density, v is the hydrodynamic velocity, p;, H, , Ql, and J,,
respectively, are the particle density, the stress tensor, the
heat flux, and the mass flux of_gpecies i, and a denotes the
spatial derivatives of p,, v, E, 11;, Q;, J;, which in turn are
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governed by the following evolution equations: d Q=74 T A, (10)
d d dt 7
—p= —pV, P Ci= —-VJ,, (6) d
dtd d_JiZZi(d)+ZAU(d)’ (1)
p—v=—VP, (7) ! 7
dt where the notations given in Egs. (6)—(11) and in the subse-
p 4a E=-V-Q-— P. Wy , (8) quent discussions are summarized in the Appendix.
dt For simplicity, we assume that V-v = 0 in the following
d T + Z T o 9) discussions. To the linear c‘)rder.of [Vv],2VT, a.nd Viu,/ {'),
dar i e 0 the entropy balance equation yields the following results®:
)
© expil w, —v)(u;, —v)]?: ﬁ,—
=1 p{ *2pxr L ]
T [ —(u, —v)? kIJ(u VQ +— (u v)J] (12)
—-¥) == - s I
5k*P.T pikT
as _dE dv dc, [ de Sy d A S d
T— —_— = X(P") — I + X, —Q/ + X, —J;1, (13)
i~ ar TP XMt a dt dt
o=3 {}m,). A (P +}.“‘"’-A.j"'ﬂ’ 4 X, A, 0}
i . ij i 4 i i
-
_z{x 2, d L+ X, Q;+x,.<d~>-iJ,.]—-1_ﬁ’: VoL QViegT—+ 3, Vu,, (14)
dt dt T T T4

where f; is the one-particle distribution function of species
i at equilibrium,

:‘\ﬁ(ﬂ’) =1}-(R') = ——L—H s
! 2Pp
Rew=Lxomo g,
P 5kP; Tp
}'_(d(.) _T X, 4 = — _I_J’_ ,
P PiP

and X P A, A% are obtained from X P AP,
and A, “", respectlvely, with f; given by (12).

Since X, X, % and X, are independent of Ps
they are mtenswe varlables 3nd thus, they can be defined as
the conjugate variables of I1;, Q/, and J,, respectively. By
Eqgs. (2) and (12), the entropy density becomes

IS=FE+pv— Z,uici + z {:{”_(Po): ﬁi

+%.(ho).Qf+§i(do).J_} (15)

Hence §is a first degree homogeneous function of the exten-
sive variables E, v, ¢;, l'I, , Qf, d;, and Eq. (13) is a general-
ized Gibbs formula. Furthermore, by (12) and (14), o can
be shown to be semipositive definite.

It is interesting to note that f; can be linearized to yield
the same expression as given by Grad’s thirteen moment
method.® Moreover, if

d < _d 45 -0,
we then recover the first-order Chapman—-Enskog'? solution
of the Boltzmann equation.
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In the following sections, we discuss the stationary solu-
tions of the evolution equations (9)-(11) for II, , Q! J;,and
their implications to nonlinear irreversible thermodynam-
ics.

Il. STATIONARY SOLUTIONS OF ii,, Q;, and J,

To the linear order of [Vv]% VT, and V(y,/T) in the
entropy balance equation, we have obtained a unique f; giv-
en by (12), which not only satisfies the generalized Gibbs
formula (13), but also gives rise to a semipositive definite
entropy production o. We define such £ as the thermody-
namic solution of the Boltzmann equation.® In view of Eqs.
(6)-(11) and (12), p,, v, E, II,, Q/, and J; are governed by
the evolution equations

Piciz -VJ,,

dt (69

pov= —V-P, (7)

d hid 1’

p;E:—V-Q—P; Vv, (8"

d = H —Z (P X (P ,
J

E Q=Z"+ 3 A;M, (10)
J

d (1)

_Ji — Zi(d.,) + A[“(d.,) ,
dt ; d

where Z.”’ﬂ) = —2P,[Vv]?, Z,%™ =
and Z'_(du) — v(/‘r,/T’)

— (5kP,/2m,)VT,
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In order to simplify the notations, we introduce the fol-
lowing column vectors H, X, ®, Z, A with 3r — 1 compo-
nents given by

H= [Hl“’, o IV HP CHP H®, . H, _ 27,
X= [X](I) .. X (l)’ X](ZJ X 2) XI(S) o X l(3)] ,
= [0} 11,,Q], ., Q\ s I, _, ],
Z=[2zZ",.,Z mz® . .,22z9 ..,z N
A=[A" A AP AP AR, LA, T,
where
H"=[m,(u, —v)(n, —v)]?.
H? = [im;(0; —v)* — 3kT | (u, — V) ,
H® =m, (v, —v),
X=X P x @ x ) X® = X, @)
ZW_ 2(&.)’ ZO 7 )z O g
A‘_(a) — A’__(a)
; j
- ZJ‘drrfﬂ(O)fj(())Hi(a){e%y“ _ e'X”} ,
J
a=12,3,
and
x; = kT z {X ('Q)H B X}({’))Hj(ﬁ)} ,
B=1

Yy = x¥ = post collision value of x; ,

dI’; = integral measure in
the Boltzmann collision integral.

The evolution equations for I1;, Q;, and J; can then be writ-
ten as

i(bv(a):

: A, v, T, ®)
" (p;

+ Zi(a)(‘oj, v, Ts vva VT: V(/“j/T))’

i=12,.3r—1, a=123, (16)

which represents a system of first-order quasilinear partial
differential equations with the same principal part

i q).(a) — i

dt ' ot
The stationary solution ®,®(s.1.) of Eq. {16) is defined as
the solution of the homogeneous equation

dgw_ 2

dr ' ot
Thus @, (s.t.) can be obtained from the system of algebra-
ic equations

Z,' = — A'p;, v, T, P(s.t.)). (18)

By inverting ®, ‘¥ (s.t.) in terms of p;, v, 7, and Z,‘”, we
obtain the nonlinear constitutive relations between &,
X (s.t.) and Z,'”. On the other hand, the characteristic
equations of (17) are given by

O, 4+ (vV)d, @

D, @ 4 (vW)D, @ =0 17
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dx _dy_dz
v

=dt, (19)
s vy UZ

and ®,(*(s.t.) = const on the characteristics. In Eu’s theo-
ry, the state of a thermodynamic system is described by the
extensive variables (p,, v, E, H, , Q;, J;). Thus the entire set
of evolution equations (6')—(11’) must be considered; how-
ever, in view of Eq. (19), ®,®(s.t.) is constant on the char-
acteristics. This suggests that we can separate the evolution
equations (6')—(8’) into two parts, Egs. (6')~(8") for the
conserved extensive variables, and Eqs. (9')—(11") for the
fluxes. From a physical point of view, due to the chaotic
molecular collisions, ®, ‘*’ changes rapidly in space and time
as compared to p;, v, T. Thus ®,® reaches the stationary
state defined by ®,‘“(s.t.) within a short period of time.
During this period of time, p,, v, T can be considered as if
they are constant. Once ®,'® is in the stationary state,
®,‘“(s.t.), then it depends on ¢ and r in terms of p;, v, T
which satisfy Eqgs. (6')—(8'). In other words, we consider
two time scales 7, and 7, with 7, € 7,. In the first time scale
7, ®,® evolves according to Eq. (16) where p;, v, T are
almost constant. Once ®,‘® has reached the stationary
state, the second time scale 7, starts immediately. During
this period of time, the evolutions of p;, v, T are described in
Eqgs. (6')-(8"). Notice that 7, and 7, are macroscopic times.
They are infinite as compared to the molecular time.

The separation of the two time scales 7, and 7, has been
suggested by Mori et al.'' and Fox'?in the past. On the other
hand, it has also been questioned by Grad'? and Keizer' for
the structureless gas molecules. The explanation given above
is only a plausible argument from the physical point of view.
However, from a mathematical point of view, the separation
of the time scale can be construed as a mathematical
technique employed to decouple the evolution equations
(6'y and (11").

The physical consideration given above can be formu-
lated as follows. As proved by Courant and Hilbert,'* the
system of first-order quasilinear partial differential equa-
tions (16) with the same principal part is equivalent to the
system of ordinary differential equations

dx _dy_d_
v v, U,
iq)i(a) :Ai(a)(pjs \A T’ (I)) (20)
dt
(a) ILtj
+ Z, (pj, v, T,Vv, VT,V 7) .
Consider the time interval 7. Let &, =¢,@

+ ®, M (s.t.), where ¢/, €£,(Q) such that ¥, =0 on
the boundary Jf of the region LCR *. Denote the Hilbert
space X by

XE{lﬁ — (¢1(1),.--,¢ (1)’ '/'1(2)’---’ ¢ (2),
9 4, D Ve £,(Q), ¢, =00n 30}
with norm |||} given by

=3 | v an

and the inner product ( , Yinduced by the norm |[|-|| .
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As A;® is an analytical functional of ¢,‘*, (20) can
be rewritten in the form

_d__ (a) R) . @By B (a)
v zu %P 48,0,

‘}”i(a)(o) = (¢O)i(a) s
where g, ‘® (¢) is Lipshitz continuous and the matrix ele-
ments dg,‘®/dy;'? are continuous functions of ¥;‘“ and
e |I7||¥|| -0 as ||| -0, while (R),j“’ﬁ’ are functions of
pi, v, T, which are considered as constant in the time interval
T

First, we consider the homogeneous equation of (21)

i (@ = z (k)ij(aﬁ)'/'j(ﬁ) ,
dt B

¢ (a)(o) — (¢0) (a)

By examining the property of ( R) (=) we notice that, ex-
cept for the negative sign, (R), (ot is related to the coeffi-
cients in the linear constitutive relations between the fluxes
and the thermodynamic forces. Thus R is a negative definite
matrix (¢, Ry) <Oand (¥, Ry) = Oifand onlyify = 0. Itis
obvious that ¥ = 0 is an equilibrium solution of (22). Define
a continuous function V: X—R by V() = ||¢||>. Then (d /
dtyV = 2{3, Ry} <0, which implies that ¥ is a continuous
Liapunov function for the linear dynamical system genera-
ted by R in X; hence 3 = 0 is asymptotically stable.

Next, we consider the nonlinear equation (21). As gis
Lipshitz continuous in X, (21) has a unique solution satisfy-
ing the initial condition ¥,. Again, let V: X— R be given by
V() = [[¢* Then

é’—t V() = 2(¢, RY + g() )

=2{¢, RY) + 2{¢b, g(P)VY) .

Since ||g(¥)]|/||#|| -0 as ||¢|| -0, by the Lipshitz continuity
of g, there exists a neighborhood N of ¥ = 0 such that 2(¥,
RyY + (¥, g()¥)< — af|¢||*, where a is a positive real
number. Thus (d /dt)V < — al|¢||* for all yeN \{0} and,
consequently, V is a Liapunov function for the dynamical
system generated by Eq. (21) in X. Therefore, the equilibri-
um solution 3 = 0 of (21) is asymptotically and exponen-
tially stable.

Now that & - P(s.t.) exponentially, the entropy pro-
duction o in (14) reduces to

(21)

(22)

—> «—>
o, = z {Xi(pn): Aij(Pn) + Xl_(ho).Aij(ho)
&

+ X,-(d""A,-j(d")}s.t.

=fi(st): (—T'V%) + Q'(s:t) (23)
(=T Wlog T) + ZJ,—(s.t.)
(— T~'Vu,)>0,
and the entropy density Sin (15) reduces to
TS=E+pv—Yue+Y, X, @), @}st., (24)

while the generalized Gibbs formula (13) becomes
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dS dE de
T_=_ (po). 2
@ }:u, +§a, {x, > I,

+ X, 0. EQ; +:€‘.(”o)- EJ,.}s.t. , (25)

where { }s.t. is evaluated at &, =, @ (s.t.).

We emphasize that ®,“(s.t.) is now a function of D5V,
7, and the thermodynamic forces Z,‘® .

lll. NONLINEAR IRREVERSIBLE THERMODYNAMICS

Once ¢, has reached the stationary state defined by
P, @ (s.t.), the second time scale T, starts immediately. Dur-
ing this interval of time, ®,® (s.t.) depends on ¢ and r in
terms of p;, v, T, and Z,‘®, which in turn are governed by
Egs. (6')-(8'). In the meantime, o,, is given by (23), and
the entropy density is a first degree homogeneous function of
E,v,c;, ®,¥(s.t.) given in Eq. (24). We now consider the
consequences of ®,*(s.t.) in nonlinear irreversible ther-
modynamics.

A. Onsager relations

By definition
Z@O= —A@= —F f dT, fOfOH, @ (e~ — e~} ,
J
a=12,3. (26)
If A;‘® is linearized, we then obtain
Z(I) (A) (II)X(l)(st)
+ E (A),(-j]")X,-(”(S-t.) ) (27)
JEi
Z,»(B) — (A),-i(ﬂ'Y)Xi(y)(S.t.)
2
+ 33 (4),PPX, P (st), By=23, (28)
J#Fi oy
where
A (1) _ A (1, I) A (By) — A (r.8) ,
(4); 7 = (4); (4); = (A4); (29)
(A) (By) —_ (A) (Yﬂ)

Expression (29) represents the Onsager relations in linear
irreversible thermodynamics. In general, by (26) we can de-
rive the following symmetry relations:

AA. M A"
T o (30)

dX;"(s.t.)  9X;'V(s.t)

aAj(ﬁ) JA.
= ! > y =2,3- 31
9X, M (st.) X, P(s.t.) By Gh

Thus, in any order of approximation of A, (*’, the symmetry
relations given above must be retained. These relations are
useful in the study of transport coefficients.

B. Nonlinear thermodynamic relations

In view of the nonlinear constitutive relations between
@, (@ (s.t.) and Z,'”, the entropy density S is also a nonlin-
ear function of Z, . This viewpoint is different from that of
Eu? or Glansdorff and Prigogine,® where § is assumed to be
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independent of the thermodynamic forces Z,¢® . Particular-
ly, Glansdorff and Prigogine assumed that S was a differen-
tiable function of E, v, and c;. However, this is mainly due to
the constraint imposed on the Chapman—Enskog method in
solving the Boltzmann equation.

By Eq. (24), S i/s\ a differentiable function of £, v, ¢,, and
P, (s.t.), where X,'®(s.t.) is the conjugate variable of
P, (s.t.). Thus

TdS=dE+pdv— 3 u;dc, + Y {&i‘“’d¢,‘“)}s.t.

(32)

Note that the exact one-form T dS given by (32) is different
from the expression given by Eu, or the expression consid-
ered by Glansdorff and Prigogine. Particularly, Glansdorff
and Prigogine considered the one-form

TdS=dE+pdv—zp,dc,-. (33)

By the Legendre transformations, we now define the follow-
ing nonequilibrium thermodynamic functions:
Enthalpy function,
H=E+pv=H(S, p,c, P, (s.t.)},
Helmbholtz function,
F=E—-TS=F(T,v,¢; ®,'(s.1.)),
and Gibbs function,
G=H—-TS=G(T, p,c;, d,(s.t.)).

By the differential form (32), we can obtain the exact differ-
ential forms of H, F, and G as follows:

dI_{=TdS+vdp+z,u,- de,

-3 X @do, @}, (34)
dF = —SdT—pdv+z,u,- de;

— 3 X, @ do, @}, (35)
dG= —SdT+vdp+ ) u, de,

~3 X, de, @}, . (36)

Finally, if we define
E=TS—pv—E+ ) pic; =E(T,p, ;s P, (s.t.)),
then, by Eqs. (24) and (32) we have

==8dT —vdp+ z ¢ du; + 2 {X’i(a) dq’i(a)}s.t.

=3 {jzi(a) dd, @ + ¢, @ dj}r(a)}s.t. ,
which implies
=S8SdT—vdp+ ) c; du, .

> 1@, dX,“},, 37
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It is interesting to note that differential form (37) is a non-
equilibrium generalization of the Gibbs—-Duhem relation’®
m equilibrium thermodynamics. Moreover, by (37),
X (®)(s.t.) can be considered as a function of T, p, u;, and
P, (¥ (s.t.). The partial derivatives of X @ (st.) with re-
spect to these variables will be useful in the discussion of
thermodynamic stability.

From the differential forms (32), (34)-(37), we can
obtain a set of nonequilibrium Maxwell relations. These rela-
tions are similar to the expressions given in Eu’s paper if
X, and ¢, in Eu’s paper are replaced be (@ (s.t.) and
P, (@ (s.t.), respectively.

C. The Gibbs-Duhem theory of thermodynamic stability

The nonequilibrium differential forms given in (32),
(34)—(37) are generalizations of the corresponding differ-
ential forms in equilibrium thermodynamics. We now gener-
alize the thermodynamic stability theory of Gibbs and Du-
hem'” to nonlinear irreversible thermodynamics by means of
these differential forms.

According to the second law of thermodynamics, the
total entropy increases toward the maximum value at ther-
modynamic equilibrium. Therefore, the thermodynamic
equilibrium is stable if and only if the total entropy decreases
from its equilibrium value for all possible variations of the
thermodynamic variables describing the thermodynamic
state of the system. The Gibbs—~Duhem criterion of thermo-
dynamic stability can be formulated as

52f=f drp8°S<0,
Q0

6°.% = 0 at thermodynamic equilibrium .

Since S'is a differentiable function of E, v, ¢;, ®,¥ (s.t.), the
thermodynamic state of the system can be specified by these
variables. Thus

T8S=8E+pdv—Y u,

+ Z,?i(“’(s.t.)aq)i‘“)(s.t.) (38)

T8S= —6T8S+8pbv—> bu; b¢

+ 36X, (s.4.)6P,(s) . (39)

By the nonequilibrium Maxwell relations derived from the
differential forms (32), (34)-(37), Eq. (39) can be simpli-
fied as

T&S = —6T(88)4 + 8p(6v), — ¥ bu.(6c)),

8X @ (st.)

40
Z 9, (s.t.) (40

]&I),-“"’(s.t.) ,

where
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(65), =853 [ 8D, (st.)

a¢ (a)(st )]

(8v)y = bv — ]5q> @(st.)

Z [8¢ @(s.t.)

de;
e Py e

and the variables which do not appear in the differentiation
in [ ] are held constant as is customarily done in equilibrium
thermodynamics.

We notice that the variations given in (38)-(40) are
completely arbitrary. Thus our formulation is static in na-
ture. Now, define the specific heat at constant volume C,
and the thermocompressibility constant & by

[ﬁ] = Cv T -1 ,

AT 1+v, ¢, 6, (st)

3 ——
W 1T ¢, 650

Equation (40) finally becomes
T8S= —T7'C (6D — vk~ '(6W)}

I
—z —y—](aci)gb(scj).ﬁ
[¥

- (41)
X “(s.t.)
+ 2 ( ]
I, (s.t.)
X (6D, (s.t.) )64,V (s.1.)) .
Since T, C,, « are all positive real numbers, while
~ —1/2p,p, for a=1,
(a)
[M] =4 —2m,;/5kp,p, for a=2,
3¢,V (s.t.) _
— 1/p,p, for a =3,
thus 7' 8%S <0 and consequently §°.% <0, if
(42)

ou.
s [f](<Sc,»>¢,(cs«:,).,s >0,
J j

while T8°S = 0if 8T = (8v), = (6¢;)y = 6@, (s.t.) =0
at thermodynamic equilibrium.

First, we note that condition (42) is a generalization of
the stability condition with respect to diffusion in equilibri-
um thermodynamics.'® Second the formulation discussed
above is based on the differential forms (32) and (34)-(37).
Except for some minor changes, we have recovered the result
of Glansdorff and Prigogine, or the result of Eu.

d
= (p &8) =
dt (P )

+ TG VT + 3 (8, (s0)] %6¢i(“’(s.t.) ,

In view of the results discussed in this section, it is evi-
dent that the stationary state of the fluxes ®;® (s.t.) plays
an important role in nonlinear irreversible thermodynamics.
As a matter of fact, the dependence of thermodynamic po-
tentials on the fluxes was first considered by Keizer'® in a
molecular kinetic theory of dissipations and fluctuations of
transport equations. His proposal has recently been support-
ed by some experimental evidence.'® Insofar as linear irre-
versible thermodynamics is concerned, our result is similar
to Keizer’s. However, it would be difficult to compare the
results in the nonlinear regime because the two methodolo-
gies and assumptions are different.

IV. THE RELATIONSHIP BETWEEN THERMODYNAMIC
STABILITY AND DYNAMICAL STABILITY

In this section we consider the problem of thermody-
namic stability from the dynamical point of view in terms of
the evolution equations (6')-(8’). Since ®,‘“’(s.t.) is a
function of p,, v, E, and Z,®, by (38) we can obtain the
evolution equation of p 525 as

d d d
— (8°8) = (6T " “p— (BE) + 6(pT ~)p —(6
pdt( )= ( )pdt( ) +o(p )pdt(V)
d
— N 8w, T "p—(bc,
Z (o )pdt( )

5<I> @ (s.t.),
(43)

+Z[5X“"’(st)]

where the fluctuations 8E, 8v, éc;, and §®,*(s.t.) are var-
iations from their equilibrium values and obey the variation-
al evolution equations

d

p;;&c,- = —V8J,(st.), (44)

0L oyv= —V-8P(st), (45)
dt

pg—taE= —V-8Q(s.t.) — 8(P(s.t.): Vv), (46)

8Z, = —8A,“(p,, v, T, D(s.1.)). (47)

It is important to notice that in (44)—(46), p is the density
weight of the independent variables 8c;, v, and 6E. Thus p is
unvariated. By (43)—(46), the evolution equation for p §°S
finally becomes

— V-[80(s.t) (8T 1] + ¥ V- [8(; T )83, (s.t.) ] — 6Q(s.)-8(T 'V log T) — 8 TI(s.t.): (T ')

(48)

which can be considered as a second-order entropy balance equation. Let 5Q(s.t.) = 6J;(s.t.) = 0 on the boundary 9Q of the

region ). Then
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d d
=85 =f = (p §°8)dQ
dt a dt p )

=J dQ[ —6Q(s.t.) (T Wlog T) — 6HII(s.t.): (T~ 'Vy) + Z&Ji(s.t.)-V(/tiT_’)}
Q i

d
d0'S (5x,@(st) 2 60, @ (s.t. )
+L zm( (s£) 2 (st.)

Following Glansdorff and Prigogine, the first term on the
right-hand side of (49) is called the generalized excess en-
tropy production. In view of (23), this term is semipositive
definite and it vanishes at thermodynamic equilibrium. On
the other hand, the second term is essentially determined by
the nonlinear constitutive relations (47) and the variational
evolution equations (44)—(46).

According to the second law of thermodynamics, the
total entropy increases toward the maximum value at ther-
modynamic equilibrium. Hence §°.% <0. Suppose, by the
variational evolution equations (44)—-(47),

3 [dn[ar @] L0 06050, (50)
fa JO

then (d /dt)8°.% >0, and the thermodynamic equilibrium is
stable. Equation (50) is therefore a sufficient condition for
thermodynamic stability.

On the other hand, if Eqgs. (44)—(46) can be formulated

as a dynamical system, and if condition (50) holds, then
—8°%>0 and (d/dt)( —6*7)<0. In other words,
— 8% is a Liapunov function for the dynamical system
and, consequently, the thermodynamic equilibrium state is
asymptotically stable.

In order toillustrate this argument, let us, for simplicity,
consider the linearized hydrodynamic equations for an iso-
tropic single component system. Equations (44)—-(46) then
reduce to

dp= —yduv,, (51)
v, = —BIT—adp+vddv,+63ddv,, (52)
3,T= —udyv, +393T, (53)

wherei,j = 1,2, 3; ¥, B, v, 8, u, are positive constants, while
«a is a negative constant. Here, p, v;, T are variations from
their corresponding equilibrium values, and repeated index
means summation, i.e., d;v; = Vev.

Let £) be an open, regular, connected, and bounded re-

gion. Denote x = (p, v, V,, 3, T) and
X = £,(W)x(4,())*x4,(Q)

with norm
172
Il ={[ o+, +um'Td0)
Q

and inner product (, ) induced by the norm ||-||.
Define a linear operator 4: D(4) CX—X by

dx=Ax,

where the components of Ax are given by the right-hand side
of (51)-(53), respectively. The boundary conditions are set
up as follows:

1335 J. Math. Phys., Vol. 30, No. 6, June 1989

(49)

x=0, dp=9,T=0,v,=0 on 0.

The linearized hydrodynamic equations (51)-(53) can
be reformulated as an abstract evolution equation

d,x =Ax,
x(0) = xeD(4) ,
where the domain D(A4) is given by
D(A) = {xeX |9,pe£,(Q), 3; F;v,€£,(Q), 3, 3, TeL,(Q);
x=0,9,v;=09,p=0,T=0 on N}
= W2 Q)x(F2(Q)Px Q) .

First, it can be shown easily that D(A) is dense in X. Second,
we notice that

(54)

{x, Ax) =J dQ{(Ba~' — )T v, — va~"(3;v,)(d,v,)
0

—8a"'(3v,)(Gv;) — En= (3, ) (3, N} .
(55)

Suppose there exists a uniform temperature T, such that
f daQ Taiui>Tof dQ dv; .
(1) Q

Then, by the boundary condition, {, dQ T d,v,>0 and thus
{x, Ax)<0. This implies that — A is an accretive operator.”®

Finally, by taking the Fourier transform of (51)-(53),
we can show that, for sufficiently small positive 4, the range
ofI-Adis X, ie,R(I—A4) =X.

Since D(A) is dense, —A is accretive, and
R(I — AA4) = X for sufficiently small positive A, A is the in-
finitesimal generator?’ of a linear dynamical system
{U(9)},.0 on X such that || U(#)x||<||x|| for all xeX and £>0.
This implies that all motions x(¢#) = U(#)x, are bounded.

Next, we define a function V: X>R by V(x) = [Ix]1%.
Then V(x) = 2{x, x) = 2{x, Ax)<0. Let W: X R (the ex-
tended real number system) be a lower semicontinuous
function defined by

W(x) = — 2{(x, Ax) >0 for all

xeXN{2(Q)x(W,' (Q)PxW,' ()},
W(x) = « if xeX but

v, (X)W, (), TeW, (Q) .

Then ¥V is a continuous Liapunov function on X. Consider
theset M, = {xeX |W(x) = 0}. Asp, v;, and T are indepen-
dent variables, W(x) = 0 implies d,v; =3, T =0. By the
boundary condition, we have v, =T=0. Hence
M, = {xeX |x = (p, 0,0)}. Since M, ¢ D(A), the evolution
equation x(¢) = Ax(¢) does not apply to some of the mo-
tions originating in M,. However, by employing the theory
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of distributions,?? we can obtain a distributional evolution
equation satisfied by all motions of {U(#) },,, and from this
equation it can be concluded that the largest positive invar-
iantset M * in M,ND(A) is M * = {0}. On the other hand,
we notice that the equilibrium solution x, of the evolution
equation (54) isx, = 0.

Let I be the injection operator defined by I
(D(A),|l*|lg) =X, where ||-||, denotes the graph norm. By
the Sobolev embedding theorem, W (Q)x( W2 (D))Px
X(sz(ﬂ)) CL(Q)x(£,(Q)PxL,(Q), IlS a compact oper-
ator.® Hence for sufficiently small positive A4, J;
= (I — A4) ~': X- Xis also a compact operator.?* Since 4 is
the infinitesimal generator of the linear dynamical system
{U(#)} 50 and J; is compact, all positive orbits (x) are
precompact.”> By the invariance  principle,?®
U(t)x—-M* = {0} as t— . Consequently, the thermody-
namic equilibrium state x, = 0 is globally asymptotically
stable.

When the thermodynamic system is near the equilibri-
um state, the fluxes 8¢’ (s.t.) are proportional to the ther-
modynamic forces §Z‘* , where §Z” = — 2p,[Vv]® and
8Z™ = — (5kp,/2m)VT. Taking the partial differenti-
ation d, on Egs. (52) and (53), we can obtain the evolution
equations of 5Z‘* . Since

8X P (s.t.) = — (1/2p,Ty) 1l (s..)
= (1/2p,T,)6® P (s.t.)

X P (s.t.) = — (2m/5kp,T,2) Q' (s.t.)
— (2m/5kp,Ty* )P (s.t.) .
Thus
X(a)(st) (I)(a)(st)_K(a) t[‘s(p(a)(s't-)]z,

where K'® <O, a = p, h, and P,, T, are the values of P, T,
respectively, at equilibrium.

By the solutions of Egs. (51)-(53), x, =0 is globally
asymptotically stable, and all eigenvalues of the linear opera-
tor A havemegative real parts. This implies that

4 [6d(s.t.)]%<0.
dt
Consequently, by Eq. (49),
d
dQY X @ (s.t.) — 6P (s.1.) >0,
L ; (s.t.) a2 (s.t.)

and therefore, — 8°.% can be considered as an alternative
Liapunov function for the dynamical system generated by
Egs. (51)-(53). Of course, it will be much more interesting
and challenging if — §°.% indeed can be proved to be a Lia-
punov function for the nonlinear variational evolution equa-
tions (44)—(46). At the moment, we believe that this is still
an open problem.
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APPENDIX

Vector: A, scalar product of vectors: A *A,, tensor: B,,

tensor contraction: B1 32
Local average of 4: (4 ) = fdu; 4 f(r,u,,1).
Density: p; = m;n, = (m;),p =3, p,.
Concentration: ¢; = p, /p.
Hydrodynamic velocity: pv = Z; (m,u,},
Internal energy density: pE =2, (im,(w; —v)
(u; —v)).
Mass flux: J; = {(m; (u, —v)).
Stress tensor:

?:Z?,» =3 (m(u, — V) (g; = V),
F=3H=3 R

=3 (4B +BH —yP:DI}

=3 (m:[(; —¥)(u, -v1?),

P, =g(§:’1’), T: unit tensor .

Traceless symmetric part of second rank tensor
4:(4]°.

Heat flux:

Q=>Q =Z Gm,(u; —v)e(u, —v)(u; — V),

Q=Q ——(E)J,.

2 ;
Third moment:
¢(p) (m,(w; —v)[(u; —v)(u; —V)]?),
¢i(3’ = (m;(u; —v)(n; —v)(u; —v)) .

Fourth moment:
;Z,-”” = (4m; (u; —v)*(0, — V) (0, — v) (w; —V)) .

Boltzmann collision integral:
CUnf)=C, = [ du dvdbbe,(s1f; 1.5
Collisional average:

(ACf Sy = (AC;) = {4},
Ky ? = (mi[ (0 = (@, =]®),

A (hy __ ([;m (ll —V) (ll _v) 5kT](lli —v)>“u’
Aij(b) _ (‘_l;mi(ui —_ v)-(u, — V))C',j )
A,-j(f) — <mi(ui — V)>c,», .
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Other definitions:
Z.® = Ve, P — 7 Vev — 2[F,V¥]? — 2p,[V¥]?

2 2 «—>
+=3 (317 + —=[3.97,1?,
P p

i_’_‘zzi(f)_ig.]iilog T,

2 m, 2 m, dt

7P = _ Ve, — Q,Vy +p VP, (p.EI1+P)
—(QeV)V—§,: Vv,

Z, = — v.(?i — c.-75) _ﬁvci —J,Vv-—-4J,,

Z,® = —3PV-Q, + (2/3p)J,V:?— Vv

h) _ gk
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The multi-Hamiltonian structure, conservation laws, and higher order symmetries for the
Born-Infeld equation are exhibited. A new transformation of the Born-Infeld equation to the
equations of a Chaplygin gas is presented and explored. The Born-Infeld equation is
distinguished among two-dimensional hyperbolic systems by its wealth of such multi-

Hamiltonian structures.

I. INTRODUCTION

A nonlinear modification of Maxwell’s electrodynamics
was proposed by Born and Infeld in 1934." The simplest
example of this system of nonlinear field equations is the
quasilinear second-order equation in 1 4 1 dimensions:

(1+(pi)¢tt_2¢l¢x¢xl_(1_¢73)¢xx=O’ (L.1)
which is known as the Born-Infeld equation.” The Born—-
Infeld also governs minimal surfaces in 2 + 1-dimensional
Minkowski space, which is a special case of the Nambu
string.® The world sheet of the Nambu string is parametrized
by harmonic coordinates, familiar from the theory of mini-
mal surfaces, rather than the light cone gauge.* We will also
consider the representation of Eq. (1.1) in null coordinates:

X=x+t t'=x-—1t,

in terms of which the Born—Infeld equation can be rewritten
as

PrPre — 22+ @ @ )P + @I Per =0 (1.2)

In this paper we shall discuss the Hamiltonian struc-
ture, symmetries, and conservation laws of the Born-Infeld
equation. We shall find that it has a remarkably rich struc-
ture. The first step is to recast the Born-Infeld equation as a
first-order quasilinear Hamiltonian system of hydrodynam-
*ic type.>¢ Remarkably, this can be done in three inequivalent
ways, one of which corresponds to a system of isentropic gas
dynamics, with the adiabatic index ¥y = — 1 corresponding
to the pressure—density relation P = — 1/p, which is known
as a Chaplygin gas.” Each of these systems is separable; there-
fore, the extensive results on Hamiltonian structures, sym-
metries, and conservation laws of Sheftel’ ® and Olver and
Nutku® can be used. Even among the separable two-dimen-
sional systems, the Born—Infeld system has a much richer
algebraic structure than most, in part due to the multiple
Hamiltonian reformulations of the equation. We will see
that the Born-Infeld equation admits (at least) six indepen-
dent Hamiltonian structures, in contrast to two Hamilto-
nian structures for a general separable system and four Ham-

1338 J. Math. Phys. 30 (6), June 1989

0022-2488/89/061338-07$02.50

iltonian structures in the more general polytropic case.
Moreover, the diagonalization techniques introduced by
Verosky'? are then applied to show that these systems admit
first-order conserved densities depending on arbitrary func-
tions—which is special to these particular systems.

We assume that the reader is familiar with the basics of
Hamiltonian systems of evolution equations, symmetries,
and conservation laws, as presented, for example, in Olver.!!
In the interests of brevity, we have omitted many of the more
complicated computations.

{l. HYPERBOLIC FORMS OF THE BORN-INFELD
EQUATION

We begin by showing that the Born-Infeld equation can
be rewritten in several ways as a first-order system of quasi-
linear hyperbolic evolution equations. All of these represen-
tations have the form®

u=-_p % - _pH
dv du
where 7 [u,v] = fH(u,v)dx is the Hamiltonian functional
and D, is the total x derivative. In vector form, if we let
u(x,t))

v(x,t)/)’
then Egs. (2.1) are in elementary Hamiltonian form'!:

u, =9*E,[H], (2.2)

where E, denotes the Euler operator, or variational deriva-
tive with respect to u. The Hamiltonian operator in (2.2) is
the constant coefficient skew-adjoint differential operator

2.1)

u(x,t) = (

0 -D
* — . = x
D*= —og,-D, (_Dx 0 ),
0 1
= . 2.3
where o, (1 O) (2.3)

The induced Poisson bracket on the space of densities is giv-
en by the standard formula

© 1989 American Institute of Physics 1338



{?,%}:é—f& [F1-D*E, [H |dx

_1
- f (E,[F1D,.E,[H]

—E,[F)D.E,[H}dx.

We begin by looking at Eq. (1.1) in the physical vari-
ables. Since (1.1) can be derived from a variational principal
where the Lagrangian depends only on the gradient of ¢, we
know that it can be expressed as the integrability condition
of a first-order system.® To effect this change, we introduce a
new potential ¥ given by

bo=pN1+oi—¢l v.=0/N1+el—9:

2.4)
Inverting Eqgs. (2.4) for the first derivatives of ¢ we find the
same expressions, with the roles of ¢ and ¥ interchanged.
Equation (1.1) is then realized as the integrability condition
for system (2.4): Moreover, its companion equation ex-
pressing the integrability conditions for ¢ is again (1.1),
with ¢ replacing ¢. We shall now formulate these equations
in terms of a pair of conservation laws. For this purpose, we
introduce the variables

r= ¢)x’ §= ¢x .
Solving (2.4) for ¢,, ¢, we deduce that the one-forms

a=rdx+sy(1+r?)/(1 +s)dt=dgp,

o=sdx+nr/(1+5)/(1+r?)dt=dy,

are exact; the implication that they are closed gives rise to the
following pair of quasilinear evolution equations:

ro=Ims/JaA+rHd+5)]r,
+J+r5/(0+55)%s,,
s;=v(A+5) /(A +r*)3r,

+ [/ A+rHA+5 s,

We will call the quasilinear system (2.5) the physical version
of the Born-Infeld equation. It is easy to see that (2.5) isin
the standard Hamiltonian form (2.2), where

H*(rs)=JA+rH(1+5) (2.6)

is the Hamiltonian density. We note that there are alterna-
tive ways of reexpressing { 1.1) as the integrability condition
of a first-order system such as (2.2), but there is a unique
choice of ¥ which will result in a Hamiltonian system of
equations. (An alternative first-order form of the Born-In-
feld equation that is not Hamiltonian can be found in
Whitham.?)

A similar reasoning applies to the Born-Infeld equa-
tion, rewritten in the null coordinates (1.2). Dropping the
primes on x, ¢, we similarly introduce a new potential y by

Xx= — PN+ oo, Xo=@ /1 + o0, - 2.7

As in (2.4), the companion equation for y is identical to
(1.2). Define

(2.5)

Z=@x, W=Y,.

Note that the one-forms
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a=zdx — (1/z—z/w*)dt = dg,

o=wdx — (1/w—w/2*)dt =dy
are exact, leading to an alternative system of quasilinear evo-
lution equations:

z, = (1/2 + 1/u*)z, — (2z/v)w,,

w, = — Quw/2)z, + (1/2 + 1/w)w,,

which will be called the null coordinate version of the Born—
Infeld equation. Again, (2.8) are in Hamiltonian form
(2.2), with the Hamiltonian density

f]*(z,w) =z/w+ w/z.

(2.8)

(2.9)

Although the two versions of the Born-Infeld equation
can be obtained by a transformation between physical and
null coordinates, it is rather remarkable that there is also a
transformation of the dependent variables which maps one
to the other, as shown in the following theorem.

Theorem 1: Given r, s with rs > 1, define the transforma-
tion
z=(1+r)"*A+ A [(rs+ D2+ (5= 1)),

w=(1+r)" A +HY(rs+ DV2 = (rs — 1)1/2].
(2.10)

If (7,s) satisfy the physical version of the Born-Infeld equa-
tion (2.5), then (z,w) satisfy the null coordinate version
(2.8).

The proof is a straightforward, but lengthy calculation.
In Sec. III we shall see how the transformation (2.10) can be
systematically deduced by referring to the second Hamilto-
nian structure of (2.5).

We now turn to a remarkable transformation from the
Born-Infeld system to a system of quasilinear equations aris-
ing in polytropic gas dynamics.

Theorem 2: Define the variables

u= — (1/22 4+ 1/w?), (2.11)

Then z, w satisfy the Born-Infeld system (2.8) if and only if
u,v satisfy the gas dynamics system

v, + (uv), =0. (2.12)

The proof is again a straightforward calculation. The
system (2.12) corresponds to the equations of isentropic,
polytropic gas dynamics with the adiabatic index y = — 1,
known as a Chaplygin gas.” The system (2.12) is distin-
guished from such quasilinear hyperbolic systems by the fact
that shocks do not form'??: This system is also in the elemen-
tary Hamiltonian form (2.2), with the Hamiltonian density

H*(uw) =uv/2 + 1/2v. (2.13)

We remark that the reduction of a gas dynamics system to a
single second-order hyperbolic equation, which includes the
reduction of a Chaplygin gas to the Born-Infeld equation
(1.2), can be found in Garabedian.!*> Note, also, that the
physical version (2.5) can be transformed directly to the gas
dynamics version (2.12) by composing the transformations
(2.10) and (2.11):

u=rs/N(1+rH(1++),

v=zw/2.

u, +uu, +v %, =0,

v=+(1+r?)(1+5).
(2.14)

We thus have three distinct ways of reformulating the
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Born-Infeld equation as a Hamiltonian system of quasilin-
ear evolution equations of the type (2.2). To keep track of
various functions and operators in the different coordinate
systems, we will adopt the following conventions: In the
physical (7,s) version, these quantities will have an overtilde,
€8 H: in the null (z,w) version, they will have a caret, e.g.,
H; and the gas dynamics (#,v) coordinates will not have any
distinguishing mark, e.g., H.

lll. FIRST-ORDER HAMILTONIAN OPERATORS

We now investigate other first-order Hamiltonian struc-
tures for the Born-Infeld equation using the methods found
in Refs. 6 and 9. First, we recall that the most general skew-
adjoint first-order matrix differential operator has the form

D =MD, +D, M+Q,

(2me + m, 2pD, +px + qx) 31
B 2pr +px_q.x anx +nx ’ ( . )
where
m=( %)
o n
is a general symmetric matrix,
0 ¢
o=(2, )
—q 0

is a general skew-symmetric matrix, and where the coeffi-
cients m, n, p, and g are allowed to depend on the dependent
variables. The particular Hamiltonian operator (2.3) corre-
sponds to the choice

D*: m*=n*=¢qg*=0, p*= —1L (3.2)

In order that the Poisson bracket associated with the opera-
tor (3.1) satisfies the Jacobi identity, the coefficients m, n, p,
and g must satisfy additional first-order partial differential
equations.®

Besides the standard Hamiltonian form (2.2), any poly-
tropic gas dynamics system can be written in two additional,
alternative Hamiltonian forms involving first-order Hamil-
tonian operators® and making it a tri-Hamiltonian system:

v, =D E,(H,) =D E,(H)=9,E,(Hy). (3.3)

For the case of the adiabatic index ¥ = — 1, the Hamilto-
nian operators in (3.3) have the form

Do=D* my=0, ny=0, po=—14 ¢=0 (34)

Dy:m =1/ n=v, p=—u, q =2, (3.5)
Dy my=u/v’, n,=uv, p,= —u/2—1/20%

g =u’ (3.6)

|

Dy my=zw>(z72 —w™?)7?

ﬁoz _%(Z—Z_w—Z)—l, &0= (Z—Z_w—Z)—l’

A
D)= -22*% =0, A,=0, p=1, §,=0,
5 z w 1 1
g . r;l = -, ﬁ = ——, D, = _—
o w A 222 2P
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Po=wz 3 (z7 —w 22

and are mutually compatible.!' We note that (3.4)-(3.6)
are genuinely distinct Hamiltonian operators, meaning that
Z, is not related to &, and &, according to a well-known
recurrence formula'* which generates higher order Hamii-
tonian operators from any bi-Hamiltonian system. The cor-
responding Hamiltonian densities placing (2.12) in the tri-
Hamiltonian form (3.3) are

Hy=v, H,=uv, H,=u*v/2+ 1/, 3.7)

which appear in the well-known hierarchy of conserved den-
sities for gas dynamics.® (See Sec. IV.)

Before proceeding to the tri-Hamiltonian structure of
the null coordinate and physical versions of the Born—Infeld
equation, it helps to recall how Hamiltonian operators trans-
form under a change of variables.

Lemma 3:'*'% Letu = @(z) be a change of variables and
let J denote the Jacobian matrix of @. Let & denote a Hamil-
tonian operator in the u coordinates and & the correspond-
ing Hamiltonian operator in the z coordinates; then these
two operators are related by the change of variables formula

D =327 (3.8)
Thus for Hamiltonian operators of the form (3.1), we

find the corresponding coefficient matrices have the change
of variables formula

M=3MI, Q =30 3" +IMIT_J  MJI
(3.9)

Dubrovin and Novikov® have pointed out that the Poisson
brackets defined by Hamiltonian operators for equations of
hydrodynamic type give rise to Riemannian metrics with
vanishing torsion and curvature. The metric corresponding
to an operator of the form (3.1) is given by

ds’ = (ndu®* —2pdudv + m dv*)/(mn — p*). (3.10)

Since the metric (3.10) is flat we know that a (possibly com-
plex) change of variables u = @(z) will bring it to the ca-
nonical form d$? = 2 dz dw, determining the maximal ana-
lytic extension of the metric and corresponding to the
elementary Hamiltonian operator (2.3). Remarkably, the
transformations (2.11) and (2.14) are precisely the ones
needed to place the metrics determined by the Hamiltonian
operators & |, &, in canonical form.

Proposition 4: Under the transformations (2.11) and
(2.14) the Hamiltonian operators and densities for the gas
dynamics system (2.12) are mapped to the following Hamil-
tonian operators and densities for the null and physical ver-
sions of the Born-Infeld equation:

Null coordinate version—Hamiltonian operators:
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Hamiltonian densities:
I?o(z,w) =zw/2,
fll(z,w) = —2z2/2w —w/2z,
I?z(z,w) = w/42 + 3/2zw + z/4u”’.
Physical version—Hamiltonian operators:
e —2rs(1 +r%?% —2rs(1 + §)?
90. mo'—_—W, nozw,
Fo— (r’+s)(14+r*)(1++)
0 (r2—s*)2
Go = (r2+s2+2r%%
° (r2—s)
_ (1+r2)3/2(r2+s2+2r2s2)
A+ -2 7
_ (422 + 5+ 275
(1 +r2)1/2(r2_s2)2
_ (1 +r2)1/2(1 +s2)l/2
‘ (r2—s)?
gy =[2rs/(r* =11+ r3)2(1 + 52,

14

3

D,

RN

1

&

1

rs(2 4+ r2+5%),

a1}

Dy=D* my,=0, #,=0, p,= —4 §=0.
Hamiltonian densities:

Hy(rs) =yA +rH A + 59,

ill(r,s) =1rs,

Hyrs) =3+ D)/2/0+rHA+5) .

{V. RECURSION OPERATORS AND CONSERVED
DENSITIES

According to Magri’s theorem,'® any compatible bi-
Hamiltonian system has an associated recursion operator.
The Hamiltonian operators &, & ,, and &, are mutually
compatible®; thus there are three recursion operators for the
gas dynamics system,

R=D,D5", R=D,9D5", R=D,D [,

4.1)
although there is a trivial relation between them:

-@2:-@3'%1.

Similar recursion operators can be constructed for the null
coordinate and physical versions of the Born-Infeld equa-
tion. Now, a curious phenomenon occurs when we apply the
recursion operator to the hierarchy where the Born-Infeld
Hamiltonian lies. We find that the hierarchy of Hamiltonian
flows 77, terminates after just two steps:

R: Hy-H,-H,-0

because the second Hamiltonian H, is a distinguished func-
tional (Casimir) for the Hamiltonian structure determined
by &,. Therefore, the hierarchy guaranteed by Magri’s
theorem'® degenerates into just three independent Hamilto-
nians; we have a nontrivial example of a bi-Hamiltonian sys-
tem which does not satisfy one of the technical hypotheses of
Magri’s theorem, which states that the hierarchy of Hamil-
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tonians be independent functionals.'’'¢ However, the sec-
ond recursion operator % , does generate further members of
the gas dynamics hierarchy of conserved densities.” (We re-
mark that in Ref. 9 we failed to show that this property of the
hierarchy of flows generated by one of the recursion opera-
tors can occasionally degenerate. The equations following
{4.3) of Ref. 9 should read as

2,(Q,) = (ny—n—1)Q, 1,

R:(Q,) = (n/2)(ny + 7 —n—3)Q, 15,
Z(Q,)=(ny—n+1Q,, .,

2,Q,) = [(n+ /21 (ny —n+ DQ, 5,

leading to degeneracies if ¢ has one of the forms 1 + 1/n,
1 + 2/n for some integer n.)

Another interesting anomaly occurs for the physical
version of the Born-Infeld equation. Here, from the point of
view of Ref. 6, the most natural recursion operator would be

R*=2, D' =D, D*\.
Again, this recursion operator does not produce a hierarchy
of symmetries and conserved Hamiltonian densities. In fact,

as the reader can check, the recursion operator repeats after
two steps:

R*: Hy—H,—Hy—H,~Hy— ",

resulting in an infinite loop; again the functionals produced
by Magri’s theorem'® are not independent. [ At first glance,
this result does not seem reconciled with the gas dynamics
version under the transformation (2.14). However, we note
that since the recursion operator involves the inverse of the
Hamiltonian operator & *, we can add in any element of its
kernel at each step. Thus the explanation is that we have just
chosen different elements of ker &, to add in. ]

The gas dynamics, null coordinate, and physical ver-
sions of the Born~Infeld equation are examples of separable
systems,®® meaning that the Hamiltonian density H in the
representation (2.2) satisfies

H,/H, =A(u)/pnW). (4.2)

For the three versions, the separation coefficients are given
by

gas dynamics [(2.12)]:

Awy=1, p) =v"*
null version [(2.8)]:
A=z Bw)=w", (4.3)

physical version [ (2.5)]:

AN =1+r)72 @) =1+5)73
It is standard that the zeroth-order conserved densities for
such a system can be found by solving a separable linear
wave equation.®®

Proposition 5: A function F(u,v) is a conserved density

of a separable Hamiltonian system (2.2) and (4.2) if and
only if it is a solution to the linear wave equation

Fuu/ﬂ'(u)=Fuu/,u(v)- (4.4)
Any Hamiltonian system (2.2) admits the conserved
densities 1, #, v, and uv. In the separable case, there are four
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fundamental hierarchies of solutions to the wave equation
(4.4), each of the form
H,(uv) =3 F,(u):G,_,;(v), (4.5)
i=0

where the functions F; and G, are generated by the recursion
relations

3?F, ,
= =AWF_,, F(0)=Fi(0)=0,
3G, ,
= =#WG 1, G(0) =G{(0) =0,

The hierarchies depend on the initial selection of
H,=Fy Gy

HM =1, FP=G§ =1,
H®=u F®=u G&=1,
HP=v, FP=1, GP=u,
H® =uw, F=u G =

Our transformations do not respect this hierarchical
structure of the conserved densities. For example, (2.11)
maps the first and fourth null Born-Infeld hierarchies to
combinations of all four gas dynamics hierarchies, so that up
to a multiple,

HP-H®, BP-HP,

HY -H®, HY  ~H®.

On the other hand, the second and third hierarchies are
mapped to algebraic conserved densities for the gas dynam-
ics version (2.12). For example, the conserved density
H{» = zis mapped to the conserved density

Jo—uw? +—v—uw?,

which does not show up in any of the standard gas dynamics
hierarchies. The hierarchies in the physical #, s variables are
no longer rational functions and we shall not write them
explicitly: They do not correspond to any of the hierarchies
in the other variables (with isolated exceptions) and provide
yet other nonpolynomial conserved densities for gas dynam-
ics system (2.12).

V. HIGHER ORDER HAMILTONIAN STRUCTURES

In Olver and Nutku?® it was shown that any separable
Hamiltonian system has a second Hamiltonian structure in-
volving a complicated third-order matrix differential opera-
tor. The resulting recursion operator recovers results on
symmetries and conservation laws due to Sheftel’.® For the
Born-Infeld equations, each of the gas dynamics, null coor-
dinate, and physical versions is separable, and so we are led
to three distinct third-order Hamiltonian structures. This is
probably quite special to these particular systems, but we
have no proof of this fact. In particular, it would be interest-
ing to see whether any of the other polytropic gas dynamics
systems have additional Hamiltonian structures.

Theorem 6: Consider a separable Hamiltonian system
(2.2), where the Hamiltonian density satisfies (4.2). Define
the matrix variables
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v, = (ux W), ) v, — (i(u)ux #(v)vx) L (5.0)
v, A(wu, v u
Then the system can be written in the bi-Hamiltonian form

x x

u,=Z*E,(H) = €E,(H*) (5.2)
using the third-order matrix differential operator
=D,V D U "0, D,
(5.3)

=D -V "D, o V;"D,.
In particular, & is Hamiltonian and compatible with & *.
In the case of gas dynamics the matrix variables coin-
cide:
u, v,
U=V, =
vX uX

and the corresponding Hamiltonian operator (5.3) is
&=D,U;"D,U;"0a,D,, (5.9)
which is compatible with &, = &*. The second Hamilto-
nian in {5.2) turns out to be
H*=H® = u*v/24 + /20 + 17240,

which appears in the third hierarchy (4.5) of conserved den-
sities. The corresponding recursion operator is the square of
the simple recursion operator

#=D,U.",
so that
& YDy'=D -U;"D,U;'=R
Similarly, we have a third-order recursion operator in
the null variables (z,w). We define the matrix variables

z, ww, z7%, wtw,
Z, = . , W, =

w, z %z, w, z,
and the operator

((901 =Dx.Wx_]'Dx .Zx_l‘o.l.Dx

= Dx : W;].Dx Oy W; T.Dx
is Hamiltonian. Moreover, the Hamiltonian operators %
and &, = — 29* are compatible; therefore, they form a

Hamiltonian pair. The null Born-Infeld equation (2.8) can
be written as a bi-Hamiltonian system

2, =9 ,E[H] =% E,[H*, (5.6)

where the Hamiltonian is a multiple of the Hamiltonian
H {? in the fourth hierarchy (4.5):

H*(zw) = 2H® (zw) = w/122 + 1/2zw + z/120°.

Note that the transformation (2.11) cannot map the
above two higher order Hamiltonian operators to each other
since the corresponding bi-Hamiltonian structures do not
match, nor are the compatibility relations preserved. Indeed,
a long calculation proves that the gas dynamics recursion
operator arising from the bi-Hamiltonian Form (5.6) under
the transformation (2.11) is the operator

B =8,9 "> 2R P,
where Z is the gas dynamics recursion operator given by
(5.5) and Z, is the recursion operator (4.1) arising from

Nutku’s® Hamiltonian structures for gas dynamics. There-
fore the operator

(5.5)
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& = —2%,%,%,

in another third-order Hamiltonian operator for Egs. (2.12)
which is compatible with the first-order Hamiltonian opera-
tor &, but not with either &, or Z,.

Finally there is yet another third-order Hamiltonian op-
erator arising from the physical version of the Born-Infeld
equation. The operator takes the form

£,=D_S7"D,-R;'0,D

X

=D, S;"D,-0,'S;7 "D,

x

where

rx
R~
sx

(A +r3)72r,
S, = s

(145 "3%, )
A+r7 2 )
(1 +s2)"2sx)

r

X X

This Hamiltonian operator is compatible with &/, = Z'*
and so, when transformed back to the other coordinate sys-
tems, it provides yet another Hamiltonian structure for the
Born-Infeld equation.

In summary, then, we have found that the Born—Infeld
equation in any of its evolutionary forms (2.5), (2.8), or
(2.12) possesses six distinct Hamiltonian structures: Three
are first order, given by the operators ¥, & ,, and &, and
three are third order, given by the operators & ,, & ,,and & ,.
Moreover &, is compatible with & if and only if i = .
Whether there are yet more Hamiltonian structures, not
trivially related to these, remains an open question!

VI. DIAGONALIZATION AND HIGHER ORDER
CONSERVATION LAWS

As shown by Olver and Nutku®, for a generalized gas
dynamics Hamiltonian system there is an additional hierar-
chy of higher order conservation laws generalizing Ver-
osky’s rational first-order conserved density'”:

f]l[u,v] =v./(2 — v 2). (6.1)

The case of a Chaplygin gas, ¥ = — 1, is distinguished in
that it admits an infinite collection of distinct first-order con-
served densities (i.e., they do not differ by a divergence):
The easiest way to see this is to apply a diagonalization tech-
nique, described by Verosky'® and Tsarev.'®

Definition 7: A first-order quasilinear system is said to
be in diagonal form if it has the form

p.=A(p9)p., 4. =B(pg)g.. (6.2)

We remark that the existence of a diagonal form for a
quasilinear first-order system is related to the existence of
Riemann invariants. '®

Proposition 8: For the Chaplygin system (2.12), the
transformation

p=u+1/v, g=u—1/v (6.3)
place it in the diagonal form'®
Pe= —4qPx» 4:= —Pq4x. (6.4)

Theorem 9'°: A two-dimensional diagonal quasilinear sys-
tem (6.2) has a first-order conservation law
D, T + D X =0, with conserved density and flux of the
form
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T F(p,gq) n G(p.q) , X=£+_B_G_
px qx px qx

if and only if F and G satisfy the system of differential equa-
tions

(4 - B)G, = 2GB,,
FA, + GB, =0.

For the special case 4 = — g, B= — p, corresponding
to the Born-Infeld equation, the third equation in (6.6) is
vacuous; thus there are the solutions

F(pg)=a(p)/(p—q)° G(pg)=p(g)/(p—q)?
(6.7)

depending on the arbitrary functions a( p), B(q). There are
similar expressions for other gas dynamics systems with
¥# — 1, but then the third equation in (6.6) is not vacuous;
this restricts the corresponding functions to satisfying
a = — 3 and thus both coefficients must be constant! Thus
the Born-Infeld case is very special.

In terms of the gas dynamics variables, the conserved
densities have the form

T[up] =v'a(u+v ")/ (Vu, —v,)

+v'Bu— v Y/ (Vu, +v,).
Note that the case @ = 1, = — 1 reproduces the conserved
density (6.1) when y = — 1. Under the transformation
(2.11), these turn into the following conserved densities for
the null version of the Born-Infeld equation:

(6.5)

(B—A)F, =2FA,,
(6.6)

4. A~ —1 —1 4 4nr—1 -1
T[z’w]=zwa(z —w™) zwﬁz'(z +w™)
wz, + 7w,

’

w’z, — 22w,

where

a@(s) =a(—s/8s, B(s) =B(—s)/8s.
For the particular choices @(s) =1, Z?(s) = 41, ie,
a(s) = 8y — s5,B(s) = 8 — s, we obtain the conserved den-
sities

Suwtw, /(w2 — u?), wz /(w2
which are more like the first-order densities discovered in
Verosky'’; see, also, Olver and Nutku.® It is interesting that
the transformation (2.11) does not map the Verosky-type
densities to each other.

It can be shown that the third-order evolution equations
corresponding to the above two densities are each bi-Hamil-

tonian systems; hence the recursion operators lead to two
further hierarchies of higher order conserved densities.

4,2
—Z'wy ),
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New results on the theory of constrained systems are applied to characterize the generators of
Noether’s symmetry transformations. As a byproduct, an algorithm to construct gauge
transformations in Hamiltonian formalism is derived. This is illustrated with two relevant

examples.

I. INTRODUCTION

It is superfluous to emphasize the relevance of gauge
theories in modern physics. In spite of this, many aspects of
the classical theory of constrained systems—those which
have elbow room for gauge transformations—are not com-
pletely developed. The aim of this paper is to clarify the role
of the Lagrangian Noether theorem in obtaining the genera-
tors of Hamiltonian gauge transformations. This is achieved
by applying some results recently obtained concerning the
relationship between the Hamiltonian and Lagrangian for-
malisms.'™ These new results apply to general constrained
systems, with first- and second-class constraints, under the
only regularity conditions of Ref. 2.

The paper is organized as follows. In Sec. II we set the
notation and summarize some of the results of Refs. 1-3;
they are used in Sec. III to characterize the Hamiltonian
generators of a general symmetry Noether transformation.
In Sec. IV the specific case of gauge transformations is con-
sidered. Section V is devoted to some relevant applications:
the bosonic string and the CP;~ ' model.

All structures are supposed to be C =. Indices of coordi-
nates will be omitted.

Il. PRELIMINARY RESULTS

Here we state some of the results needed in Sec. II1. For
more details see Refs. 2 and 3. Minor changes of notation
have been done.

A configuration space Q and a Lagrangian L are given.
We shall always work with natural coordinates such as (g,v)
in T7(Q) and (g,p) in T(Q)*.

Then the Euler-Lagrange equations for a curve
(q(H),p(#)) in T(Q) can be written as

q =V, (2-1 )
Wi=a, (2.2)
where we have introduced the Hessian matrix
2
_ 9L (2.3)
dv dv
and
2
BL a L . (2.4)
8q 6‘q v

) Present address: Department of Physics, Princeton University, Prince-
ton, NJ 08540.
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The Legendre transformation FL:T(Q) - T(Q)*, with
the local expression

FL(q,U) = (q’_a_ll_)’
d

has the image M,C T(Q)*, which is assumed to be a sub-
manifold (locally) defined by the m, primary Hamiltonian
constraints ¢ (1<u<my).

The vertical vector fields

a
r“: = '}/”EU'

(2.5)

(2.6)

constitute a frame for the sub-bundle Ker 7(FL) CT(V),
where

¥,.:=FL *(—?ﬁ)
H ap

are a basis for the null vectors of W.

An outstanding object in our development is the opera-
tor K %, which is now understood* as a vector field along FL,
that is to say, it is a mapping that makes the following dia-
gram commutative:

T(T(Q)*)
K O1(gy* .

2.7)

T(Q)—T(O)*
FL

Its local expression is

b9 9L 9

8 dg dp

In fact, we shall need KX in the time-dependent case, so that
we shall add d /dr to it:

d ,dL 4 d
K@gvt)=v—+——+—.
9 dg Jdq dp Ot
Now K can be regarded as a differential operator as fol-
lows. If f'is a function in T( O)*XR,

DL (L)
K v FL *( —FL* + FL *( ) 2.9
f= dg dq dp at 29
is a function in T(Q) XR.

Now let H be a Hamiltonian function, that is,

K(gv) =

(2.8)

FL*(H)=E,, where
E, =02 _ | (2.10)
d

is the Lagrangian energy.
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One can prove® that there exist m, functions 4 # in
T(Q) such that

v = FL*{q,H} + A*FL *{g,6}, 2.11)
IL — FLp ) + AL (p ). (2.12)
q9

These functions A# are not FL projectable since
[, -A"=2§;. Then, it is easy to obtain

K-f=FL*{f,H} + A*FL*{ f,¢2} + FL *(%) (2.13)

and
T, (Kf) =FL*{f£#}. (2.14)

A careful analysis? of Egs. (2.11) and (2.12) lets us
write the Hamilton-Dirac equations as

; 4
f= {f,H}+n*‘{ﬁ¢2}+5{, (2.15)
where 7* are arbitrary functions of time.

Now derivation of (2.11) with respect to v expresses the
identity matrix as

I=MWw4y, 822", (2.16)
dv
where
2 82 (4]
M=FL*(8 H)+/1“FL"‘(&). (2.17)
dp dp dp dp

Application of (2.16) to (2.1) and (2.2) leads to the intro-
duction of time-evolution fields in 7(Q):

D,:=Dy+ u'T,, (2.18)
where u* are arbitrary functions of time and
d a 4
Dy=v—+aM—+ —. (2.19)
Y Qv ot
Then the Euler-Lagrange equations also read
(2.20)

8 S D, g
where S, C T(Q) is the submanifold defined by the primary
Lagrangian constraints

X, =ay, =K. (2.21)
Bearing all these relations in mind one can prove that

K-f=D,"FL*(f) + x.(Y*-f), (222)
where we have introduced m, vector fields along FL:

Ye(gu =942 9
dv dp
Finally, we want to point out that at the present time
most of these objects and relations can be defined or written
intrinsically: not only (2.5) and (2.10), which are well-
known,® but also (2.1)—(2.2), (2.8), and (2.9)% (2.6)7;
(2.113=(2.12), (2.13), (2.22), and (2.23)>; and (2.21).'2

lll. CHARACTERIZATION OF NOETHER
TRANSFORMATIONS

In the following it will be useful to enlarge our space
with a third set of independent coordinates, the accelerations

(2.23)
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a; that is to say, we shall work in the second tangent bundle
T*(Q).

We shall consider the operator [which maps functions
in 7(Q) XR to functions in T2(Q) XR]

d a d 4

dt—-an (15;+5t-. (3.1
Then the Euler-Lagrange equations can be written as

[L]) o =0, (3.2)
where we have defined
[L]:=i€——d—(—a£-)=a—aW. (3.3)
dg dt\odv

Noether’s theorems yield a sufficient condition for a
b6q(q.v,t) to be a dynamical symmetry transformation
(DST) of L, that is to say, to map solutions into solutions.

This condition can be written as®~1¢
[L]6q+ildg=0 (3.4)

for certain G(q,v,t). We call such a 8¢ a Noether transforma-
tion. The acceleration appears linearly in (3.4), so that it

splits into two relations'®'%:
JdG  aG
ad +U— + - = O; 3.5
q PR (3.5)
G _wesg=o. (3.6)
v

An immediate result from (3.6) is that G is an FL-pro-
jectable functionsince I, -G = y,, (3G /dv) =y, W bq = 0.
Therefore, there exists G,(g,p,t) (up to primary con-
straints) such that

G = FL*(G,). (3.7)

Now we apply the operator K to G,, bearing (2.22),
(2.19), and (2.16) in mind, under the only condition (3.7).
The result is

JG
k6 G(rn(5) - )

G = G
s
+(a atvo

+ aM(a—G - W5q). (3.8)
dv
If G corresponds to a Noether transformation, (3.5)
and (3.6) set the last two terms to zero. Moreover, assume
8q(q,v,t) to be FL projectable. There is 6q, (q,p,t) (up to
primary constraints) such that
8q = FL*(6g,).

Moreover,

(3.9)

0=9FL*G,) — G)= wFL*{gG,} -2
dv dv
= WFL*({q,G,} — 89).
Thus there are functions 4 “(g,p,t) such that
¢,
{¢.G,} =6q, + h* ——=. (3.10)
M, d
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Redefining G,: = G, — h*¢), we have {q,G,,} 8q,, sO
that we can assume G, and &q, chosen in order that
bq, ={4,G,}. (3.11)

Therefore, we conclude from (3.9) and (3.11) that (3.8)
becomes

K-G,=0. (3.12)

Conversely, suppose we have G, (¢,p,?) satisfying rela-
tion (3.12) and define 8¢, , 8¢, and Gasin (3.11), (3.9), and
(3.7). Then we have 9G /dv = W FL *(3G,/dp) = W &g,
whichis (3.6), and the identity for K- G, [(3.8)] shows that
(3.5) also holds; that is to say, (3.4) is satisfied. We have
proven the following theorem.

Theorem 1: An infinitesimal projectable function
8q(q,v,t) is a Noether transformation if there exists
G, (g,p,t) such that K-G, =0and 8¢ = FL*{q, G, }.-

Now we make use of this Lagrangian result to derive a
sufficient condition for a G, (¢,p,t) to generate a Hamilto-
nian DST in the sense that

8f={/G,}. (3.13)

Theorem 2: An infinitesimal function G, (¢,p,t) satisfy-
ing K- G, = 0 generates a Hamiltonian DST.

We call such a DST a Hamiltonian Noether transforma-
tion. We have shown that 8¢: = FL *{q,G,, } is a Lagrangian
DST. Taking into account the equivalence of both forma-
lisms,” we only need show 8 (3L /dv) = FL *{p,G, }. To this
end we write the following identity, which can be obtained
using (2.9) and the chain’s rule:

——(K G, = —FL*{p,Gh}+ +[L] aczq
d a )(aG )
— 4 v—||=—-Wé 3.14
+ (at + o q ( )
The last term in (3.14) vanishes because JG/

dv = W(JG,/dp) and, since we transform solutions of the
Euler-Lagrange equations, [L] =0. Then K-G, =0 im-

plies
53—L—FL *{p,G,}, (3.15)
v
so that Theorem 2 is proven.
Let us observe that if K-G,=K-G,=0, then

K{G,,G,} =0. Therefore, generators of Hamiltonian
Noether transformations close under the Poisson bracket.

Finally, we want to express (3.12) in an equivalent way,
which will prove to be useful in the case of gauge transforma-
tions. Application of (2.14) to (3.12) shows that
FL*{G,,$%} =0, that is to say,

(G4} =0. (3.16)
M,

Now (2.13) leads to FL *({G,,H} + 3G, /3t) =0, which
implies
aG
LI (3.17)
at M,

Conversely, by (2.13), (3.16) and (3.17) imply (3.12).
Therefore, the following theorem holds.

{G, .H} +
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Theorem 3: A function G, (g,p,t) satisfying (3.16) and
(3.17) generates a Hamiltonian DST.

It can be shown that these sufficient conditions [ (3.16)
and (3.17)] are in fact very close to those that are neces-
sary.'® Notice, also, from (3.17) that G, is a constant of
motion. Moreover, in a constrained system G, is a first class
function because it must be tangent to the final constraint
manifold.

(V. HAMILTONIAN GAUGE TRANSFORMATIONS

The preceding results apply to DST in general dynami-
cal systems. Now we consider the specific case of gauge
transformations, that is to say, DST depending on arbitrary
Sfunctions and their derivatives. Thus we are necessarily deal-
ing with a constrained system. We will write a generator
G(g,p,t) of a gauge transformation in the form

G(gpt) = Y €~ NG, (g.p), (4.1)

k=0
where € is an arbitrary function of time and €~ *(¢) is a
primitive of order k. As a result of the arbitrariness of ¢,
conditions (3.16) and (3.17) split into

{40,G, } = 0, (4.2)

Gy, =0, (4.3)
M,

Grin +{Gk’H};0‘ (4.4)

o

Relations (4.3) and (4.4) can be seen as a mechanism to
construct a gauge transformation. Since G is first class, the
G, are also first class. To be precise, the G, are first-class
constraints: Let us prove this inductively; it is obvious for
G,[(4.3)]. Suppose we have chosen H to be first class
(which is always possible; for instance, the H Y+ ! reached
in Ref. 2). Then if G, is a first-class constraint, {G,,H} is as
well. Therefore, (4.4) implies that G, , | is also a first-class
constraint. Notice, also, that G, , , + {G,,H} is a primary
first-class constraint.

The algorithm can be applied in the following way (see,
also, Ref. 14, which proposes an algorithm to construct the
gauge generator when no second class constraints are pres-
ent): H is a first-class Hamiltonian and

G, = primary first-class constraint, (4.5)
Gipr1 = — {G,,H} + primary first-class constraints.
(4.6)

One must play with this indeterminacy in order to let the test
(4.2) hold. It is worth observing that the simpler form of a
primary first-class constraint may not be suitable to begin
(4.5).

There is no guarantee that this algorithm has a solution;
however, it is reached in usual computations. Moreover, in
these cases one can choose G, = 0 for k>f + 1 (if the stabili-
zation algorithm ends at the fth step). For this reason the
generator is usually written as

S
G= 2 G(kGf_k- (4‘7)
k=0
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V. APPLICATIONS
A. The Polyakov string

The Lagrangian density of the Polyakov string is given
by15,16

L =W —g/2)g"3, x* Ipx,

= (— 1/2) —8)(g11%* — 2801 (3X) + gooX). (5.1)

The canonical momenta are

Y -1 (2115 %)
b, = Yy ——\/___g 81X, — BorXy s
0.7 (5.2)
Haﬂz - =O’
agaﬁ‘

so that we obtain the canonical Hamiltonian density
.= — N —8/61)H+ (801/8:1)T,

where H = 1(p* + x%)and T = (px). We also obtain the pri-

(5.3)

mary constraints

H00=H(n=nu=0 (54)
whose stability gives
My = {yo,H.} = (— 172 —g)H,
ﬁ01={HOI’Hc}=(gOl/V —ggun)H — (1/g,)T, (3.5)

—1 (goo ﬁﬁ_)HJr_g_gLT,

v—g 281, gf 1 g? \

Thus H and T are independent secondary constraints. As a

result of the algebra

{H(0), H(c)}=T(0)d, 6(c — o) — T(c')d,
Xé6(o— o),

{H(0),T(¢’)} = H(0)d, (6 —0') — H(d")3d,,

xX8(g —0d'),

{T(0),T(6")} = T(0)d, 8(0 — ') — T(0")d, (6 — '),

no tertiary constraints appear and we are left with five (11,

I1,,, I1,,, H, and T) first-class constraints.

We have three primary first-class constraints, so we ex-
pect three independent gauge transformations. The algo-
rithm for constructing a canonical gauge generator starts by
selecting a combination of primary first-class constraints. In
order to simplify the expressions and taking into account

that the three primary constraints give only two secondary
constraints, let us consider the following combinations:

@w = 8oolloo + 8o1llos + 1,11,

@3 =2V — 8801/800) oy + (2v — £811/800) 1115
(5.7)

P2 = [(2331 _googu)/goo]nm + (2801811/800) 11,4,

which are such that

m, ={0,,H}=

(5.6)

¢W = {¢7W: Hc} =0,
@ = {¢1’Hc} =H, ¢2 = {¢72rHc} =T

Thus we see that the generator starting with ¢, has only one
piece:

(5.8)
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Gy =fd”5W(0) (8oolloo + 8o1lloy + £1:1111). (5.9)

Now let us consider @, and apply the algorithm
Go(o) = @, (0),

G(0) + {Go(0), H.} = J do'(agy ()

+ B (d') + yo,(0')),
where ¢ = a(0,0"), etc. Then

G (g) = — H(ag) +fd0’(a¢w(d)

+ By, (0) + yp,(0')).
The next step is
G,(0) + {G,(0),H_} = primary first-class constraints

or
Gy(0) = {H(0),H,} — f do'(BH(o') + yT("))

+ primary first-class constraints.
We need to compute

{H(0),H.} = — zrag(——“_g) + 2Ha¢,(§o_n)
&n &n

V=8 5 ri8ug
&1 &n
Thus we realize that we can finish the algorithm with the
choice

B(o,0") =20,(801/811)8(0 — o)
+ (801/811)(0)d, 6(o —a'),
v(o0')= —20,(N —g/8)0(0—0')
-V —g/81)(0)d, 6(c —0'),
a(o,0’) =0.

Then the generator has two pieces and after integrating by
parts can be written as

G, =fdo[é,,¢7,
+ 6,4( —H+ ao’(&l—)¢)l _aa( —£ )‘Pz)
&1t 81
YR =)
g 4P

As a result of our choice (5.7), the consistency condi-
tion (4.2) is trivially satisfied because H, T do not depend on
g’s. Starting with @, we could have constructed

G, .—_fda’[éBqJ2+GB(— T—a,,( "g‘g )<p,

ol o )
&1 4% &1
(5.11)

The action of the three generators Gy, G, and G, on the
fields g5 (o), x, (o) yields
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0800 = €w&oo

0801 = €wgo1 + €4

2V — g8
8oo

285 — 800 811 - * 8o1 ' 8oo )
+ ,4( 00 — 801 +8&n
2800V — v—g 2v—8
[3 2 -
—€A\/—:E+é3 g(zn 800811
00

+ € (?I goo gu) - éBgou

00

N

0811 = €wgn + €4 = — 88
8oo

+ €, ( 01811 ’ _ 28, g g )
o1+
tol =8 V-2 J——

+ €&, 2g0]g”+6 (g“goo g“)—-ZéBg”,
8oo 00
(5.12)

’
Ox, = €,p, — €pX,,-

Our canonical gauge transformations do not have the nice,
well-known form

ox, = €°6,x

atu?
08op = Agop + € 0,8,p + 3, €85 + dps €8, (5.13)
This fact was really expected because Eq. (5.13) are not FL
projectable: They contain the velocities g,5. However, a
change in the arbitrary parameters can always make the con-
nection. In our case the change is given by

€= —8/811)€,

€w = A + € (Z00/800) + 2%° + €' (8oo/Zo0) + 26" (801/800)-
(5.14)

Substitution of (5.14) in (5.12) gives the covariant
form (5.13). Notice that relations (5.14) involve non-FL-
projectable functions, as must occur. Also, notice the fact
that the first-class constraints 7, H satisfy a nontrivial alge-
bra, making the first-class primary constraints ¢, ¢, enter
the generator in a definite way and giving the correct gauge
transformations, so that the canonical gauge generator is not
simply an arbitrary combination of first-class constraints.
The first class Hamiltonian we have used is simply the ca-
nonical Hamiltonian because no second-class constraints are
present. The procedure is less trivial in the example in
Sec. VB.

B. The CP 7~ model.
The Lagrangian density is'’
= (D,Z,)*(D"Z,) — AM(Z*Z, —n/2g), (5.15)

where D, =3, +id, and g“°=diag( + ). Here 4, is a
two-dimensional auxiliary gauge field and A is a field which
enforces the condition Z*Z, = n/2g on the n complex
fields Z,,.

The infinitesimal gauge invariance of the theory is given
by

€ = —€'— (301/311)60a
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8Z, = —i0Z,, 6Z*=i0Z*%,
84, =38,6, 84=0,

where 6 = 6(x°, x') = 6(r,0) is an arbitrary parameter.
The canonical momenta are

(5.16)

H“ aj O, H,{ = g = 0,
34+ A
u 97 _ Z* —iZ*4, TI*= 9L =Z, +iZ,A,
9z, 3Z*

(5.17)
Thus we obtain the canonical Hamiltonian density

K. =N N*—id,(II,Z, —TI*Z*)+3,Z* 3, Z
+iA(Z,0,Z* —Z*03,Z,) +AIZ*Z,
+A(Z*Z, —n/2g) (5.18)

and the primary constraints

M,=0, M,=0 1II,=0. (5.19)
Then the primary Hamiltonian density is
7, =30, +volly + v,Il, + 0,11, (5.20)

where v, = A pand v, = A. After the stability algorithm is
performed it turns out that the theory contains two first-
class constraints,

=1,
g, =i(ll,Z, —I3Z%) — 3,11,
and six second-class constraints,
=211, + ZZ13,
Y. =AZXZ, - NI, NIt +8,Z%*3, Z
+iA(Z*3,Z, —Z,0,Z%) —AXZ*Z,

(5.21a)

(5.21b)
xs =11,
X4=Z:Za _n/Zgy
X5=H1’
Xe=IZ, WZ*—iZ%0,Z, +24,Z*Z,.

Because the primary constraints I1,, II, have become
second class, the arbitrary functions v, = A,, v, =A have
been canonically determined:

v, = (g/miZ, 311, + ill* 3, Z, — iZ* 3, 1*
—ill, 3, Z, +24,(Z, 11, + Z*II*))

— 8, Ay=f, (5.22a)

b, = ;nz—g({Xz» H}+ fddvl(d){XZ,Xs}) =f,. (5.22b)

Thus the first-class Hamiltonian density is
H =, + Hl + L,11,, (5.23)

which incorporates the second-class primary constraints in
the correct way. Now we can begin the algorithm with

Go(a') = Ho(U)
and
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G,(0) = — {G,(0),H} + primary first-class constraints
= —i(ll,Z, —NZZ%)

+ 3, I, + primary first-class constraints.

It can be checked that { — /(11 Z, — [1*Z %) + J, 1 ,H}
= 0. Thus the algorithm ends at this stage and the gauge
generator is
G=fda[(9ﬂ0 —ig(MN,Z, —*Z*) —4,611,],
(5.24)

which gives the correct gauge transformations. In this condi-
tion (4.2) is trivially satisfied in a natural way.
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In this paper a new interpretation of the Hamiltonization of higher-order Lagrangian field
theories is given, introducing a new class of tensor fields of type (1, 1) that extends almost-
tangent structures to the tangent bundle of n* velocities.

I. INTRODUCTION

This paper is the third contribution to a geometrical
study of higher-order Lagrangian and Hamiltonian forma-
lisms in many independent variables (see de Le6n and Ro-
drigues'? for notations and results). In Ref. 1 we introduced
an intrinsical version of the Poincaré—Cartan form and in
Ref. 2 we examined a possible relation between extremals
defined by Langrangian and Hamiltonian variational prob-
lems of higher order. As expected, there is no way to estab-
lish a Legendre transformation between both formalisms
which is at least a local diffeomorphism: This was examined
in terms of the geometrical approach of higher-order vari-
ational theory.

Here we will adopt a different procedure without using
the variational theory. As remarked in the Introduction of
Ref. 1, we were inspired by almost-tangent geometry to give
an intrinsic definition of the Poincaré-Cartan form. Here we
will introduce a new class of tensor fields of type (1, 1) given
by a family of endomorphisms J,, 1<a<n of T(T% M),
where T* M is the tangent bundle of n* velocities of M. The
intrinsic formulation of higher-order theories is then clearly
obtained. For instance, the definition of the Poincaré—Car-
tan form involves an operator J;, where 3 is a multi-index

(Bl,-.-,ﬁn) andJB :J?l “aa an.

Almost-tangent structures were introduced by Clark and
Bruckheimer® and Eliopoulos* around 1960. Klein® showed
that almost-tangent structures have an essential role in La-
grangian theories like that of the role of symplectic struc-
tures in Hamiltonian theories (for example, every tangent
bundle of a finite differentiable manifold is endowed with a
canonical almost-tangent structure).

The paper is organized as follows. In Sec. II we recall
some definitions and results about tangent bundles of n*
velocities. In Secs. III and IV we examined 7* semibasic
forms and the Legendre transformation defined by such
forms. Our construction gives a geometrical interpretation
of the concept of regularity proposed in Ref. 2. We conclude
the paper by studying the Hamiltonization proposed by Po-
dolski and co-workers®® for an electromagnetic theory with
second-order field variables.

We would like to remark that our study is developed on
the bundle J*(R ",M) = R "X T* M. Nevertheless, if we
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consider the more general situation of k-jet prolongations
J* (N,E) of locally trivial fiber bundles (E, 7, N), then Mor-
imotos’s® theory fails since we have no directions on the base
manifold N for lifting tensor fields vertically. In such a case
we adopt Saunder’s'? approach using the operators S,, para-
metrized by closed one-forms on ¥V to construct global Poin-
caré—Cartan forms. It is easy to see that if N=R",
E=R"XM,thenS,, = .7: , 1<a<n, where the star stands
for adjoint operators acting on forms.

ll. PRELIMINARIES

Let M be a manifold of dimension m and R” the Euclid-
ean space with the coordinates (x, ..., x,,) = (x, ). We do-
note by T4 M the tangent bundle of #* velocities, i.e.,
T% M =J%(R",M) is the manifold of all jets of order k of
C~ mapping from R" to M at the origin OcR" . Let us denote
by n(n, k) the set of all n-tuples a = («, ..., @, ) of non-
negative integers such that |a| = a, + -~ + a,, <k. We set

a +B= (alyv.-’an) + (Bl""’Bn) = (al +ﬁl’_“,a” +ﬁn),
for all @, PBen(n, k),
(a) = (0,...,1,...,0),

with 1 in the ath place.

If (z*) are local coordinates on M, then we denote by
(z2) the induced coordinates on T* M defined by

2 oy = () (2o

al/ \ox=

where al= (g (a,)! and
(Fx,)%++ (9x,) ™.

Alternatively, we shall use the coordinates (y#) on
T4 M, withy? = (a)! 2.

As we have seen in Ref. 1 there exist a family J,,

0<|B |<k of canonical tensor fields of type (1, 1) on T* M
locally given by

’
x=0

a/0x* =3</

; k iﬂl ( 0 (dzA )
= ® o )
S = 5Zﬁ+3)
1ll. SEMIBASIC FORMS

Let us denote by
PrR"XT* MoR"XT I M, 7 T*M-T\ M
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the obvious projections (7 < k), p} = Id . X 7t. We set
7 R'XT*M-T. M
for the projection given by pr,°p¥, where
praR"X T M—~T M.
Definition: Let A be a one-form on R "X T*M. Then A

is called 7* semibasic if it vanishes on all vertical vector fields
with respect to the fibration

TR"XTEM T M,

(xa7y¢:)|a\<k - (y:)|a!<r'
Itis easy to see that A is 7% semibasic if and only if it is locally
expressed by

A=Y Ai(x,p3)(dys), 1<4, B<m, O0<|B|<k.

laj =0

We recall that the 7% vertical bundle ¥ = ker T 7* is locally
spanned by the vectors fields {((d/dx,), (8/dy2);
r+ I<jai<k).

Theorem: Let

9 T (ToM)-T M
be the canonical projection of the cotangent bundle
T* (T M) onto T, M and Id Xq . ,, the obvious induced
projection

R"XT*(T'M)-R"XT'M.
If A is a 7 semibasic form on R "X T*M, then there is a
mapping
D:R"XT*M~R"XT* (T, M)
such that (Id Xgq,.,,,)°D = p\.

Proof: In fact, D(x,v) = (x,p), wherepeT;,:(v) (T, M)
is determined by

p(X) = A(x,v) (7)’
where XeTﬂk(U) (T, M),
Tr*(X) = X. Then we have

XeT,,,, (R"XT* M), and

D(xa’y:)0<}a|<k = (xa’Aj )0<\a\<r~ a

Corollary: If A is the Liouville form on T* (T’ M), then
(prsoDY* A=A, where prs: R" XT " (T.M)
~T*(T M) is the canonical projection on the second fac-

tor.
Remark: Similarly, we can consider 7% semibasic one-

forms on 7% M and prove that a 7% semibasic one-form A on
T*M defines a mapping D: T*M—T" (T, M) such that
oD =zt

9rom
Then if A is locally given by
A= 3 ALy,
laj =0
we easily obtain that D is given by
D:(y:)0<|a|<k - (Y:,Az )0<|a]<r‘
Clearly, we have D" 4 = A.
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IV. THE LEGENDRE TRANSFORMATION

Let us first recall the following construction of fibered
bundles. Suppose that (E,, 7,, N) are fibered bundles,
1<a<n, and consider the Cartesian product (E,X - X E,,
X Xwm,, NX---XN) of such bundles. Let A:
N—N X -+ XN be the diagonal map x - (x,...,x). Then one
obtains a fibered bundle denoted by £, + - - + E, such that

E,+ - +E,~EX -XE,

1 7T|X"'X7T,,
A

N—sN X" XN

is commutative. If each (E_, 7,, N) is a vector bundle, then
E+-+E =FE o oE, is the Whitney sum.
Now, in Ref. 1 we have shown that the Poincaré—Cartan
form is defined by
k—1 1

Q =[ (—1)1/34( )d (d; L)]
’ \mz=o B+ (@) ™ Iy

Ao, + Lo. (n
If we use the fact that
7.3+ (a) =J5+ (a) —J[icba ®dxb)
then (1) takes the form
Q [ 5~y 1 dyd, L
= (-1 (—————) ( )]
L l/ﬂz‘;o (ﬁ+ (a))! T/f J/)o (u)
No, — E, 0, (2)

where the remaining terms are incorporated in the energy
E; of L after the substitution of /5, ,,. At the local level we
have

k—1

Q=3 0040, + Lo
|Bl=0
k—

1
= Y Pt dyi N, - EL0, (3)
151 =0

where E, is given by

k—1

E = z p§+(a)y;+(a) —L. (4)
|Bl=0
If we set
A S B 1
L= 3 (=1 (———-)d (d, L), l<a<n,
|/3\Z=o (ﬂ+ (a))| T/J J/:W(a)

then A, is locally given by

k—1

Ao=S Pir@ays.
1BT=0

Hence one has that A, is a 72", semibasic one-form on
R"XT?~'M. From the above theorem there is a fibered
morphism D, =Leg, from R"XT*-'M to R"
X T* (T*~'M) such that

(Id Xqri-1,,)°Leg, =p*, 1<a<n,
which is locally given by

(X523 0cia)<an -1 = (X ¥ 3PS “Doclalck—1> 1<bLn.

Now, if we take E,=R"XT*(T* 'M), =,
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=1Id Xq,. 1,,,and N=R"X T~ 'M one obtains n vec-

tor bundles with the fiber T/ 'R™ m =dim M.
Therefore, we may define a fibered mapping
Leg -
R"XTY¥ " 'M-(R"XT ™ (T ~'M))
@ &(R"XT ™ (T5~'M)) (5)

defined by
Leg(x,v) = (Leg,(x,v),...,Leg, (x,v)).

We call Leg the Legendre transformation of L. For example,
if k =2, Leg is locally given by

(X V) = (XA PE T D) ey (X ¥ B+ ),
0<lal<3, 0<|BI<1,
where

JL JL
Py’ = ( ) - dT,,(—"_‘" - ‘)’
i Wy +

PO+ B = ( oL )
W+

As R"XTZX*~' M and the Whitney sum on the rhs of
(5) are fibered over R "X T *~'M we may examine the rank
of each Leg, (i.e., the rank of the functions p4* ‘¥,
O<|a|<k—1) with respect to the variables yZ,
k<|a|<2k — 1. If we suppose that for every a = 1,...,n the
rank is maximal, then Leg is a submersion. This construction
gives a geometrical interpretation of the concept of regular-
ity proposed in Ref. 2. If Leg is a submersion, then taking a
section s of Leg, one obtains the Hamiltonization of the theo-
ry by defining H = E; os.

Remark: The reader is invited to compare the present
procedure with the one proposed by Shadwick."'

(6)

V. THE HAMILTONIZATION OF PODOLSKI

In what follows we will set (aq;)+ --(a,)
= (ay...,a, ). We will take k=2, n=4, and m = 4. The
Podolski formalism (see, for example, de Ledn and Rodri-
gues,'? p. 145 or Podolski and Schwed?®) starts with a La-
grangian L = L(p}), 0<|a|<2, where the independent vari-
ables (x,, x,, x5, x, = ict) are implicitly defined in L. The
Podolski Hamiltonization is obtained by the introduction of
the coordinates g, = y*. The momenta are defined by

=2 (BN (RN o
V04, \at)\ o, ax; N3¢,/

JL

3,

where the dots are time derivatives and 1<j<3. The Hamil-
tonian is then defined by

H=p,,19s +Ps,44 — L. (8)
In what follows it is convenient to use the relations
ad . ad
= (lc)‘l(_)9 ’ = (lc) A ’
ax, o 94 Y

éA = (fC)zy(f"m ’

Pann =

qA,j = (iC)y(ij) ,
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aL s (9_)(L
=(ic>“[( )‘ ( )( )]
Pan Ay & , b; Ix, ay(’im

JL
P, ={((ic)’ ) {—].
42 = ((ic)?) <5y(’44))

Thus using our previous notations (6) we have

(i)pap = P,(44)’

and the Hamiltonian is

H=pPyé + 0"yl — L. (9
Now, we may interpret (8) or (9) as follows. If H is only a
function of (y*, y(;,, p$, p{**), then we are in the presence
of a second-order theory, with the Legendre transformation
defined on the tangent bundle of order 3 with values on the
cotangent bundle of 7M:

Leg: TM-T * (TM)

(since the Hamiltonization is only performed with a single
independent variable). The map Leg is the Legendre trans-
formation previously studied by the present authors in the
context of higher-order particle mechanics (see de Ledn and
Rodrigues,'? p. 108). However, Podolski considered the
Hamiltonian (9) as being of the type

H= H(yA»y(/:,v) ’y(/‘:ut) ’pff)’Pf{M) ) (10)
In such a case the Hamiltonization is obtained by pulling
back the original Lagrangian L defined on TiM to T M
via the canonical projection p;. The Legendre transforma-
tion for (p3)* L is then a map

Leg:TiM—-T *(T2M)o o T * (T2M) (four-times),
(1

which is not a submersion. In fact, we consider only the
fourth term in the Whitney sum on the rhs of (11), for which
the local coordinates are (y7, p5+ V), 0<|a|<2. Then we
consider a section s, defined on some submanifold of
T* (T3 M), locally characterized by constraint relations of
the type

(ic)’pan = P3P

1<u,v<3.

P =pi" =0, l1<a, b<3.
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It is proved that the path-space measure for the Dirac equation in four space-time dimensions
does not exist. The origin of the nonexistence of the measure turns out to be the dependence of
the solution on the first derivative of the initial condition.

I. INTRODUCTION

Consider the Cauchy problem for the Dirac equation
describing the evolution of a free relativistic particle in two
space-time dimensions,

[0, + a8, (%) = — imBi(x),

¥(0,x) = ¢(x),
where 3 and ¢ are C*-valued functions, and @,8eC**? are
constant matrices satisfying the relations a®> = 82 =1 and
af + Ba = 0. There exists a C2*2-valued Borel measure v,
on the space of paths C, = {XeC([0,t ],R): X(r) =0},
such that the solution of Cauchy problem (1) is given by the
formula

(D

P(tx) = f dv,(X)$(x + X(0)). (2)
Cl

There are several methods of constructing the measure

v,. The first to define v, was Ichinose,' who applied a Riesz-
type representation theorem. Blanchard er al.? obtained a
representation of the solution to (1) in terms of the probabi-
listic expectation and a Markovian stochastic process asso-
ciated with Dirac equation (1). This representation leads
immediately to a definition of the measure v,, and to formula
(2). Zastawniak® gave another equivalent definition of v,,
which was obtained by considering the expansion of the so-
lution ¢ in powers of the mass m of the particle. It turns out*
that the measure v, is concentrated on the set of so-called
zigzag paths, i.e., such functions XeC, that the derivative
X’ (s) exists for all but a finite number of s€[0,¢] and equals
+ 1 times the speed of light (which is 1 in our units). This

can be regarded as a formulation of the phenomenon of the
Zitterbevegung of a Dirac particle in terms of the path-space
measure. The integral with respect to the matrix-valued
path-space measure v, has got all the properties suggested by
Feynman in his brief description® of the path integral for the
Dirac equation. Moreover, if the particle is subjected to an
external electromagnetic field, the Dirac equation becomes

[3, — iV(tx) |9¥(tx)
+a[d, —id(tx)] = — imByY(1,x).

With ¥, 4: {0, ) X R— R being arbitrary (sufficiently reg-
ular) electromagnetic potentials, the solution # to the initial
problem #(0,x) = ¢(x) is given by the formula®

22 On leave from Institute of Mathematics, Jagiellonian University, Rey-
monta 4, 30-059 Krakéw, Poland.
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P(tx) = J dv, (X)exp[z'J Visx + X(s))ds
c, o

+ if A(sx +X(s))dX(s)]¢(x + X(0)),
(1]

which resembles the famous Feynman-Kac-Ito formula.”

It is crucial for the construction of the measure v, that
there exists an L> estimate of the solution to Cauchy prob-
lem (1). According to Ichinose,® the above results seemed
not to generalize easily to the four-dimensional case for the
lack of a theorem on the L~ -well posedness of the Cauchy
problem for the Dirac equation in four space-time dimen-
sions.” The aim of the present paper is to prove that, in fact,
such a generalization is impossible. To be more precise, let us
write down the initial Cauchy problem for the Dirac equa-
tion in four space-time dimensions,

3, + aNP(tx) = — imByY(tx),
¥(0,x) = $(x).

Here ¢ and ¢ are C'-valued functions, and
a'V=ad, +ad, +ad,,wherea,,a, as;, BeC*** are
constant matrices satisfying the relations B2=1,
a,f+Ba, =0,and a,a, + a,a, =6, , fork,!=1,2,3. To
generalize the results of Refs. 1-3, one should look for a 4 X 4
matrix-valued measure v, that is defined on the path-space
C, = {XeC([0,¢],R®): X(¢) =0} and satisfies a formula
analogous to (2). It is proved in the next section that such a
measure v, does not exist.

It will be convenient to use the so-called Weyl represen-
tation of the matrices a; and 3,

(3)

_Jox O _[0 1]
ak_[o _Uk]s B‘— 1 0 ’ (4)

where 1 and O stand for the identity and null 2 X 2 matrices,
respectively, and for k = 1,2,3, o, are the Pauli matrices.
The Cauchy problem (3) for the Dirac equation in the Weyl
representation can be rewritten in the form

(at +j0"V)¢]-(t,X) = - lm¢ —J (t,x),
1//,- (O,X) = ¢j (X),
where j = + 1, and ¢;, ¢, are C*-valued functions.
If the mass parameter m = 0, problem (5) can be under-
stood as a system of two Cauchy problems for two indepen-

dent differential equations, called the Weyl equations. The
problems are indexed by j = + 1, and have the form

(&)
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(3, +jo-V)Y(tx) =0,
¥(0,x) = ¢(x),

where both the solution ¢ and the initial condition ¢ are C*-
valued functions. The next section will start with a discus-
sion of the Weyl equation, in which case we shall show that
there is no corresponding 22 matrix-valued path-space
measure. The proof for the Weyl equation shows clearly the
reason why such a measure does not exist. Afterwards, using
an expansion of the solution in powers of the mass m, we
shall extend the argument to the Dirac equation.

The theorem on the nonexistence of the path-space mea-
sure for the Dirac (and Weyl) equation is similar to the well-
known result'® that the path-space measure does not exist
for the Schrodinger equation. Our proof starts similarly as
that for the Schrédinger equation. Assuming that a measure
v, that satisfies (2) exists, we can show that

(6)

f dv, (X)PX(0))|: deC&(R%CH, |8l <1} = oo,
Cl
€))]

II-ll.. being the supremum norm. But this is impossible,
since the integral in (7) can be estimated in terms of the total
variation of the measure v, and the supremum norm of 4.
We shall however see that the proof that the supremum in
(7) is infinite is completely different from the known proof
for the Schrodinger equation. The main difference is that the
solution of the Dirac (and Weyl) equation apparently in-
volves the first derivative of the initial condition. It is the
dependence of the solution on the derivative of the initial
condition what gives rise to the infinity of the supremum in
(7). Obviously, such a proof would not work for the Schro-
dinger equation. In this case the solution does not depend on
the derivative of the initial condition, so the origin of the
infinity in (7) and of the nonexistence of the path-space mea-
sure must be different. Essentially, for the Schrodinger equa-
tion, the infinity comes from the oscillating exponential
which appears in the integral kernel of the evolution opera-
tor.

Let us note that for the Dirac equation in two-dimen-
sional space-time, the solution does not depend on the deriv-
ative of the initial condition, either. One can write the expan-
sion of the solution in powers of the mass. It turns out to have
the same form as expansion (14) given in the next section,
but formula (10) defining W, (¢) must be replaced by the
simple expression [ W, (£)¢](x) = ¢(x — jt). There are no
derivatives of the initial condition in this expression. The
supremum in (7) can easily be shown to be finite and, as we
know, the corresponding path-space measure does exist. In-
cidentally, in the two space-time dimensional case, the ex-
pansion in powers of the mass can be used to construct the
measure."’

Before we proceed to the next section, we would like to
fix the notation we are going to use. For zeC”, let |z| = max
x{lz;|: i=1,2,3,..,n} be the maximum norm, and let

sup{

I#ll.. =sup{|¢(x)|: xcR’} denote the supremum norm of .

abounded function @ from R*to C". For a C-valued measure
v on a g-algebra 2, the total variation of v is given by the
formula
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var(v) = sup[ i |[v(4)|: A, A4,

i=1
are disjoint sets from 2] .

For a C">"-valued measure v, the total variation is defined
as the maximum of the total variations of the n? entries of v,

var(v) = max{var(v;): i,j=12,.,n}.

Il. THE NONEXISTENCE OF THE MEASURE

The following theorem states the nonexistence of the
path-space measure for the Weyl equation.

Theorem 1: There is no such C**?-valued measure v, on
the path-space C, = {XeC([0,t ],R®): X(¢) =0} that for
all smooth functions with compact support @eC§
X (R3,£?), the formula

Yo = f dv, (X d(x + X(0)) 8)
CI

holds, 1 being the solution to the Cauchy problem (6) for
the Weyl equation with the initial condition ¢.

Proof: We shall prove, that if there exists a C>>*?-valued
measure v, on the path-space C, such that the solution to the
Cauchy problem (6) is given by equality (8), then

sup{ f dv,(X)qS(X(O))(: ¢eC’5°(R3,C2),||¢”w<I]
Cl
= oo. 9

On the other hand, each of the four entries of the 2 X2 ma-
trix-valued measure v, is a C-valued measure, hence its total
variation is bounded.!? The estimate

f dv, () HX(0))
c

<2var(v)|¢ll.,

holds. The factor 2 comes from the multiplication of a vector
in C? by a matrix in C**? under the integral sign. Obviously,
the estimate is in contradiction with (9).

Now, we shall prove that the supremum in (9) is infi-
nite. For j= + 1 and #R, let us introduce an operator
W, (t) from C*(R?,C?) to C'(R?C?) such that

[W;()$](x) = (3, — joV)t| $(x + tn)dA(n), (10)
S

where S is the unit sphere in R?, 1 denotes the normal (i.e.,
divided by 47) Lebesgue measure on S, and » stands for a
unit vector belonging to S. If ¢eC *(R?,C?) is the initial con-
dition of the Cauchy problem (6) for the Weyl equation,
then the function ¢¥(£,x) = [ W, (£)#1(x) turns out to be its
solution. Indeed, it follows immediately from (10) that
P(0,x) = [W;(0)¢](x) = #(x), and by the Poisson for-
mula, " the function u:[0, 0 ) X R* - C?, defined by the equa-
lity

u(t,x) = tf ¢(x + tn)dA(n),
5
satisfies the Cauchy problem for the wave equation
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(@7 —B)u(tx) =0,

u(0,x) =0,
3,u(0,x) = ¢(x).
The relation between ¢ and u is ¥(tx)

= (d, —jo-Viu(t,x). Since (4, +joV)(3, —joV)
= (3% — A), it follows that ¢ satisfies the Cauchy problem
(6).

Consider a sequence of initial conditions ¢*: R*>-C?
such that for £ = 1,2,3,..., and xeR?,

&% (x) = expik |x|))E()x))v, (11)
wherev = (1,1)7eC? and {: R—Risafunction of class C*
such that |£(r)|<1 for all reR, {(7) = 1if || is not greater
than ¢, and £(r) =0 if || is not less than 2¢. Obviously,
¢*eC & (R*C?) and ||¢*||., <1. Moreover, if the Euclidean
norm of x€R> is not greater than ¢, then V¢é*(x)
= 2ikx¢* (x). Using formula (10) we get for any £>0,
j=+1landk=123,..,

[W,(6)8*](0) = (1 + 2ikt)exp(ikt*)v. (12)

Let ¢*(t,x) = [W,(£)¢*1(x) denote the solution to
Cauchy problem (6) with the initial condition ¢". It follows
from (12) that [¢* (£,0)| - « as k— oo and so, if a measure
v, satisfies formula (8), then the supremum in (9) is infinite.
Theorem 1 is proved. O

We are now ready to prove the theorem on the nonexis-
tence of the path-space measure for the Dirac equation in
four space-time dimensions.

Theorem 2: There does not exist a C***-valued measure
v, on the space of paths C, = {XeC([0,],R*): X(¢) =0}
such that for any smooth function with compact support
$eC & (R°,C*), the formula

Ptx) = f dv, (X)g(x + X(0) (13)
Cl

holds, where 1 is the solution to the Cauchy problem (3) for
the Dirac equation in four space-time dimensions.

Proof: Since all representations of matrices a; and f are
unitarily equivalent,'* it suffices to prove the theorem under
the assumption that a; and § are given by formulas (4), i.e.,
in the Weyl representation. N

First of all let us show that for any functions ¢, and ¢_
in C*(R3,C?), the following series converges for all £>0,
xeR* andj= + 1:

Y (tx) = i (——t'm)"J ds, Junds,,%l-“ fzds,
= 0 0 0

n=0

X[L{/j(t—'z i (_ 1)n+lsl)¢j(_])"]('x)
I=1
(14)

and the functions ¢, and ¢_, defined by (14), belong to
C'([0, 00 ) X R?,C?), and satisfy the Cauchy problem (5) for
the Dirac equation in the Weyl representation.

Let K be a compact set contained in [0, o ) X R*. Then
theset A, = U{x + [ — t,¢]n: (t,x)ekK, neS}is a compact
subset of R>. Using definition (10} of the operator W, (1), it
is not difficult to prove that there exists a constant M, >0
such that

sup |[W,(9)¢] (0| <Mycsup [[$()] + D4 ),

—t<s<t

(15)
sup |6, [ W;(5)8] (x)|<Mgsup [|Dg(x)| + |D%B(x)|],

(t,x)ekK
—t<s<t

(16)

sup |V[W,(5)8] (x)|<Mysup (|Dé(x)| + D)1,
(t,x)e xeAyx

—t<s<t
(17)
D¢ and D?¢ being the first and second differentials of ¢,
respectively. Let us observe that if 0 <s, <5, <... <5, <1,
then —t<t—237_, (— 1)"*', <t Hence it follows from
estimate (15), that for all (¢,x)€K, the nth term of expansion
{(14) is bounded by MgRm"T"/n!, where
R =sup{|g,(x)| + |D¢;(x)|: xedy, j= +1}, and
T = sup{r: (t,x)eK}. Therefore expansion (14) converges
uniformly for (¢,x)eK. Analogously, estimates (16) and
(17) give the uniform convergence for (¢,x)eK of the series
of derivatives with respect to ¢ and x of the terms of expan-
sion (14). It follows that ¢, and ¢_ belong to
C'([0,00) XR3C?) and for all (£,x)e(0,0)XR? and
Jj= = 1, thefollowing series of derivatives are convergent to
the derivatives of ¢;:

o t Sp— 1 S2 n—1
a4 (tx) = Z (—z'm)"f dsn—lf dsn—z"'f dsl[Wj(_t—z Z (_1)"+]sl)¢j<—n“](x)
0 (1] 0

n=1

I=1

+ z:"o(—im)"fo ds, J;"ds,,_,'-- J:dsl 8,[W}(t—2 z (— 1)"+’s,)¢j(_”n](x)

I=1

= —im i (—im)"J(;ds,,J‘"ds,,_1 ---J;zdsl[Wj(—t+2 i (——l)"*’s,)gb_j(_”..](x)
n=0 (1]

-{-ngo(-—im)"'[;ds,,J;"ds,,_1 J; dsla,[W}(t—2 > (—1)"+’s,)¢j(_l),.](x),

and

VY, (4%) = 20(_im)"£ a's,,L”ds,,#IH-J:dsla-V[Wj(t—2 3 (- 1)"*’.9,)¢j(_1)"](x).
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I=1

(18)

=1
(19)
(=1
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From the proof of Theorem 1 we have
(3, +joV)[W;(t+5)¢, ;1 =0. From definition (10),
we can deduce easily that W, ( — t) = W _,(¢). Thus we get
from (14), (15), and (16) that indeed the functions ¢, and
#_ solve the Cauchy problem (5) for the Dirac equation in
the Weyl representation.

Next, we consider a sequence of initial conditions
preC o (RC?), where j= +1, k=123,., and
¢*, = ¢* = ¢* ¢ being the function defined by formula
(11). Let ¢* = (¢*,_, ¥* ) be the solution to Cauchy prob-
lem (5) for the Dirac equation with the initial condition
¢“ = (8%, , ¢* ). From (14) and the uniqueness of the so-
lution to the Dirac equation, we get

oo t Sy S
¢jk(t’0)= z (—im)nJ‘ dsnf dsn-—l“.J dsl
n=0 o] 0 0

X[W;—(t— 2 2 (— 1)n+1s1) j"(_”,,](O).
=1

(20)

Let us observe that for n> 1, the nth term of expansion (20)

is bounded by (t+ 1)¢"~'m"/(n — 1)!. Indeed, setting

u=t—22'_,(— 1)"*'s, and using formula (12), we have

(—im)"J ds,,f"ds,,_l---fzds,
0 0 (1}

x[r(i-2 3 sy of

I=1

n t S, N
P fds,,f ds, , J ds,
2 Jo 0 0

b
J du(l + 2imu)

X exp(imu?)
(mt)n—!
<m(t+1) ———. 21)
¢ (n— 1) (
We put here a=¢t—23/_,(—1)""s, and b=t

—237_,(— 1)"*’s, for simplicity. The last inequality in
(21) holds, since |a|<t, |b |<t, and

b
f du(1 + 2imu)exp(imu?)

b b . 2
< f du exp(imu?) +J‘ du_—dexp(zmu )

du

<la|+ 6] +2<2(+ 1),

It follows that the sum over n>1 in expansion (20) is for all
k = 1,2,3,... bounded by m (¢ + 1)e™. By formula (12), the
leading term (for 7 =0) in expansion (20) is
[W; (£)$:1(0) = (1 + 2ike)exp(ikt?)v, and so it tends in
norm to infinity as k— oo. Therefore |¢* (£,0)|— o as
k— oo . The same argument as for the Weyl equation (see the
proof of Theorem 1) shows that this is in contradiction with
the existence of a path-space measure v, satisfying formula
(13). The proof is completed. (]

Remark: Let us note that in the proofs of Theorems 1
and 2, we used only values of the solutions #* (¢,) calculat-
ed at one fixed point x = 0. We are allowed to do that, since
all the functions #*(¢,") are continuous (in fact they are
smooth functions with compact supports).

1357 J. Math. Phys., Vol. 30, No. 6, June 1989

lll. CONCLUDING REMARKS

Despite the fact that for the Dirac equation in two space-
time dimensions the path integral can be understood as an
integral with respect to a well-defined path-space measure, it
has been proved in Sec. II that this is no longer true in four
space-time dimensions. This motivates the need for a defini-
tion of a relativistic path integral which is not based on the
measure theory. The analogy with the Schrodinger equation,
for which the path-space measure does not exist either, sug-
gests that one could apply methods developed for the Schro-
dinger equation. However, since there are different reasons
why the path-space measure does not exist for the Dirac and
Schrodinger equations, the analogy should be expected to be
very limited.

As an example let us take the method of oscillatory inte-
grals, which gives a very useful definition of the path integral
for the Schrodinger equation. ' Since this method is based on
the specific form of the integral kernel of the evolution oper-
ator for the Schrodinger equation involving oscillating ex-
ponentials, it is unlikely that it would work for the Dirac
equation.

The path integral for the Schrddinger equation can also
be defined by means of the analytic continuation of the path
integral for the diffusion equation, i.e., the integral with re-
spect to the Wiener measure. A relativistic analogy of this
method was suggested by Kac ez al.,'® who observed that the
path integral for the Dirac equation in two space-time di-
mensions can be regarded as the analytic continuation in
mass of a path integral for the telegrapher’s equation. Let us
note however, that the proof of Theorem 2 still works if the
non-negative mass parameter m is replaced by any complex
number z, which means that in four space-time dimensions
thereis no relativistic analogy (in the sense of Kac ez al.'®) of
the Wiener measure. Therefore it seems impossible in four
space-time dimensions to use the analytic continuation to
define the relativistic path integral along the same lines as
Kac et al.'® did in the two-dimensional case. Naturally, this
does not exclude the possibility that a definition based on
another scheme of analytic continuation may be available.

Last but not least, there is the method of approximation
of the path integral by integrals over finite-dimensional
spaces of polygonal paths. In connection with this method,
we would like to mention two different schemes of approxi-
mation of the solution to the Dirac equation in four dimen-
sions: the first one attributable to Suarez,!” and the other one
by Jacobson.'® The idea of the latter one is closer to Feyn-
man’s original concepts.'® Both of the schemes involve poly-
gonal paths whose speeds exceed the speed of light. Thisis a
common feature of the approximation schemes for the Dirac
equation, but its physical interpretation is rather unclear.
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Stochastic field theory at finite temperature, when it is formulated from stochastic mechanics,
which incorporates Brownian motion in both the external, as well as the internal, space of a
particle, and the external and internal fields, and which are written as thermal doublets, gives
rise to finite temperature quantum field theory in Minkowski space. The Haag-Hugenholtz—
Winnik, (HHW) formalism of modular conjugation and the Tomita—Takesaki theory of
modular Hilbert algebra then follow from this finite temperature quantum field theoretical
formalism. It is shown that there is an inherent discrete Z, symmetry among the fields of the
doublet, and the equilibrium condition is ensured by this symmetry. When this symmetry is

spontaneously broken, thermodynamical equilibrium is destroyed.

I. INTRODUCTION

In the previous paper,' we have tried to show that in
stochastic field theory at finite temperature, when it is con-
structed from stochastic mechanics where it is taken that
there are universal Brownian motions in the external space
as well as in the internal space of the particles, the field func-
tions associated with the internal space variables may be re-
lated with the modular conjugation operation of the HHW
formalism as well as the Tomita-Takesaki theory of modu-
lar Hilbert algebras. This helps us to study thermofield dy-
namics as formulated by Takahashi and Umezawa,? where a
new tilde operation is introduced in terms of the stochastic
fields associated with the internal variables. In fact, in Ref. 1,
it has been shown that thermofield dynamics can be refor-
mulated in terms of stochastic field theory at finite tempera-
ture, and the real-time Green’s functions can be derived
when we write the field functions associated with the exter-
nal space-time and internal space-time as thermal doublets.

Recently Niemi and Semenoff > have formulated finite
temperature quantum field theories in Minkowski space
(real time) using Feynman path integrals. It has been shown
that at nonzero temperature, a new field arises which plays
the role of a ghost field, and a new discrete Z, symmetry
arises. This thermal Z, symmetry actually relates the time-
reversal invariance of the two fields—the physical field and
its conjugate ghost field. Thermodynamical equilibrium is
destroyed when this Z, symmetry is broken.

In this paper, we shall show that the Niemi-Semenoff
formalism is equivalent to thermofield dynamics when we
interpret the latter with the stochastic field theory at finite
temperature involving fields in the external and internal
space, and the thermal Z, symmetry for the equilibrium con-
dition is essentially related with the tilde operation associat-
ing the stochastic external and internal fields. In this sense,
Z, symmetry introduced by Niemi and Semenoff is found to
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be isomorphic with the modular conjugation operation of
Haag, Hugenholtz, and Winnik, and it finds its relevance in
the Tomita—Takesaki theory of modular Hilbert algebras. In
this way the real-time formalism of finite temperature quan-
tum field theory is found to be associated with the equilibri-
um conditions in quantum statistical mechanics.

It may be recalled here that when the stochastic nonlo-
cal field is written as a product function of the external and
internal fields, the correlation functions we obtain involve
imaginary time. The correlation function involving only ex-
ternal fields can be obtained when we set that the internal
time variable vanishes and the internal space variables are
integrated out. Thus a conventional Euclidean field theory
can be constructed from stochastic fields. However, as point-
ed out by Guerra and Ruggiero,* this Euclidean field theore-
tic formalism has a real-time interpretation in the sense that
a stochastic field can be generated from stochastic oscillators
in real time, as is considered in stochastic mechanics.’ In
Ref. 1, we have shown that this inherent real-time formalism
can be explicitly recovered when we write the external and
internal stochastic fields as thermal doublets. Indeed it is
essential also at finite temperature to write them as doublets,
as the temperature effect on the external and internal fields
may be different. In Ref. 1, it has been shown that an aniso-
tropic feature in the internal variable gives rise to a fermion.
So it may happen that at finite temperature this anisotropic
feature is destroyed, which means that the thermal doublet
will have different statistics. Thus we find that this thermal
doublet formalism for the external and internal fields is a
necessary requirement to study thermal effect and equilibri-

‘um condition. This helps us to relate the stochastic field

theoretic formalism with thermofield dynamics of Takaha-
shi and Umezawa, as well as with the Niemi—-Semenoff for-
malism of Z, symmetry, and a unified picture emerges for
finite temperature quantum field theory.

In Sec. I1, we shall recapitulate certain results as derived
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in Ref. 1 to show the association of stochastic fields with
thermofield dynamics. In Sec. II1, we shall study the equilib-
rium condition in terms of this stochastic field theory at fi-
nite temperature, and we shall point out its association with
the Haag-Hugenholtz—Winnik (HHW) formalism of mo-
dular conjugation and the Tomita~Takesaki theory of mo-
dular Hilbert algebras. In Sec. IV, we shall show the equiv-
alence of this equilibrium condition with the Niemi-
Semenoff formalism of Z, symmetry.

Il. STOCHASTIC FIELD THEORY AT FINITE
TEMPERATURE AND THERMOFIELD DYNAMICS

We have recapitulated certain results of Ref. 1 for com-
pleteness. Nelson® developed a quantization procedure
which is based on Brownian motion processes evolving in
real time. But the major difficulty in Nelson’s procedure is
that we do not know how to have a relativistic generalization
of this and achieve the quantization of a Fermi field. In a
recent paper,® it has been shown that in Nelson’s formalism,
the relativistic generalization as well as the quantization of a
Fermi field can be achieved when an anisotropy in the inter-
nal space of a particle is introduced and it is taken into ac-
count that there are Brownian motions in both the external
and internal space. In view of this, we denote the configura-
tion variables as Q(7,£,), where £, is the fourth component
(real) of the internal four-vector §,,, which is considered to
be the attached vector to the space-time point x,, . We assume
that Q(#,£,) is a separable function and can be denoted as

Q(1,60) = q(1)q(&0)- (D
The process Q(¢,£,) is assumed to satisfy the stochastic dif-
ferential equations

dQ:(tsg()) :bl(Q(t’go)ytygo)dt+da),(t)9 (2)

dQ,; (4,6, = b [(Q(8,60),1,50)d50 + dw; (&), (3)
where b,{Q(1,£,),1,6,) and b[(Q(1,£,),4,&,) correspond to
certain velocity fields and dw; are independent Brownian
motions. It is assumed that dw, (¢) [dw,(§,)] does not de-
pendon Q(S,S") for S<#(S'<&y), and the expectations have
the following values:
<dwi (t) ) = 0’
(do;(1)dw;(t"))

= (fi/m)5,;6(t —t')drdt’,
(dwi (§0)> = 0,

(dw, (o)dw; (84 ))

= (ﬁ/70)5y5(§0 - §6 )d§<) dé'('],

where # is Planck’s constant divided by 27 and #° is a suit-
able constant having the dimension of m. The description is
asymmetrical in both “external’ and “internal” time but we
can also write

dQ; (1,6,) = b HQ(1,50) 1,60t + dw¥ (1), (5)
dQ, (1,6,) = b *(Q(1,60),6.50)dEy + dw¥ (&), (6)

where w* has the same properties as w except that dw*(¢)
[dw¥ (&) ] are independent of Q(S,S') with 31, S'>&,.

(4)
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From the stochastic equations considered here, the fol-
lowing moments can be derived.

(Q,’ (trgo)) - 07
(Q: (LENQ (€4
= (fi/2mw) (#/2r°w" )6~ e~ W= &8

(t>1t"66>84)- (7

Indeed this follows from the fact that Q, (¢,£,) can be written
in a separable way g, (?)q;(&,) as we have assumed earlier,
and so we can utilize the results for the moments of the g,
derived by Abers and Lee’ as well as by Moore®

(g:()) =0,
(g:(g; (1)) = (A 2mw)be V™" (t>t').

These results can be extended to the variables ¢, (£,) in an
analogous way:

(qi (§0)> = 07
(g:(£0)g;(£8)) = (/210" )5 0~ &~ 50 (9)
(§0>§(’) )

Let {e, (X)} denote the complete orthonormal set of eigen-
functions of the three-dimensional Laplacian — A,

Ae, (%) = — ke, (). (10)
Also we denote {e; ( E‘ )} as the complete orthonormal set of
eigenfunctions of the three-dimensional Laplacian — A’ in
terms of the variables £;, so that

Ae(§) = — #e;(£).

Now we can construct a stochastic field which can be ex-

pressed as an orthonormal expansion in terms of g,(?),
e,’ (}), q, (§0)9 ej(§)5

p(x18) =Y g, (e, (D)q;(Eo)e; (£).
0

(8)

(11)
Now from the moments of ¢,(¢), q (&,), we can determine
the moments of ¢(x,2,£),

($(x,1,6)) =0,
(d(x,t.£)p(x',t",£"))

= (2;)3J‘a’3l~2 eME—Xg(r ¢y
1 ot R
X (217.)3J‘d3%em(§_§ )g(§0 - §(l))

dir ™ E— 5
(mm) + 7
(12)

where g(¢ — t’) and g(&, — £ ¢ ) are given by Eqgs. (8) and
(9), (4,B) denotes an Euclidean product and the units have
been chosentobe fi=m = 7° = 1.

Itis noted that in the limit £, = £ ; = 0, integrating over
the internal space variable &, the correlation function just
reduces to that of the scalar field

1 J’ d4k ei(k,(X~ x'}} 1
ent) (kky+m? 2m)?

4 ithix —x))

(kk) + m?

. 1 d
(Gos08Gee ) = =1 f (13)
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This is the Euclidean Markov field result which has been
obtained from Nelson’s real-time formalism of Brownian
motion, and in this sense it gives rise to the equivalence of
these two formalisms as advocated by Guerra and Rug-
giero.* Again it has been shown that when an anisotropic
feature of the internal space-time corresponding to the vari-
able £, is taken into account, implicitly so that the two oppo-
site helicities give rise to the fermion and the antifermion, we
can obtain the fermionic propagator in Euclidean space-
time.5

Now introducing temperature dependent moments®
(dw;(8)dw;(t")) 140

1 N i (t— 1

= -B-—m- 6,] z e ),

n= —a

(dw, (§O)dwj(§6 ))T;eo
l & iw, (& —§&¢
=B_1706ijn=§:_ae 4 5),

with @, = 2mn/B#, which has been derived from the consi-
deration of the KMS condition, we can obtain the moments

(14)

(g(19(t")) 10
1 & expliw,(z—1t")]

_ 15
Bm = w2+0).21 w

(q(£0)9(£6)) 1 20
L& explio, (G- 0] (16)

=B() n—z—a w2+(02

These lead us to the correlation function of the stochastic
fields for a particular mode n = 1 when we take §, = §¢ =0
and integrate over the space variable £,

(q(X,t)¢(xl’t ) T=0

4 ik, (x — x°

N J Ak e S, — k),
Q2m*) (kk) +m?

using the normalization conditionfi=m = 7° = B =1 (see

Ref. 1).

When an anisotropy is introduced in the internal space,
so that the two opposite orientations give rise to the fermion
and antifermion, we get the correlation function of the
spinor field for n = 1 (see Ref. 1),

(17)

(a(x,t)a(X'yt ’)>r¢0

4 ik, (x — x'
=1 J-d ke ! 2m6(w, — kg).
2m)* Yk, +m

As it is noted here, the statistics of the particle depend
on the internal space-time variable £. Indeed the internal
helicity arising from the anisotropic feature of the internal
space corresponds to the fermion number. Again, when
there is no anisotropy in the internal space, we get a boson.
Now temperature should definitely affect the internal mo-
tion, and as such it may happen that at high temperature the
anisotropic feature of the internal space will be destroyed
and the fermion may be transformed into a boson. That is, a
massive extended body depicting a fermion can have such a
phase transition. However, this does not mean that fermion
number conservation will be violated, as Lorentz invariance
does not allow such a process to occur.” The only effect of
such a phase transition will be that a thermal pair of opposite
statistics will emerge as zero energy modes at the critical
temperature leading to a nonequilibrium state. In view of
this, at finite temperature we should write the stochastic
nonlocal field ¢(x,£), which is assumed to satisfy the condi-
tion of separability ¢ (x,£) = ¢(x)d(£) as a thermal doublet
(5:%). It may be noted that though x and £ represent two
different spaces, the external motion is a manifestation of the
internal motion, and as such a mapping of x and £ is possible.
In that case x may be represented in the functional form
x(£&) and the simplest form of mapping can be taken as
x = c&, where c is a suitable constant. In view of this map-
ping, there should be a mapping of ¢(x) and ¢(£) also. We
can assume that ¢(&) = A¢'(x) = ¢'(x), where A is a suit-
able parameter. Thus the thermal doublet (3(3) ) can be writ-
ten as (gig) ). So we can consider that there exists a conju-
gate Hilbert space H associated with the Hilbert space H
such that H is the set H with scalar multiplication 4,£ — 1€,
where AeC and £eH, and with scalar product &,7- (&,%)
with &,meH, where &, — (£,7) is the scalar product. In ef-
fect H is the Hilbert space associated with the external space,
and H is the conjugate Hilbert space associated with the
internal space.

In Ref. | it has been shown that this helps us to reformu-
late thermofield dynamics as proposed by Takahashi and
Umezawa in terms of stochastic fields. For example, in case
of bosons, we can write

(18)

— ¢(x))=f d4P 9 (S 2_ 2 [( a+(ﬁ) ) — ipx (ai(p’)) ipx] 19
) ($+(x) L@y P = G, v ) T e @)€ (1)
and
(Tg(x)$* () = (0(3)’TK;P(ZC;))M“L()’),(}(J’))] 0(B))
A d e @ —m+i! 0 +
=i Sl ”VB([ﬁI,B)(p i (—pz—mz—iO)_') Vi (20)

where V' are the coefficients of Bogoliubov transformations
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__(cosh 6(||,B)
Vs (BB = (sinh 6(|31.8)

(\/T_—e?‘ﬁ—eW-l
e—ﬁs(m/z/\ﬁw

sinh 6( |1'5|,B))
cosh 8(|3|.8)

with
@) =p° + m~.
The “total” Lagrangian becomes
Ly=L,—L,=3,4% "¢ —mp*¢
—3,8% 3"¢ + m*$*

a0y 1)

e 2

These relations can easily be generalized to fermionic cases
also.' From these relations we find that we can define a tem-
perature dependent vacuum

0(8)) =1 — e~ exp(e#a*a+)|0),
where

al0(B)) = e #%a*|0(B)),

alo(B)) =e *’a*|0(8)).

The thermal average of an operator 4 can now be written as a
vacuum expectation value

(A)=Tre Y4 /Tre P = (0(P)|4|0(B)). (24)

This is the basis of thermofield dynamics, and it is found
here to be related with stochastic fields involving external
and internal space.

(23)

{Il. EQUILIBRIUM STATE IN QUANTUM STATISTICAL
MECHANICS AND STOCHASTIC FIELD THEORY AT
FINITE TEMPERATURE

The correlation functions derived for the stochastic
fields at finite temperature (17) and (18) have been derived
from those of stochastic oscillators as given in Eq. (14).
These relations have been assumed taking into consideration
the KMS condition. So the KMS condition is built into this
mechanism, which ensures the equilibrium state. However,
it should be noted that Eq. (20) suggests that apart from in
the external space, we should have the KMS condition in the
internal space also. This is a major consequence of this for-
malism. This implies that when we write the internal field
function as a tilde function in the external space through the
mapping #(&) = A¢™ (x) = ¢+ (x), the KMS condition
should have its specific form in the case of tilde fields also.
That is, if the state o satisfies the KMS condition with re-
spect to a,, then the extension & of o satisfies the KMS
condition with respect to &,, which is the canonical exten-
sion of a,. This makes the connection between statistical
mechanics and the Tomita—Takesaki theory of modular Hil-
bert algebras and the Haag—Hugenholtz—Winnik formalism
get a proper physical meaning.
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e—ﬁf(b)/z/ 1— e—ﬁe(ﬁ)
(T e -1 D

r

To depict a thermodynamic equilibrium state, a Gibbs
state is given by

w(AYy =Tre P4 /Tre P = (4). (25)

The KMS condition states that for any 4 and B belonging to
the operator algebra U (C * algebra) describing the system
considered, there exists a function F,; (2) of acomplex num-
ber z, holomorphic in O<Emz<f, continuous in
0<Emz<f3, and satisfying the relations

F,z(t) = olda,(B)),

(26)
F g (t+iB) =ovla,(B)A), for teR,
where
a,(B) = ée"'Be~ ",
Also we have the condition that
(A *TA4) =0, for AcU implies 4 =0. 27

Equation (26) is a consequence of the invariance of the trace
operation under cyclic permutations of the operator prod-
uct. Equation (27) implies that if we consider the GNS rep-
resentation

o(4) = (Q,,7,(4)Q,), (28)

the cyclic vector €, is also a separating vector.

In Ref. 1, we have shown in detail how the tilde oper-
ation of stochastic fields corresponding to the stochastic
fields of the internal space gives rise to the HHW modular
conjugation algebra and the Tomita—Takesaki theory of mo-
dular Hilbert algebra. The main reasoning behind this is that
in this thermal doublet formalism of stochastic fields with
the tilde mapping requires that the “total” Lagrangian
should be written as

L=L-1, (29)

as has been shown in Eq. (22). This implies that the “total”
Hamiltonian H is given by

H=H-H, (30)
where the temperature dependent vacuum satisfies
H|0(B)) = (H— H)|0(B)) =0. (31)

Moreover, we can construct and involution operator J satis-
fying

H=JHJ, (32)

with J? = 1. This operator J relates in effect the transforma-
tion of the external and internal fields through the relations

a=Jal,
at=Ja"J. (33)

Indeed as long as the problem of unboundedness of the oper-
ators does not cause serious trouble, we can have the HHW
formalism of modular conjugation and the Tomita—Take-
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saki theory of modular Hilbert algebras. These aspects have
been discussed in detail in Ref. 1.

Thus we find that we can have a field theoretic origin of
the HHW algebra and the Tomita-Takesaki formalism
when we take into account the thermal behavior of stochas-
tic fields involving the external and internal space written as
thermal doublets to depict the thermal aspects of the quan-
tum statistical mechanics. The KMS condition is ensured by
the correlation functions of the stochastic fluctuations, and
as such stochastic field theory at finite temperture, in effect,
represents thermodynamic equilibrium states.

IV. EQUILIBRIUM CONDITION AND NIEMI-SEMENOFF
Z; SYMMETRY

Niemi and Semenoff® have formulated a finite tempera-
ture quantum field theory in Minkowski space which intro-
duces a new ghost field, and the equilibrium condition is
found to be governed by Z, symmetry between the physical
field and the ghost field. This Z, symmetry effectively corre-
sponds to time reversal symmetry. This arises from the ex-
tension of the time integration from the real axis segment
[ — 7,T] to an integration over the contour in the complex
time plane. This contour starts at — 7 and runs along the
real-time axis to + 7. From + T the contour continues
along the imaginary time direction to + T'— i3 /2, from
+ T — i3 /2 parallel to the real-time axis to — 7' — i3 /2,
and finally parallel to the imaginary time axis to — 7 — if3.
The generating functional can then be used to compute
Green’s functions, with arguments on the real 7 axis, and the
contribution related to the arguments on how the imaginary
T axis can be absorbed into the normalization. This leads to
the result that the propagator acquires a matrix structure.
There are two kinds of fields ¢, and ¢,, where ¢, appears on
external lines and represents the physical field, and ¢, ap-
pears as a new field corresponding to the time-reversal field
of ¢, and thus represents a ghost field. Evidently ¢, and ¢,
are linked by the discrete Z, symmetry.

Now when we recast this result into our formalism of
stochastic field theory, we note that we can associate the
tilde field in the thermal doublet as the ghost field ¢,, and as
such it represents the stochastic field in the internal space. It
can be shown that this field in the internal space may be
taken effectively to represent the time-reversal partner of the
field in the external space. Indeed, from the stochastic differ-
ential equations (2) and (5), we can write the current veloc-
ity

V=1b+b*), (34)
and the osmotic velocity
U=1(b—b*). (35)

Similarly, from the equations corresponding to the in-
ternal space variables (3) and (6), we can write the internal
current velocity

v'=1(b"+b'*), (36)
and the internal osmotic velocity
U =5b"—b"). (37

Now in Nelson’s formalism of stochastic quantization,
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it has been taken that when 1/ is written as «® * ', the current
velocity Vis associated with dS /dx, and the osmotic velocity
u is associated with JR /dx. But when Nelson’s procedure is
generalized to have relativistic generalization and the quan-
tization of Fermi fields,® the internal current velocity is relat-
ed with dR /d€. This can again be associated with dR /dx
through the mapping of x and £. Now the osmotic velocity in
this case represents the situation when the sample path ter-
minates at the point x at time ¢, which actually corresponds
to the motion in the negative time axis. Since the term dR /dx
corresponds to this velocity, and the term dR /J¢E represents
the internal current velocity, we can associate the field in the
internal space with the time-reversal field. This suggests that
the mapping ¢(x) and ¢(&) is isomorphic to the Z, symme-
try corresponding to time-reversal invariance. This leads to
the fact that #(x) and ¢*(x) have this Z, symmetry
through the mapping #(£) = ¢* (x) = A¢™ (x), AcC. This
suggests that the tilde operation of Takahashi and Umezawa
actually corresponds to the discrete symmetry operation Z,,
and is thus equivalent to the Niemi-Semenoff formalism.

Now to study the equilibrium condition, we have argued
that in this formalism of stochastic field theory, we should
have the KMS condition in the internal space also apart from
that in the external space. This leads to the physical rel-
evance of the HHW modular conjugation algebra and the
Tomita-Takesaki theory of modular Hilbert algebra. As the
external and internal fields may be associated with Z, sym-
metry corresponding to time-reversal invariance, we find
that the necessity of the existence of the KMS condition in
the internal space, in addition to that in the external space, is
a manifestation of the fact that Z, symmetry is the necessary
condition for the equilibrium state as proposed by Niemi and
Semenoff. This equilibrium is destroyed by the violation of
the KMS condition in the internal space through the thermal
change in the isotropic or anisotropic nature of this space,
leading to a change in statistics of the thermal pair, and thus
in that case we will have the spontaneous breakdown of Z,
symmetry.

V. DISCUSSION

We have studied here the equilibrium condition in terms
of the stochastic field theory at finite temperature involving
fields in the external and internal space, and have shown that
the HHW formalism of modular conjugation as well as the
Tomita-Takesaki theory of modular Hilbert algebra find a
physical relevance in terms of stochastic field in the internal
space. Besides the ghost field of Niemi and Semenoff, the Z,
symmetry requirement for the equilibrium condition be-
comes equivalent to this formalism when the ghost field is
associated with the field in the internal space. When the
equilibrium is destroyed, the isotropic or the anisotropic fea-
ture of the internal space gets changed, leading to the change
in statistics of the thermal doublet, and as such Z, symmetry
is violated. This situation may arise when supersymmetry is
restored at high temperture from a physical state of broken
supersymmetry at low temperature.

It may be noted that when the equilibrium condition is
studied from the viewpoint of stochastic fields, the correla-
tion functions involved have been considered taking into ac-
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count the KMS condition, and as such the KMS condition is
built into this formalism. Thus it may appear surprising to
consider that the Z, symmetry, just as the KMS condition in
the internal space, is an essential condition for equilibrium,
as the correlation function in the external space itself has
also the implicit KMS condition in that space. Indeed, as the
thermofield dynamics of Takahashi and Umezawa, as well
as the Niemi-Semenoff theory of finite temperature quan-
tum field theory at finite temperature, necessitate an extra
field which is identified here with the field involving internal
space, it is evident that the KMS condition in the external
space itself is not sufficient to study the equilibrium condi-
tion. This becomes transparent from the fact that a stochas-
tic field involving only the external space faces serious trou-
ble as the two-point correlation function at 7T =0,
($(x,1)¢(x’,2")), involving only external space-time vari-
ables, is not Lorentz invariant (rotationally invariant) when
it is derived from a finite temperature correlation function
taking the limit S—a.® Indeed, the stochastic fluctuations
operating at T 540 still have their residual effect at 7=0
through the moment of the component oscillators. However,
when the moments of the stochastic fields are determined
incorporating two fields, one in the external variables and
the other in the internal variables, this Lorentz invariance
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may be restored through CPT invariance, as the Z, symme-
try manifested in this two-field formalism implies time-re-
versal invariance, which again becomes equivalent to CP
symmetry. Thus the consistency requirement of stochastic
fields requires the two-field formalism, which helps us to
associate the stochastic fields at finite temperature with the
finite temperature quantum field theory in Minkowski
space. This also helps us to study the equilibrium condition
giving a physical insight into the HHW formalism of modu-
lar conjugation and the Tomita—Takesaki theory of modular
Hilbert algebra.
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In this paper, the methods of nucleons outside the closed shell (NOCS) and nucleons inside
the closed shell (NICS) is introduced into the composite-particle systems, and Glauber’s
multiple scattering theory is used to divide the multiple scattering amplitude (between two
composite particle systems) into NOCS-NOCS, NOCS-NICS, NICS-NOCS, and NICS—
NICS scattering amplitudes. In order to apply these concepts to our research, an effective
approximate method is used for each scattering amplitude. For example, an independent
particle model approximation has been used for the NOCS-NOCS scattering amplitude. As for
the NICS-NICS and NICS-NOCS scattering amplitudes, the geometrical model and Bohr’s
collective model are adopted, respectively. It can be shown that the high-energy scattering S
matrix elements for composite-particle systems present a clear physical picture and render

convenience to calculation.

I. INTRODUCTION

In nuclear physics, the concept of the shell model has
been widely used in the discussion of various physical prob-
lems. The existence of the closed shell makes it possible to
divide a composite-particle system into nucleons outside the
closed shell . (NOCS) and nucleons inside the closed shell
(NICS).' It is convenient to discuss the single particle effect
and the collective effect separately if the concept of the shell
model is introduced in the scattering theory, so that the
physical properties can be more satisfactorily approached.
So far, the methods of NOCS and NICS have not been adopt-
ed in Glauber’s scattering theory.” In this paper we try to
discuss the problems of high energy scattering of composite
particle systems within the framework of Glauber’s theory.

This paper is organized as follows. In Sec. 11, the divid-
ing NOCS and NICS is described, in Sec. III, the S matrix of
a particle and NICS cluster is described, in Sec. IV, the §
matrix of the NOCS-NICS and collective model are dis-
cussed, in Sec. V, the S matrix of NOCS-NOCS is described,
in Sec. VI, the S matrix of NICS-NICS and the geometrical
model are discussed, and in Sec. VII discussions and conclu-
sions from the work are given.

11. THE DIVIDING INTO THE NOCS AND NICS

According to Glauber’s theory,the multiple scattering
amplitude between the composite particle systems A and B,
i.e.,, forthe 4 + B—A * + B * scattering process, is given by>

F,(q) =0(q) iJa’be"""
27

xf dx dy ¢ (OUE, (NTH, (095, (¥),  (2.1)

where ® (q) is the correction factor for the center of mass; &,
the momentum of the incident particle system; q, the mo-
mentum transfer; b, the impact parameter; z/;gf( y), ¢¥%.(x)
and g (y), ¥, (x) are the final and the initial states of the
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target and incident particle system, respectively, where X
stands for X,---X,, the coordinates of NOCS and
X441 Xy, the coordinates of NICS, and the coordinate y
may be defined in the same manner;

dx=dx, -dx,dx, ,

A Ny
=1l [I .

i=1 j=d
dy=dy, dys dys ., "'dYN,,
B Ny
=[] 4y«

H dy,.

a=1 B=8B+1

dXy,

The total profile function I" is giveh by

Ny Np

C=1—J] [I[1-Twd+S—a,)],

k=1y=1

(2.2)

where Sy and o, are the projections of the particle coordi-
nate X, and Y, on the plane perpendicular tok, respectively,
and T, (b) is the two-body profile function. The relation
between this function and the two-body scattering ampli-
tude is
1 ia-

[y (b) =Wjdqe‘"‘ > fir (@), (2.3)
In high-energy collision, if the spin effect is neglected, the
two-body scattering amplitude is usually written as

S (@) = (ik'/4m)a(1 — ip)e — #7772, (2.4)

where a is the total cross section of the two-body scattering,
p, the ratio of the real to the imaginary part of the forward
amplitude, B, the slope parameter, and k ', the momentum of
a incident particle.

In general, the NOCS is more active and easier to be
excited, but the character of the NICS has more collectivity.
Therefore, when two-composite-particle system collision
A+ B—-A* + B*istobe considered, both 4 and B must be
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divided into two parts, the NOCS and the NICS. Then the
multiple scattering amplitudes of the two composite particle
systems, Eq. (2.1), can also be divided into NOCS-NOCS,
NOCS-NICS, NICS-NOCS, and NICS-NICS multiple
scattering amplitudes that can be treated by different effec-
tive approximate methods, respectively. So the total profile
function in Eq. (2.2) can be written as

T'(b;s, - Sy 0 e Oy)
= 1 —_ [1 —_— F,(b,Sl"'SA,O'l"'O'E)]
[1 —rz(b’sl"”sA»o'B-q.l”'O'NB)]
(1= Ty y 18,0105 ]
.[1_F4(b’sA+1...SNA’O.B-{-I...OINB)]! (2.5)
where
i(bs; - s,,0, " 0z)
A B
=1—J] [I[1-Ta(b+s —a)],
i=la=1
rz(b’sl"'sA’olB+l"'°'NB)
A Np
=1- [1—Tp+s —oap)],
iZ18=B4+1
[3(bs, ., "Sy,,0," " "0Og)
Ny B
=1- H H[l_rja(b+sj_0a)])
ji=A+1la=1
]
J dx dy 9% (U8, (1) Ty, (), (3)
zj 11 dax. H dy, wiud [1—T\(bs,
i=1
H dx H dyB u:’v?;/[l — rz(b,sl' * 'SA,O'B+| St

i=1 =B+

84,0,

Fa(bs, " "Sn 05,1 "On,)

N, Ng

=1-— [1-=TyMb+s —ag)], (2.6)

j=A+18=B+1

the profile functions of interactions between the NOCS-
NOCS, NOCS-NICS, NICS-NOCS, and NICS-NICS are
described, respectively. Similarly, the wave functions of the
systems A and B are divided into the wave function of

NOCS, part u, and NICS, part v, respectively. They are

Va, (X) =1, (X X0 )0 (X y 17Xy, ) S Uy,
Ys(¥) =ug (Y1 Y505 (Ypu" "¥n,) =tplp,

(2.7)
1/’A, =2, (X Xy )0, (X "Xy S U4V,

¢8}»(y) =ug (Y1 'Yp)Vp (¥ps 1 '¥Yu,)SUply.

The forward peak and the diffraction pattern are the features
of the high-energy particle—particle collision. Since the inter-
action time between particle—particle is very short, the parti-
cles passing through the target nucleus generally do not
come into collision with the same nucleon in target nucleus
several times. Therefore, the contribution of the intermedi-
ate states is not important in the multiple collision process,
and can be neglected. Substituting Egs. (2.5) and (2.7) into
the integrand of Eq. (2.1), one obtains

"Op|u, g

""N,,) ] UyVUp,

NA
XJ I ox H dy, Vi ub[1 —Ts(bs, i Sy,,0," "0p) |Usls,
j=A+1 a=1
N, Np
Xf II 9 II 4y, VAVE [1 —Ta(DiS, iy 8n 05 7O, ) |V Vs, (2.8)
j=A+1 B=B+1
{
The first integral in the second term on the right-hand sideof £,/ (q)

Eq. (2.8) is the S matrix which represents the interaction
between NOCS of 4 and that of B; the second integral is the §
matrix between NOCS of 4 and NICS of B; the third integral
is the S matrix between NICS of 4 and NOCS of B; and the
fourth integral is the S matrix between NICS of 4 and that of
B. On the basis of Eq. (2.8), in this paper we shall discuss
these S matrices and treat them with different approximate
methods. These methods can be used to discuss the particle
scattering problems.

ill. THE SMATRIX OF A PARTICLE AND NICS CLUSTER
According to Eq. (2.8), the scattering amplitude of a
particle scattered by NICS cluster may be written as
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fdb :qb

><x< 1—H[1—F(b——s)]]>

| =1

k(e

2T

Xs<f l—cxp(——z sz(r—x)) >
o 3.

where V(r — x; ) is the interaction potential between the free
particles and the jth particle in NICS; |}, |f), are the initial
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and final states in NICS. Suppose the Hamiltonian of the
NICS is ¥, i.e.,

K| = £i),. 3.2)
Here we assume that the NICS occupies a certain space &
and then divide & into infinitesimal scattering objects. Here
we regard the NICS as a scattering medium with definite
transparency. Thus a particle scattered by the NICS can be
regarded as scattered by infinitesimal scattering objects.
And assume that the volume of each small unit is £°; as
shown in Fig. 1. We introduce v(r — x;) to describe the in-
teraction density of the ¥V'(r — x;), then

Vir—x;) =&v(r—x;) (3.3)
and
lim EV(r —x;) = lim z£3u(r —x;)
j— oo j j— oo 7
=f dx v(r — x) = V(r), (3.4)
7

where V(r) is the potential with respect to NICS; thus Eq.
(3.1) is reduced to

" |
Sor (@) = ‘I—Jdb glarb
27

<oz o))

the S matrix of the b representation is
Si_,(b) = <f exp(;ifdz V(r)) i>
s fiv s

= J V(X" X, ---)exp(;—vinz V(r))

Xvi(xl"'xn"')dei-

i> ,  (35)
s

(3.6)

Use v,(x;" "X, '), v;(x;°"°X, ) to describe these col-

lective states, denoted by |c;i), |¢; f), i.e.,
H|en) = ¢€,|cn),

then

(3.6")

v, (X, X, ) = (xl”-x,,-'-|c;i),

3.7)
Uf(xl'”xn”') _ (xl"'xn"'l(";f)'

FIG. 1. Dividing NICS into infinitesimal objects and the volume of each
small unit is £'.
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Because of the orthogonal completeness of the basis vector

(3.8)
‘xl...xn...) =5(XI—X{)"'5(X" —X,',)"',

’

R YRR

f|xn'"Xn"')(Xl"'xn"'lndxi =1,
{(x

thus

S, _.(b) = f(c;f|x,---x,, . --)exp(;iJ.dz V(r))
fiv

XAXyt X, 'Icﬂ.)H dx;

exp( f_ivi fdz V(r))

The multiple scattering amplitude of a particle scattered by
the NICS cluster is given by

Sfior1,(Q) =—'1—(—<C;f‘
27

XJdbe"'"’[l — exp( — Idz V(r))]
fiv

= <C;f C;i>,
where

Fo (@ _ ik Jdbe"“"’[l — exp( il sz V(r))]
27 fiv
(3.11)

is called the scattering operator. When the}m (q) operates
on the collective state | ¢;7), it transits to the collective excited
state [¢; ).

(1) As a result of collective motion, & will vibrate, or
rotate. If the target nucleus is spherically symmetric, but is
susceptible to vibration around that spherical shape, R may
be expressed as

R= Ro(l +Ya,v, (G,z//)),
Au

= <C;f

c;i). (3.9

c;i)

(3.10)

]‘(s) (Q)

(3.12)

where R, =y, A’'/3, A" is the mass number of the target.
Assume that the NICS interaction to which an incident par-
ticle is subjected is described by an optical model potential
V(r). Then we insert (3.12) into (3.11) and expand the
latter in powers of

z a/{,u Y/l;t

Ap
to get*

d
Vir)=V,(r) — 2 — Vo(r) "a,, Y, (6.9).
Au dr
Now we consider a nucleus with a set of quadrupole vibra-
tion.

Following Buck,’ the relation between a,, and phonon
operator can be written as

(3.13)

a, =r,(1/5) @, + (—1*-a* ), (3.14)
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assuming that the nuclear excitation energy may be neglect-
ed compared with the projectile energy, in which case the
scattering operator (3.11) may be rewritten as

o @) =25 [ o w1 — exp ~ 2,089

"E(X u +XL“Z‘)” (3.15)

where
Xo(d) =ﬁiufm dz Vyo(r), (3.16a)
X (B) = drVo(’)' Y., (6,9). (3.16b)

To evaluate the integral for y,, one must take account of the
Z dependence of Y,,. If (d/dr)V, depends only on
r=(b*+2%)"? the ¥, , terms will integrate to zero since
they are odd in z. Further, assuming that the leading contri-
bution will come from near z=0,° we thus obtain

1[5\~ d
X (b )*KB () #Lvin=-xo.
(3.17a)
~_—\/_e+'2“’,1’1(b). (3.17b)
Define
g= —ao+\/§(aze“2"’+a_2e‘2"’). (3.18)

We can write for the scattering operator
}”(V) (q) =ifdb 9 bp — Xold) L o= XiB)g+ET) (3 19)
zr

Here we have dropped the 1 that contributes only to forward
elastic scattering and assumed x,; = x¥.

To find this it is convenient to use the Baker—Camplell-
Hausdorff formula’

e XBE+ET) _ - Xib)gt . o— Xi(b)g . J2XID) (3.20)
since [g7,g] = — 4, then
» ik - _ 2X2(b)
f;r)(q)=———2 J'dbe’q b-e X, (b) P
T
ce— XibeT L, —Xibg 3.21)

(2) On the other hand, if the target is an (axially sym-
metric) deformed nucleus*

R= Ro(l + 38 Ym(e')),

where the angle ¢ ! refers to the body fixed system. £ is the
conventional nuclear deformation parameter. f>0 and
B <0 refer, respectively, to prolate and oblate deformation.
We assume that V(r) is the optical-model potential. If the
potential is again expanded in powersof 2,3, Y,,(8"), one

(3.22)

1368 J. Math. Phys., Vol. 30, No. 6, June 1989

gets exactly the same expression as in (1), namely, Egs.
(3.13), except that a,, and Y, (6,9) are replaced, respec-
tively, by 8, and

Ye(8') = ZD 0 (6)Y,, (6p).
Here D jo (6,) isarotation matrix and 6, stands for the Euler

angles between the body-fixed and the space-fixed coordi-
nates. Then®

V(l')zVO(r) —Zﬂl V/{[.L’ (3.23)
Au
where
Viu =% VoD (6:)Y,,(6,9). (3.23")

In the rotational case, the scattering operator (3.11) may be
rewritten as

Frr (@) = —fdbe’“ "[1 —eXP[ Ao(b)
- ZB/lwA#(b)¢,0i)]]: (3.24)
A
where
Ao(b)f=L‘J‘w dz Vy(r),
fivJ_
(3.25a)

@, (b) =%J‘dzg; Vo(r)D 1, (6,)Y,, (6,9),

for an axially symmetric nucleus with quadrupole deforma-
tion A = 2, and we now make a further hypothesis, Z = 0, so
that Y,, has a very simple representation; then we have

/ d 1/ 5
b =_’_fd ay -_<__
@20 (5) v zdr o(r) 4\ 47

5 172 ,
jdz—V(r)—(—-——) - gF®
41

= T A (B)eT2¥, (3.25b)

12
) =A,(b),

@342 (b) =

where 8; may be specified in terms of polar angles (6,P).
Here @' = ® — ¢, then Eq. (3.24) can be reduced to

Fow (@) = ik [ bdbaytgbre 0 - 2A 01, (326

where t(®') = 1 4 (3/7)cos 2P,

IV. THE S MATRIX OF THE NOCS-NICS AND
COLLECTIVE MODEL

The NOCS are part of the particles bound in the com-
posite particle system. Now we discuss the scattering matrix
of the NOCS in B and the NICS in 4. In Ref. 9, the symbol
u;(y, - °yg) is used to represent the wave function of the
NOCS in Band the scattering matrix of the elastic channel of
NOCS-NICS is only discussed. In this paper, we will further
discuss the scattering matrix containing the inelastic chan-
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nel and NICS can be transmitted to the excited collective
state. The S matrix of the NOCS and NICS may be written as

Sv—s(b)=fv}"(x,---x,, S )uH(yyYa)

Xexp( z 2 Vir—x; +y, )dz)
ji=la=1
’vi(xl..‘xn ..)ui(yl...yB)

(4.1)

0 B
X'H dx; I 4v.-

i=1 a=1

At high energy, it is convenient to use the probability density
to describe the state of NOCS, i.e.,'°

B
u;'kui = HP(Ya)’

a=1
when the number of NICS is infinite; we shall consider that
there exists to excite the collective state |c; f) of NICS.
Hence Eq. (4.1) may be rewritten as

S, —s(b)

=<c;fH ﬁ P(yL)8y,

a=1

(4.2)

f dxdzv(y—x+ya))

i)

(4.3)
In Eq. (3.11), the amplitude operator}m (q) with respect to

the profile function is
—! J dxdzv(r—x))
fiv Jo

X exp| —
p( tv a-]

f(s) (b)=1-— exp(

- dq e~ 9% (q). 44
2m,k,fqe fisr (4 (4.4)
Substituting Eq. (4.4) into (4.3) yields
S,_s(b) = <c;le — —qu dy p(y)
—iq (s,+b) % ' B .
Xe T s (4 )] |c;z>. 4.5)
Let the form factor S5 (q) of NOCS be
Sp(q) = fdyp(y)-e‘*“"- (4.6)
For the a particle S;(g) = el ~T/HD — 4, e("z/'”‘g),

A, =k3/(k3 —ck3), Ay =ck}/(k3ck3), wherec, k,
and k, are parameters,'’ so that

1
S b = ; 1—-—-——'~ d’Sa !
,_s(b) (Cfl[ 2m‘k'f qS,(q")

B
X[ (@)e™ “’""] le; £, (4.7)
where B is the number of NOCS;}'(S) (q) is the amplitude
operator of the interaction between a free particle and NICS
cluster. When f(s) (g) operates on the collective state |c; 7}, it
transits to |¢; f). If f(s) (4) and the form factor s, (q) are
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given, we can obtain the S matrix of the NOCS-NICS, which
contains the inelastic channel.

For the vibrational nucleus, if the target nucleus is
spherically symmetric, f,,, (q) is given by Eq. (3.21). Sub-
stituting Eq. (3.21) into Eq. (4.7), and then integrating for
dq', note that g|0) = 0. And for the a particle,

[1-—qus (q)e %, (q)]

- Z CJ [1 —J-b'db’e—xu(b').ele(b’)
ji=1

Xe X (kb)Y Y, (4.8)

where
T(bb') =24,k2e” K™ _ 24 k2.g*3b=0""

so the S matrix from the ground state (no phonon) to the
excited state (N phonon) is

4
S =(N|3 e

i=1

X [Ao(b) +A,(b) + -V

0>, (4.9)

where

A,(b) = Jb'db'-e-Xn‘“-e”f"’"n(bb'),

A,(b) = Jb rdb’ e~ X)X IO x (b)) (bb g™

For a rotational nucleus,;’( &y (Q) is given by Eq. (3.27).
Substituting Eq. (3.27) into Eq. (4.7), and then integrating
for dq’, we get

N 4
[1 - %qu' S, (q)e g, (q’)]

_ 2 Cf[ fb db'e MBI (ph )]
=1
’ (4.10)

The 7(®’) will depend only on ® — ¢, the difference
between the nuclear azimuthal coordinate and the projectile,
by virtue of our choice of Z axis. We can also write ¥, ,, (8,)
= pra (0)e™® . If we change variables to &' = ® — @ and
6! =(0,d'), wehave

j=1

J
—e‘A"“")-e”‘f‘"'“"“(“)"H(bb’)]. (4.11)

In the same way, we can obtain the S matrix element of
NICS-NOCS.

V. THE S MATRIX OF NOCS-NOCS
In Eq. (2.8) the S matrix of NOCS-NOCS can be writ-
ten as
A4

B
H H dx; dy,, u,";fugf

i=la=1

X[1~—T,(b,s,""

S,_»(b) =
‘84, 0y Op) JU, g
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A B
= II I ox:dya u% u3,

i=la=1
X[1=Ty,(b+s, —0,)]u,us,. (5.1)

In Ref. 9, NOCS-NOCS scattering with the PRA method is
treated, but they did not consider the excitations in systems
A * and B * after collision. The NOCS are small in number
and easier to be excited, so we may extend the RPA method
to the particle excitation. The method of the double scatter-
ing amplitude approximation is used to calculate this .S ma-
trix. The motion of the NOCS can be described by the use of
an independent particle model which does not lose genera-
lity. For simplicity, the statistical characteristics of NOCS
are not to be considered. Then the wave functions of ingoing
and outgoing systems can be written as follows:

(A)(XA )’

(B)(YB),

— (1
Uy =u, (X x,) = ud(x)) -

up=up(y, 'yg) = u“)(YI)‘

S,_,( =J 11 @x: H dy, wjuy [l —

i=1

A

= — 1
uAf=uAf(xl x,) =u )(X ) Uy, (x4),

(B)(YB ),

uB,EuB,(Yl YB)_H(“()H) ‘Up, (5.2)

where u” (x),u{®(y) (i=1,..,4; a = 1,...,B) are the sin-
gle particle wave functions in NOCS satisfying the condi-
tions of orthogonality and normalization

J-dx uP*(X)uP(x) =64,

3 U u(x) = 5(x —x),

(5.3)
J.dy uF* (Y)ug(y) = 8zp,

z ug? (Yug’(y') =6(y —y").

By using Egs. (5.2) and (5.3), inserting the intermediate
states into Eq. (5.1), only the ground state is considered and
the contribution of excitation states is neglected, then

Cy(b+S,— 0'1)]14,4,.”3,.

H ax, H dy, ujup (1 —T(b+s, —0,)]u,ug

i=1 a=1

A B
f H dx; H dy, wijup [1—T,5(b+S, —0p)ju,up

i=1 a=1

=fdx dy ul)* (x)ug)*(y)[1 — Ty (b + s — o) Jul) (x)up’ (y)

(la;él 1

=de dy p,) (x)pg) (¥)[1 = T1;(b+s —0)]

Introduce the probability density,

Pl (X) = ul (X)uf)*(x)

(277)3qu e TS @,

(5.5)
P (¥) = ug? (Y)uz’(y)

If f=i, the index f; can be neglected. Here the
")(q) S “"(q) are called the form factors of individual
NOCS Usmg Egs. (2.3) and (5.5) one can obtain the profile

function of individual NOCS with double scattering ampli-
tude
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(la;él 1)

J dxdy u* () ug?*(¥)[1 = T (b + S — 0) Ju (0§ (y)

fdx dy p (x)pg?(¥)[1—=T,,(b+s—0)]. (5.4)
r
vE(b) =dx dyp"’(X)pB,)(y)Fm(b +s—o0)
— igb Q () (a)
=Sk que S, (— 0S5 (Q)fi (Q),
(5.6)

Yie (D) = dx dy p (X)pg (y)T ;o (b + 5 — @)

que @S P (—q)S§ (9 (@).
21rzk

Substituting Eq. (5.6) into Eq. (5.4) we can obtain the S
matrix of NOCS-NOCS as follows:

S, o (b) = [84)84 — 7t (b) ] [1=7a®)]
(la)¢(ll)
1 .
= 45 S1o035 7]
x I [1=7e®d] (5.7)
(,a') # (i,a)

Zhang Yu-shun 1370



As 6;2 = 0, thereisa NOCS excitationin 4 *; and at 62;’ =0
there is a NOCS excitation in B *, With the extended approx-
imation method of RPA, the excitation in systems equals the
sum of single particle excitation amplitude in NOCS. For
Eq. (5.7), it can be shown that if we know all kinds of form
factors of NOCS, the .S matrix of NOCS-NOCS can be ob-
tained.

VI. THE S MATRIX OF NICS-NICS AND GEOMETRICAL
MODEL

In Sec. II we have pointed out that the NICS consists of
infinite particles. Therefore the NICS scattered by NICS can
be regarded as the multiple scattering between two infinitesi-
mal scattering objects, as shown in Fig. 2. In Ref. 10, we have
pointed out that in the NICS-NICS interaction the excita-
tion of NICS is neglected. Then, the elastic channel S matrix
is given by

S, (b) =jvﬁ,vzi[HH[l —Ty(b—s +Sk)]]
VAR

X UA’_UBIH dx,-I;[ dy,

= f v;';iu;[exp( ; d S| Vir—x, +vx )dz)]
v Gk

XUA,”BfH dx,-I;I dy,.

Let £’ be the volume of each infinitesimal object. Here, use
£'€ 4 (x;) to describe the matter of each infinitesimal object,
subscript 4 indicating that it belongs to the composite parti-
cle system A. Similarly, £3£, (y, ) belongs to the composite
particle system B. £, and £, are the density functions in 4
and B, respectively; Let ¥, (r — x; 4y, ) be the interaction
potential between the infinitesimal object £°¢ , (x ;) inX; and
the infinitesimal object £’¢,(y,) in y,. Then the relation
between V and £, (X;), &5(y,) has the following expres-
sion:

Vo(r—x; +yx) =&, (Xj)gsgﬂ(yk )g(r —x; + y;).
(6.2)

Here g(r — x;, +y.) is called the interaction function, so

(6.1)

N+

FIG. 2. Dividing two NICS into infinitesimal objects and the volume of
each small unit is &*,
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lim Efdz Vi(r —x; +y,)

Jk— oo Tk

= lim Y | dz&%,(x)e%5(y)gr — X; +¥,)

Jok— oo Gk

=f dxdydz&, (x)Eg(yiglr—x+y). (6.3)

The integral regions of dx and dy are & , and & , respec-
tively, |c,,i} and |cg,i) are used to describe the collective
motion state of 4 and B, respectively. So the S matrix is

S,_,(b) = (cA,i|(cB,i|exp[ —! J-dzJ- dx| dy
fiv 2, Jo,

XE(x) E(y)g(r —x + y)]ch,iHcB,i). (6.4)
Let

é;f ) dzdxdy &, (x)E5(y)g(r —x +y)

Eﬂ(b,ahﬂ,‘,alﬂ#”), (6.5)

which should be the function of the impact parameter b and
Ay Qa,,, From Eqgs. (6.4) and (6.5) it can be seen that
the S matrix of Eq. (6.4) is quite similar to that obtained
from the geometry model in badron scattering. In Refs. 11
and 12, Q,(b) is the scalar, while @ (b,a, , @;,,,) in Eq.
(6.5) is the operator. Because the S matrix in Eq. (6.4) is
only for the elastic channel, the contributions to Eq. (6.4)
are made only by the scalar term Q,(b) and the square term
of the a;, , ,a;,,, in the expansion (6.5), and the higher-
order terms can be neglected. Assume that & , and & , are
the spherical spaces of 4 and B, i.e.,

Qb) =L f dzdx dy £, (X)E,(y)g(r — % + ),
wla,2,

(6.6)
S, (b) =e= ™™ (6.7)
If welet g(r —x + y) be §(r — x + y), then
Qo(b) =é;fdzdx§A(x)§B(x—r). (6.6)
Letting
i 172
(—) de, E0(x) =T, (s,), (6.8)
fiv
have
Q,(b) =JTA(S,()TB(S,c —b)ds,, (6.9)

where S, is the projection of the target nucleon coordinate x
on the plane perpendicular to z; T, is the thickness function
of NICS; Eq. (6.9) is the convolution of the two thickness
functions of NICS B and NICS 4.

Here we assume that the interaction is the 8 function
and use the convolution to describe the S matrix. Q,(b) is a
more complicated scalar which cannot excite the A state to
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the B state, but Eq. (6.5) contains the phonon operator, i.e.,
Q(b,a, , .a,,,,) is an operator, and it will operate on the
phonon valcuum states. This can excite the 4 state to the B
state.

The treatment for rotational nucleus is similar.

VIi. DISCUSSIONS AND CONCLUSIONS

In the above sections, the S matrix of the two composite
particle in high-energy scattering is discussed. According to
Glauber’s theory, the S matrix of the two composite particle
system is divided into the § matrix of NOCS-NOCS,
NOCS-NICS, NICS-NOCS, and NICS-NICS, and used
various physically reasonable and effective approximations
to treat different types of the S matrix. Here the RPA meth-
od is generalized, using the double scattering amplitude ap-
proximation to treat the S matrix of NOCS-NOCS. There-
fore, the NOCS-NOCS amplitude can be calculated as long
as various form factors of the NOCS are given. By the use of
the sum limit method, the whole potential of NICS can be
obtained, and Bohr’s! collective coordinate approximation
can be used to treat the S matrix of NOCS-NICS (NICS-
NOCS). The “fold model” to describe the NICS-NICS scat-
tering amplitude is introduced. This is corresponding to the
forward scattering approximation or the case of 6 force. By
using the thickness function, the total phase shift can be cal-
culated by folding the integral. The theoretical result agrees
with the geometrical model, so that the collective character
of NICS contains the geometrical character.

In the case of inelastic scattering, here we transfer the
separate NICS into the continuous ocean, and the NICS ex-
citation may be the phonon excitation. If the Bohr collective
model is used to connect the NICS, then the S matrix of two
composite particle systems scattering in high energy can be
written as

S;(b) = z S,_,()S,_(b)S,_,(b)S,_,(b). (7.1)

excite
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The differential cross section can be written as

do,

2
7.2
20 pp (7:2)

2
Idbe"‘""(éﬂ—Sfi(b)) :

The physically reasonable model should be chosen accord-
ing to the character of collision systems, so that the differen-
tial cross section for every kind of mode can be calculated.
Therefore, the influence of the single particle effect and col-
lective in high energy scattering can be estimated.

It must be pointed out that in Eq. (7.1) if the scattering
system does not have degree of freedom of NICS, then
S, .=8_,=8._,=1,theS,_, is only left. If the scat-

ter;ng systgms do not have degree-of freedom of NOCS, the
S, ,=8,_.=8._,=1,theS,_, is only left. Therefore,

different physical considerations are needed in studying dif-
ferent scattering systems.

'A. Bohr and B. R. Mottelson, Dan. Vid. Selsk. Mat. Fys. Medd. 27.
(1953).

2R. J. Glauber, Lect. Theory Phys. 1, 315 (1959).

3W. Czyzand L. C. Maximon, Ann. Phys. 52, 59 (1969); V. Francoand G.
K. Varam, Phys. Rev. C 18, 349 (1978).

*T. Tamura, Rev. Mod. Phys. 37, 679 (1965).

3B. Buck, Phys. Rev. 130, 712 (1963).

SR. D. Amado, J. A. McNeil, and D. A. Sparrow, Phys. Rev. C 25, 13
(1982).

"For a proof see A. Messiah, Quantum Mechanics (North-Holland, Am-
sterdam, 1965), Vol. 1, p. 442.

M. L. Barlett et al., Phys. Rev. C 22, 1168 (1980).

°Li Yang-guo, Zhang Yu-shun, Chen Xiao-tian, and Ruan Tu-nan, Phys.
Ener. Fort. Phys. Nucl. 6, 715 (1980).

1°Zhang Yu-shun, Li Yang-guo, Wang Wei-wei, and Ruan Tu-nan, Phys.
Ener. Fort. Phys. Nucl. 6, 55 (1982).

"'Li Yang guo and Lo shui-yin, Auot. J. Phys. 37, 255 (1984).

T T. Chou and C. N. Yang, Phys. Rev. 175, 1832 (1968).

3D. J. Clarke and S. Y. Lo, Phys. Rev. D 10, 1519 (1978).

Zhang Yu-shun 1372



On the Hamiltonian dynamics of vortex lattices
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The equations of motion for infinite doubly periodic configurations of point vortices are
derived. A Hamiltonian for the motion, generalizing that of Kirchhoff for finite configurations,
is found and used to deduce an expression for the energy of an arbitrary vortex lattice. The
energy of a lattice with periodic defects is computed. Some special stationary lattice
configurations are shown to exist and integral curves for some two- and three-vortex lattice

motions are exhibited.

I. INTRODUCTION

Two-dimensional point vortices can be used to model a
variety of systems with pairwise logarithmic potentials, such
as line charges and crystal screw dislocations, as well as to
model 2-D fluid flow. Periodic configurations of vortices—
vortex streets and lattices—find application in models with
periodic or Dirichlet boundary conditions, as well as in mod-
els of rotating superfluids, type 11 superconductors, and 2-D
wakes. Of particular interest are those lattices that minimize
the lattice energy.

In the past, various methods have been devised to com-
pute this energy or the 2-D Ewald potential more efficiently
than by a slowly converging lattice sum. Some of these meth-
ods depend upon special lattice symmetries.'~ By direct in-
tegration of the energy density, Tkachenko* found the ener-
gy of a simple vortex lattice of arbitrary shape and showed
that this energy is minimized for the triangular lattice. Re-
cently, Campbell and others® derived an expression for the
energy of arbitrary lattices containing more than one vortex
per unit cell by generalizing a lattice summation technique of
Glasser.® The energy is given in terms of rapidly converging
infinite products.

In this paper the equations of motion for an arbitrary
vortex lattice (including the limiting case of a vortex street)
are derived and a new formula for the lattice energy is pre-
sented. The evolution equations, expressed in terms of Ja-
cobi theta functions, are obtained by summing the individual
vortex contributions over the lattice. Since the lattice sum
does not converge absolutely, the order of summation must
be specified. The nth partial sum includes the effects of all
vortices within distance r of the origin. This convention pro-
duces the same result as imposing the requirement that a
simple lattice rotate uniformly.

The result is a finite-dimensional dynamical system
which has a Hamiltonian structure and is analogous to that
of a finite-vortex configuration. This structure allows a com-
pact expression for the energy of an arbitrary vortex lattice
to be derived in a particularly simple way. The energy de-
pends on the lattice shape and density, as well as on the
vortex circulations and positions within the lattice.

In Sec. II the lattice dynamical equations are derived
using the Weierstrass elliptic functions. Section III presents
the Hamiltonian for these equations and the lattice energy
for an arbitrary vortex lattice is computed. This formula
gives the energy in terms of theta functions, which is conven-
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ient for both numerical and theoretical manipulations. As an
example, the change in the lattice energy caused by the intro-
duction of periodic defects is computed. Stationary vortex
lattices are considered in Sec. IV and examples of lattice
motions with only two or three vortices per unit cell appear
in Sec. V.

I. LATTICE DYNAMICS

A lattice L of points in the complex plane generated by
two independent vectors ®,, ®, is the set {aw,
+ bw,|a,beZ}. This set is doubly periodic; a singly periodic
lattice is obtained by letting one generator go to infinity. The
period parallelogram or unit cell of L centered at z, is the set
{2, + 5w, + tw,|s,re[ — L1)}. The lattice can be character-
ized (up to rotation) by the lattice parameter 7 = w,/®, and
the lattice density p, the reciprocal of the area of a unit cell of
the lattice |Im(@,@,) | = |@,|*|Im(7)|. A lattice of vortices
of circulation I' at z, means a vortex of circulation I at each
point z, + o for all weL. Conversely, given such a collection
of vortices, the position z; is the well-defined modulo L. We
think of the vortex lattice as the basic unit with which arbi-
trary doubly periodic configurations can be constructed.

Suppose vortex lattices of circulations T'; are placed at
z;,j = 1,...,n. For convenience, assume all positions z; lie in
the unit cell centered at the origin. The conjugate velocity of
the fluid due to this vortex lattice configuration is the sum of
the velocities induced by all vortices’:

?( z) = L __FJ_.

27Ti,,,eLj=1 zZ— (Zj +(0)
The velocity field (2.1) determines the velocity of the indi-
vidual vortices since vorticity is a convected quantity. How-
ever, the sum over L is not absolutely convergent, that is, the
sum depends on the order of summation. Therefore, some
convention on the summation is needed.

As a physical model, we take the infinite-vortex lattice
to be the limit of finite-vortex configurations consisting of
those vortices within the distance R of the origin as R goes to
infinity,®® that is, the infinite lattice is the limit of finite-
circular lattices. We will see that the shape of this limiting
region has an effect on the resulting dynamics. Let the sym-
bol 2 denote this limiting process:

Ef(w) = lim 2

R—o wel,|w} <R

(2.1)

Aw).
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In this circular limit, the conjugate velocity is

1 1
—~ 5Nr.y—_
2w z ”; (z—2z)—

Viz) =
Z- w

— 3 I, F(z~z), (2.2)
217'1
where F(z) = 2 (z — ) ~". We can express F in terms of
the Weierstrass zeta function

11
+—+ iz) (2.3)
w

zZ— o w

1
$(zow,0) =—+ (
¥4 0 wel
as follows:

F(2) = (zw,w,) + 0z, a= — z’ @ 2 2.4)
R

(The prime indicates that the singular term is omitted; it is
easy to show that the limit « always exists.) The function
£o(z) of Tkachenko* is the same as F(z), as we shall see; we
adopt this notation. The zeta function {(z) = {(z;w,,w,) is
an odd analytic function with simple poles of residue 1 at
each lattice point. Furthermore, the zeta function is quasi-
periodic: For all zeC — L and all integers a, b, we have
&(z+ aw, + bwy) — £(z) =an, + by, for certain con-
stants 7,, 77, called quasiperiods. Given a lattice point
o = aw, + bw,, itis convenient to write (@) foray, + b1,.
Clearly, &, is also quasiperiodic, with the quasiperiods
7, =1, + aw,. In fact, the quasiperiods of {, can be com-
puted directly from the lattice sum.

Lemma: 7 (w) = mpw.

Proof* By the Legendre relation 7,0, — 1,0, = 2i, it
suffices to show %, = mp®,. Since the relation is homoge-
neous.in w, we may rescale the lattice L and put @, = 1. For
any z¢L,

M =5o(z+ 1) — §o(2)

Rew \ljzrZ+ 1 —w lw|<RZ— @

(2.5)

= lim( Z LI 1 ),
R—ow \weLnp, Z— @  weL0D, Z— O

where D\, D, arethedisks |w + 1| <R, |w| < R, respectively.
Notice that on every horizontal row of lattice points through
the disks, each disk contains exactly one lattice point not
included in the other. Label these points @, ,;...,@,, (in D),
W315.-.502, (in D,). Of course, these w;, as well as r, depend
on R; the lattice points lie near the circle |z =R and a
R— o, 7/R-2p.

Those lattice points belonging to D, N D, generate terms
that cancel in the sum, so that we may write

. i R 1 1 2.6)
= lim - . .
b R"""‘igl(z_“)n z_w2i) (
Since z is fixed,
R 1
#, = lim —_——
g R~ 52’1 ((‘}Zi “)1;)
er
=p lim — ( ) 2.7
=p lim pR > 2.7

The limit (2.7) is evaluated as the line integral § x dy around
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the unit circle, yielding the area 7. This completes the proof.
Now we can compute the conjugate velocity Vm of the

vortex at z; + @ by removing the flow due to that vortex
from the conjugate velocity field ¥ and evaluating at z, + o,

V.= lim [V(z)—L—]
' 2mz 4w 2miz — (z; + w)

Y Tibolz + @ —z,)

2171,#/(
+-5- Jim [;(z_z)——_-—l—]
i Z-zi+w 0 ! zZ— (Zj +(l))
— 1 —
S Tullolz; — 2 + 7pB) + - ymp
2171,# 27
1
=— r —z +—( F,) @. 2.8
= !;k x6o(z; — 2) Py > T, |mp& (2.8)

The second term in (2.8) indicates an overall rotation, with
the rate proportional to the sum of the circulations
2 = ZT,. Therefore, it is convenient to describe the system
in a rotating coordinate system. Choose the frame rotating
with rate p=/2 about the center of vorticity (2T,z,)/Z;if 2
vanishes, then choose the nonrotating frame translating with
the limiting velocity — i(p/2)2T,z,. The conjugate veloc-
ity of the vortex at z; + @ becomes

—z,) —7p(Z, —Z) ] (2.9)

Z L [So(z;

=

notice that the velocity vanishes for the simple lattice
(n =1). Since @ does not appear, the vortex velocities have
period L in this rotating frame and the lattice structure is
preserved. Moreover, (2.9) is well defined for vortex lattice
positions modulo L. The foregoing discussion can be sum-
marized as the following theorem.

Theorem 1: The motion of # point vortex lattices, taken
as the limit of lattices in a disk and viewed from the appropri-
ate rotating or translating coordinate system, defines a local
dynamical system of # distinct particles on the torus 7= C/
L, with the evolution equations

Vi=2 =— z I11<(§0 — TpZy ),

T j#k

ij =Zj ‘—‘Zk‘

(2.10)

While Egs. (2.10) are defined for vortex lattice posi-
tions z,,...,z, modulo L, the reference frame is not because
(2.2) was based on z; in the unit cell centered at the origin.
The moment of vorticity M = ZT';z; is not well defined on 7.
However, since M is a constant of the motion there are only
(n — 1) independent positions and velocities. Therefore, the
configuration space of the vortex lattice system is 7" '
— A, where the diagonal A is the set on which two or more
vortex lattice positions coincide. Since the equations are first
order, phase space is identical to configuration space.

The conjugate velocity field in the rotating frame

1
51‘7_; Z I‘j(é‘o(z e

has period L and is thus elliptic in z if the total circulation =

Vi, (2) = z) —mp(Z—Z)) (2.11)
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is zero. It should also be noted that the conjugate velocities
are meromorphic functions of the positions when = = 0.

Remarks: Tkachenko* chose the function £,(z) as the
unique modification of the zeta function having the quasi-
periods as shown in the lemma, which is equivalent to the
rotation of a simple lattice. Goncharov!® gives Eq. (2.4),
implicitly summing over circular regions to find a, and attri-
butes the same quasiperiods to the result. It is evident from
the proof of the lemma that the quasiperiods of an infinite
lattice obtained as the limit of finite lattices depend on the
shape of the limiting region used. This shows the long-range
nature of the intervortex interaction. For example, if a rec-
tangular rather than circular region is used to take the limit,
the quasiperiods vary with the shape of the rectangle; a
square region gives the same result as a circular one. If the
quasiperiods differ from the value given in the lemma, then 7
is in general not constant and the lattice itself changes shape.

However, different summation conventions result in
sums that differ by at most a linear function since the second
derivative of (2.1) is absolutely convergent.

lll. THE HAMILTONIAN AND THE TOTAL ENERGY

A Hamiltonian for the evolution equations in Sec. ITisa
real-valued function H which satisfies the equations (writ-
ten in complex form)

iC.z. = (i + ii)H= :Za—H,

x dy dz;
We can find a Hamiltonian for the vortex lattice system in
‘terms of the Weierstrass sigma function o(z), which has a
simple zero at each lattice point and satisfies the relation o’/
o = {§. Writing 0,(z) = a(z)exp(azz/2), it is easy to check
that

j=1,.n. (3.1)

1

H= — o zk [T [In]oo(zi) |*=mp| 2 |*] (3.2)
<

satisfies (3.1). This is a generalization of the Hamiltonian

for finite-vortex configurations, — (47) ~'=I, T, In|z; |
For numerical work it is convenient to rewrite (3.2) in

terms of the Jacobi theta function

&,(2) = 2¢""*[sin 7z — ¢* ' sin 37z + ¢* 2 sin 5wz — -+ -],

(3.3)

For every lattice we may choose generators such that the
lattice parameter 7 has the imaginary part y>1, from which
the series (3.3) converges rapidly for z in the period pa-
rallelogram centered at the origin.

By using the relation

g =explinr), T=w,/w,

0(2) = 0,[3,(z/0,) /3 (0)] -exp(1,2°/2w,) (3.4)
one finds

1 3 (z/04) ’
H= —— r.r,|l —

IR "[“" 31(0)

2
Qe e
y @,

Since the equations of motion depend only on the lattice
positions modulo L, the Hamiltonian should also have this
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property. This is easily verified with the help of the transfor-
mation relations H(z+1)= —F,(2), *(z+7)
= — ¢ (2)exp( — im (1 + 22)).

To find the vortex velocities (2.10) in terms of ,, apply

(3.1):
G-
r,|[|— — [ =—Im| —1{.
2r@, ,;k y [(ﬂl w, y m W,
(3.6)

Itis easy to calculate the quotient of the theta functions using
(3.3). Notice that as 7— i, (3.6) has as its limit the usual
equations of motion for vortex streets.’

Given a configuration of vortex lattices, it is useful to
know the kinetic energy of the fluid contained in a single
period parallelogram. Since the energy in any neighborhood
of a point vortex is infinite, we will fix a cutoff radius € and
express the total kinetic energy of the lattice in the rotating
frame as the integral of the energy density | V,,, (2)|°/2 over
a unit cell, excluding the disk of radius € around each vortex.
We proceed to find an asymptotic formula for this energy
which is valid in the limit as the cutoff radius € goes to zero.
In the calculations that follow, the numbers 8, € will be as-
sumed small and terms of such order will be ignored.

First consider the case when the total circulation X van-
ishes (7> 1). The conjugate flow has the complex potential

Vj=

d(2) =%I-Z I, (log 0o(z — z;) + 7pzZ;2). (3.7)
Let the region A be a period parallelogram, with the € disks
about the vortex positions deleted. The integral of the energy
density over 4 is equal to — (1) f,, Im ®d(Re P). Since
the conjugate flow is elliptic, the potential is quasiperiodic;
from the identity 0y(z + w)/0y(2) = + explmpo(z + w0/
2)) it follows that

b(z + ) = P(2) + p Im(oM). (3.8)

Hence the integrand Im ®d(Re @) is periodic and the inte-
gral around any period parallelogram vanishes. Evaluate
over the remainder of d4 and use the identity 2I';T"; |z, |2
= —2(|M|* — (2)2I}|z|*) to show that the energy E
has the asymptotic form

1
E=H - — F?)lne.
4 (Z /

If the total circulation is nonzero, the conjugate flow
V,,, does not have a potential, but can be approximated by
potential flows in the following standard way. Consider the
period parallelogram centered about M /2, or equivalently,
let M = 0 and take the period parallelogram about the ori-
gin. In this region, distribute N ? vortex lattices of circulation

— 3/N? to form a lattice L /N, with the generators w,/N,
@,/ N. The conjugate flow due to these added vortices is

b3 n_ [ =
N (277'[1\’2) ,,gm bolz—a') = ( 2¢riN)§°(NZ)’
(3.10)

(3.9)

with the limiting form — (2p/2i)Z away from the poles.
[Here we have wused the homogeneity relation
$o(z,0,0,) = Ady(Az,Aw ,Aw,).] The resulting (neutral)
configuration has a potential ¢, and in the limit of large N
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the conjugate flow uniformly approximates 7( » on Ay, the
complement of the disks of radius eV /2 around the added
vortices. Thus the energy E of the original configuration is

E= lim —(i)f Im®,d(Re ®,). (3.11)
3(ANAY)

N- o

A straightforward computation shows that E differs from
(3.9) by integrals that do not depend on the positions z;.

We conclude that as with finite-vortex configurations,
H gives the interaction energy, or that part of the energy that
depends on the vortex lattice positions. Hence the total ki-
netic energy differs from A by a function of the lattice gener-
ators @, @, and the cutoff e: This difference can be found by
direct integration for a simple lattice.* An easier method is to
use the lattice symmetry and the Hamiltonian to find this
energy through vortex rearrangements.

First consider a single vortex lattice, that is, a doubly
periodic configuration with a single vortex in each period
parallelogram. Let E(I',/,€) be the energy of a unit cell of
area / % containing a single vortex of circulation I' and cutoff
radius € and let E(1,1,6) = E, — (1/47)In €. The quantity
E, depends only on 7. By examining the integral of the ener-
gy density, one sees that

E(T,Le) =T?E(1,1,e/]);

thus it suffices to find E,.

Place four vortex lattices of circulation  with a unit cell
of unit area in two different configurations: (i) All six inter-
vortex distances z;, are small compared to J, but large com-
pared to € and (ii) the vortex positions form a lattice L ' with
half the periods of L, (z,, z,, z5, z,) =(0, @5 @5,
(0, + ®,)/2). Let E,, E be the energies of these two con-
figurations, with cutoff radius €. The difference £, — E is
given by the change in the interaction energy H, — H,. The
individual energies can be found by elementary consider-
ations:

E, = E(1,1,6) + (energy inside the & disk)

1 (1 1
=E ——(=—Ine+ S —In|z, )
! 477(4 j; 16 !

Ey =4E(13,€) =1[E, — (1/47) In 2¢].
Take the relation £, — E; = H, — H, and note that

the sums involving logarithms, which become singular as
60, cancel (to order 8, €). Then solve for E|:

E, =4[ —(1/16m) In2 — Hp]. (3.14)
The term H gz can be evaluated using various properties of the
theta functions. Summing over all differences produces the
logarithm of the quantity
|3, ()¢ (r/2)3,((1 + 7)/2))?

= |7 "8,(0)9,(0)35(0) |* = exp(mp) |§ { (0) /7 |”.
(3.15)
After some algebra, we find H expressed as follows:
Hy = (1/4m) (4 In|d 1 (0)| — 3 In|w,| + } Inm). (3.16)
Since the lattice density p = 1, we have 0 = In|w,|* + In .
Thus

E = —(1/47)({In 27 + 3 1n|3 [ (0)| + } In ).
(3.17)

(3.12)

(3.13)
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Expression (3.17) agrees with that given by Tkachenko® for
the energy of a single-vortex lattice (although a different
definition of &, is used).

Now it is easy to find, by a similar rearrangement argu-
ment, the energy for a period parallelogram containing sev-
eral vortices. Given vortices of circulation I ; at positions z;,
move them into a § disk at M /2. The change in energy is AH
and the energy outside the disk is (2T',)* E(1,1,5).

Theorem 2: The energy E of a (unit area) unit cell of a
vortex lattice configuration containing vortices of circula-
tions I'; at positions z;, j = 1,...,n, with the lattice generators
@, ©,, and the cutoff radius ¢, is given by

E=H+ (z I‘,)ZE, _ ﬁ (z r,?)m e

Denoting the energy density formula of Campbell® by E,
the following relation has been verified numerically:

E = (47/n)E + (5T2/2n) In(né?). (3.19)

As an application of Theorem 2, we find the energy of a
simple lattice with periodic defects. Fix a complex number z
and an integer N. Take a simple lattice with period L and
circulation T" and move the vortex at Nw to (Nw + z) for
each wel. For simplicity, assume that N is odd, so that the
centers of vorticity of the original lattice and the defect lat-
tice coincide. We shall find an expression AEy (z) for the
resulting change in the kinetic energy of the fluid in the N ?
unit cells of L which make up a unit cell of the new periodic
configuration (in other words, the change in energy per de-
fect). Since the energy change is from rearrangement, we
may ignore the self-energy (In €) terms, change the scale by
a factor 1/N, and apply Theorem 2 to the resulting configu-
ration of N ? vortices, all on L /N except for the single lattice
displaced by 5 = z/N. The change in energy for the configu-
ration is

(3.18)

2
AEy(2) = — F—

T 0#wel /N

- 2
X [ln‘—UM —mp(ln — o’ — |o®) |.
gp(w)
(3.20)
Consider the derivative with respect to 7:
d

— AE\(2)
o "

2 —
= — =S G- o) —mp(n— )]

2 p— -
= — L NE V) — By () — (N7 — Dy,

47
(3.21)
Integrate, using the condition AE,, (0) = 0, to find
AE,(z) = — (T?*/4m) [In|oy(z)/Noy(z/N)|?
— (1 =N ") mplz|?]. (3.22)

Equation (3.22) is an exact result. For large N, the change in
energy per defect approaches the limiting value

AE_(z) = — (T*/47)[In|z" 'o,(2)|* — mp|z|®], (3.23)
which is a function with period L minus the interaction ener-
gy of the displaced vortex at z with a vortex at the origin. The
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result (3.23) can be compared to a previous ( computation-
ally intensive) study of simple lattices with periodic vacan-
cies.!' It should also be noted that combinations of lattice
defects of the above type are relevant to the study of the
stability of vortex lattices.'>'3 For example, a simple calcu-
lation shows that the energy of small defects can be negative
only if the lattice shape is such that p? < |a|? holds.

IV. STATIONARY LATTICE CONFIGURATIONS

A stationary lattice configuration is one in which all
vortex velocities vanish in the rotating reference frame, that
is, the configuration is a relative equilibrium in the fixed
frame. Finding such configurations corresponds to solving
the system of equations ¥V, =--- =V, =0, or by (3.1),
finding the critical points of the Hamiltonian.

If the total circulation X vanishes, the vortex lattice ve-
locities are given with respect to a moving reference frame:
The critical points of H do not correspond to equilibria, but
to configurations at rest in this frame. Because the rotation
terms vanish, methods of algebraic geometry can be applied
and the total number of configurations that are at rest in
some moving frame can be counted."

If, instead, all circulations are positive, a lower bound
for the number of relative equilibria can be obtained by using
an idea of Palmore.'® The Hamiltonian goes to infinity on
the diagonal A and all critical points of H lie on a compact
subset of 7"~ ' — A. If the Hamiltonian is a Morse function
(all critical points are nondegenerate), then a lower bound
for the number of these critical points and their indexes can
be computed from the Betti numbers of 7"~ ! — A,

A simpler task, which is the goal of this section, is to find
aspecial class of relative equilibria analogous to the collinear
configurations of celestial mechanics. Let a collinear vortex
lattice configuration denote one in which all z; lie on a edge
or a diagonal of a unit cell, so that all differences z; are
parallel to w,, @, or w, + w,.

Consider now a lattice L that has a line of symmetry; we
may assume that the line is the real axis, so that L is invariant
under complex conjugation: L = L. There are two types of
such lattices: rectangular (with o,/@, pure imaginary) and
rhombic (with w, =®,). Important special cases are the
square lattice (w,/@, = i) and the triangular lattice (w,/
o, = (+ 14 #3)/2).

Theorem 3: Let L have a line of symmetry and fix n> 2
positive circulations. Then there are at least 2(n — 1)! col-
linear relative equilibrium configurations of # vortex lattices
with these circulations. If L is square or triangular, there are
at least 4(n — 1)! collinear relative equilibria.

Proof: If L = L, the definition of the vortex velocities as
circular limits shows that all velocities are pure imaginary or
real if all differences z; are real or pure imaginary, respec-
tively. Thus the vortex velocities ¥; will be perpendicular to
the line containing the vortices for such a configuration, so
that half of the (real) partial derivatives of H always vanish.
Stationary collinear configurations are thus critical points of
H restricted to the space of configurations lying along the
line, (S')"~' — A. The diagonal divides this configuration
space into components: one for each ordering of the vortices
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FIG. 1. Streamlines of a simple triangular lattice. The curves are interpolat-
ed from data on a 60X 60 grid.

in the unit cell and (7 — 1)! in all. If the circulations are
positive, then H— o on the boundary of each component;
thus each component contains at least one critical point
(whether H is or is not a Morse function).

Thus we find at least (# — 1)! collinear configurations
on each diagonal of a rhombic unit cell and on the two sides
of the rectangular unit cell. Since a square lattice is both
rectangular and rhombic and a triangular lattice is rhombic
in two different ways, we obtain four lines containing collin-
ear relative equilibria and the higher estimates apply in these
cases. This completes the proof.

/4

FIG. 2. Streamlines of a simple lattice, 7 = 0.4 + 1.2i.
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FIG. 3. The relative motion of three triangular lattices with zero net circula-
tion. The diagram is centered around the origin and the curves trace out z; ;.
Here (I',,I',,I;) = (1,1, = 2), M= 0.

V. LOW-DIMENSIONAL EXAMPLES

Recall that the differential equations (2.10) produce a
flow on the configuration space 7" ~' — A, which has real
dimension 2n — 2, and that the real-valued function H is
conserved by the motion. Thus the level sets of H contain the
integral curves of the dynamical system and have codimen-
sion one. When n = 2 and 2 is nonzero, these level sets will
be the integral curves, independent of the circulations I';, I,
(since they are the streamlines of a simple lattice.)

Figures 1 and 2 show some level sets of H for
7= (14 #3)/2 and (0.4 + 1.2i), respectively. [In all the
figures, the configurations 2z,,=w,/2, o,/2, and
(@, + @,)/2 are seen to be relative equilibria because the
function {,(z) — mpZzis odd, has period L, and hence vanish-
es at these points. ] Some lattices have two additional relative
equilibrium configurations, which are minima of H, al-
though configurations may not be minima of the total energy
when variations in the lattice shape are considered. The mor-
phology of energy minimizing configurations of two vortex
lattices has been explored numerically.’

If the total circulation X is zero, the two-lattice case is
uninteresting: All configurations translate uniformly, that
is, (z, — z,) is a constant of the motion. However, the level
sets of H can be used to trace out the relative motion of three
vortex lattices. Writing the relative positions as
W, =2zy—2z; Wy=2,—23 we have w, +Tw,=M
= const; thus there is only one independent coordinate for
fixed M. Thus the level sets of H as a function of w, will give
the trajectories of z, in the frame moving with z;. Such curves
for a triangular lattice and M = O are presented in Figs. 3
and 4 for two different choices of circulation: Here the criti-
cal points represent configurations that translate uniformly
(w, and w, are constant). If the three vortex lattice positions
are such that the differences z;, are all half-periods, then the
configuration will be at rest.
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FIG. 4. Same as in Fig. 3, but with the circulations (1,v2, — 1 — v2). Note
the loss of periodicity.

Because M is fixed, H as a function of w, is not in general
periodic with period L. If the ratio of circulations I, /T, is
rational, then H will be periodic on some multiple of L; how-
ever, if the ratio is irrational H will be aperiodic. This can be
seen in Figs. 3 and 4.

One can find uniformly translating configurations by
solving the single equation {(w; — w,) = {(w,) — {(w,),
or in terms of the Weierstrass elliptic functions,

0= (p'w + p'w)/(pw, — pw,).

If M is near zero, examination of the Laurent expansions
p2) =272+, p(D=z2"+" "

shows that there will be a pair of solutions near w, = O corre-

sponding to the equilateral triangle configurations of three
vortices which translate uniformly.'*
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Nearest neighbor lattice statistics on semi-infinite two-dimensional

rectangular lattices of various widths
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Recent results of the shift operator matrix technique are utilized to calculate an exact
expression for the lattice coverage of simple indistinguishable interacting molecules adsorbed
on a semi-infinite two-dimensional M X « rectangular lattice. As an illustrated example,
parameters are chosen which most likely model the adsorption of the noble gas Ne on a
graphite surface. The lattice coverage is determined as a function of the activity, temperature,
and interaction potentials for lattices of increasing width (M = 1-7).

I. INTRODUCTION

No chemical/physical system is without boundaries and
so actual phase transitions occur in spaces of finite extent. It
is clear from recent work that the results of the shift operator
matrix (SOM) treatment of nearest-neighbor interacting
particles on finite width lattice spaces can be used for certain
systems to calculate successfully critical temperatures that
agree quite well with experiment. Recently, George et al.,'
using the results of previous work ona 2 X NV lattice,> have
shown that even such narrow lattice spaces can be used to
predict the critical temperatures of the two-dimensional
phase transitions exhibited in the heat capacities of adsorbed
noble gas submonolayer films. Thus questions arise as to the
effect of increasing the width of such lattice spaces on the
statistical/thermodynamic properties of a system, such as
the calculated critical temperature for phase transitions of
all kinds, including melting, heat capacities, etc., and on the
sharpness of the “‘maxima” that occur near critical tempera-
tures.

Previous investigations have shown that the SOM con-
tains all the information necessary to treat the thermody-
namics of a system of nearest-neighbor interacting, simple
indistinguishable particleson M X N latticespaces.* The use-
ful result obtained is that the grand canonical partition func-
tion, in the thermodynamic limit (N— « ), can be deter-
mined completely from the largest eigenvalue of the SOM.
In light of this, thermodynamic calculations on lattices
wider than the 2 X ¥V lattice become feasible.

In the present paper, we shall calculate the coverage in
terms of the largest eigenvalue of the SOM and examine the
dependence of selected adsorption isotherms on the width of
the lattice space, i.e., for increasing values of M. In particu-
lar, adsorption isotherms are calculated for various values of
M for a system which has received considerable attention
recently,' the noble gas Ne adsorbed on graphite basal
planes. Here the adsorbed gas atoms are modeled as indistin-
guishable, simple particles that occupy a single lattice site,
distributed on a M X N rectangular lattice space experienc-
ing only nearest-neighbor interactions and interactions with
the lattice. It is to be expected that as M is increased, the
finite width of the lattice space should become less important
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in the sense that calculated statistical/thermodynamic
quantities, such as lattice coverage and heat capacity signa-
tures, are expected to approach their limiting behavior for
two-dimensional lattices of infinite extent.

{1. THE SHIFT OPERATOR MATRIX

Todetermine the SOM, we first takea M X N lattice and
decompose it into 2* lattice subspaces a; (V) (i = 0-M, with
m = 2™ — 1) categorized by the state of occupation of the
N thcolumnofthe M X N lattice. Eachsiteinthe N thcolumn
of the M X N lattice can exist in only one of two states of
occupation, either the site is occupied by a particle or it is
vacant. Thus we can think of each site in this column as a bit
in the binary representation of a decimal number, being uni-
ty if the site is occupied and zero otherwise. Using this corre-
spondence we define each a, (V) as a subspace with the N th
column in a configuration specified by the binary bit pattern
of the decimal number /. By convention we will associate the
least significant bit of / with the top site in the N th column.
The occupation of the sites in the remaining columns on each
lattice subspace is not specified.

In order to simplify the matrices that we shall encounter
later it will be convenient to distinguish between vertical
nearest-neighbor pairs and horizontal nearest-neighbor
pairs. Here 4, [ N,qg,n,,n, ] is the number of ways of arrang-
ing g particles on a g, (V) lattice subspace in such a way as to
create n, vertical nearest-neighbor pairs and »n, horizontal
nearest-neighbor pairs. To illustrate the procedure for deter-
mining the SOM consider a 2 X N lattice (see Fig. 1). By
definition, a,(/V) has both lattice sites of the Nth column
unoccupied, a,(N) has only the top lattice site of the Nth
column occupied, a,(N) has only the bottom lattice site of
the N th column occupied, and a5 (V) has both sites of the
N th column occupied.

The system of coupled recursion relations which lead to
the SOM is formed by considering how many particles, n,
and n, pairs, are removed when one removes the N th col-
umn of a particular lattice subspace. With these consider-
ations, and the use of Fig. 1, we obtain the four coupled
linear recursion equations:
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Ao[Ngn,n, ] =A4o[N—1,gn,n,] +A4,[N— lLgn,n,]

+ A;[N - 1,¢,n,,n,] + A5[N — L,g,n,,n,],

A\[Ngn,n,] =A4,[N—1,9— Ln,n, | +4,[N—1g9—1n,n, —1]

+A[N—-1g9—Ln,n,]+A4;[N—1q— 1,n,n,

A, [N,gn,,n, ] =A(N—Lg— Ln,n, ] +4{N— 14— Lna,n,]

+ A, [N = 1,g— Ln,n, — 1] + 45[N — Lg — Ln,,n, — 1],

A[Ngn,n,} =A4o([N—1,9—2,n, — L,n, | + 4 [N—149—-2,n, — Ln, — 1]

+A[N—1,g—2n, —Ln, —1] +43[N—l,g—2,n, — 1,n, —2].

If we now use the set of shift operators R = (R,S,T,U)
defined such that

R rSSTrUuA; [qurnu)nh]
=A,[N—rgq—sn, —tn, —u],

Egs. (1a)—(1d) can be written in matrix form

AO[N’q’nu’nh ]
A][qu’nu’nh]

[P(R) —1] A[Ngn,n, ] =0, (2)
As[N.g.n,,n, ]

where

R R R R

P(R) = RS RSU RS RSU
RS RS RSU RSU

RS?T RS?TU RS’TU RS?*TU?
(3)

and I is the 4 X 4 identity matrix.

Examination of the manner in which P(R) is formed
from the recursion relations Egs. (1a)-(1d) show that each
matrix element can be written as

N— —
i A3[N, q, n,, ny} =
|
[
AO[N'1! q'2! ny -1, nh]
|
|
@
+ A4[N-1, g-2, n,-1, n,-1]

+ A2[N‘1, Q'zi nv"v nh'1]

+ Aj3[N-1, g-2, n,-1, np-2]

FIG. 1. The decomposition of the degeneracy 4; of a @, (V) lattice in terms
of the degeneracies 4y, 4, A;, Ay of the a,(N— 1), a,(N— 1), a,(N — 1),
and a,(N — 1) lattice formed by removing the N th column of the original
a,(N) lattice.
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(1a)
—1], (1b)
(1¢)
(1d)
r
P;(R) =RS*T"U", (4)

wheres,, t,,and u ; are the number of particles, vertical near-
est-neighbor pairs, and horizontal nearest neighbor pairs
that are removed when one starts out with a a, () lattice
subspace and removes the Nth column to formaa; (N — 1)
lattice subspace. In terms of the row number i and column
number j of the matrix P(R), 5; equals the number of ones in
the binary representation of , ¢; equals the number of ones
that are adjacent to each other in the binary representation of
i, and u,; equals the number of ones in the binary representa-
tions of i which match up bit by bit with the ones in the
binary representation of j. Thus the functional form for each
matrix element of P(R) can be determined completely from
its row and column number. Since the way in which the
elements P, (R) are formed from the set of coupled recur-
sion relations does not depend on the width of the lattice, Eq.
(4) holds fora M X N lattice occupied by simple particles as
prescribed above. It follows that the matrix equation for the
M X N latticeanalogousto Eq. (2) fora2 X NV latticeis given
as

AO[N,q,n,J,'n,, ]

A, [Ngn,n,]

[P(R) —1I] =0, (3

A, [Ng.n,.n,]

where the elements P, (R) are given by Eq. (4) with/and j
ranging from 0 to m=2"—1, and I is now the
(m + 1) X (m + 1) identity matrix.

lll. DETERMINATION OF THE GRAND CANONICAL
PARTITION FUNCTION

The grand canonical partition function is written

gNxpz) = 3 A[Nagmm X"y (6)
.11,
where 4 [ N,q,n,,n, ] is the total degeneracy factor for the
complete M X N lattice. It is to be understood that we are
working with some particular finite value of M in this and
the following sections. The parameters ¢, n,, and n, range
over all permissible values with

x =exp[ — BV, 1, (7a)
y=exp[ - BV, 1, (7b)
z=exp] —B(V,— )], (7¢)

in which g is the chemical potential of the adsorbed parti-
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cles, 8 = 1/(kg T) with kg the Boltzmann constant and T’
the absolute temperature, ¥, is the interaction energy be-
tween two vertical nearest-neighbor particle-particle pairs,
¥V, is the interaction energy between two horizontal nearest-
neighbor particle-particle pairs, and ¥} is the interaction
energy between a particle and the surface. To calculate
g(N,x,p,z) it will be convenient to define the “super grand
canonical” generating function:

h(xp.z,m) = i g(Nxpz)n" (8a)
N=1

A [Nagn,,m, 1x™y" 2", (8b)

= 2

{N.gn,n,}
This function can be calculated explicitly, as will be shown
subsequently. Once we obtain 4(x,p,z,7) we can determine
g(N,x,p,2), using Eq. (8a), by the simple relationship
1 d%h(x,y,z,m)
N an" _—
For each 4, [ N,q,n,,n; | define generating functions:

g(Nxp,z) = €))

hi (x’y,Zﬂ?) = z Ai [N9qanu:nh ]xnhy"“zqu- (10)

{N,g,n,n,}

If we now multiply both sides of Eq. (5) by x"™y"z%)" and
sum over all permissible values of {N,q,n,,n, }, we obtain

ho(xy,2,7)

h(xy.z,7)

[P(RS,T.U) —1] (11)

h,, (x,.z,1)

By rearranging summation indices, it is easy to show>® that

ho(xay,z;")) fi)(x,y,z,ﬂ)
hy(x.p,2,m) Silxy,2,m)
[P(x,yyz)”) - I] ! ':; 17 - ' . ly
A (X,9,2,77) S (xp2,7)
(12)

where P(x,y,z,m) is obtained from P(R,S,T,U) by the re-
placement of the shift operators R, S, T, and U by the vari-
ables 7, z, y, and x, respectively. The functions f (x,y,2,17)
are polynomials that depend only on the initial conditions
imposed on the 4, [N,g,n,,n, ]. Applying Cramer’s rule to
Eq. (12}, we have

F,(xp,z7)
D(x,y,z,m) ’
where again F, (x,,2,7) is a polynomial depending only on
the initial conditions imposed on the 4,[N,q,n,,n, ], and
D(x,y,2,3) is the determinant of [P(x,y,z,7) — I]. By the
way in whichthe M X N latticeis decomposed intothea; (N)
lattice subspaces it is clear that the total degeneracy factor
A[N,g,n,n,] for the M XN lattice is just the sum of the
degeneracy factors for the individual lattice subspaces. With
this is mind, Eqs. (10) and (13) show that 4 (x,y,z,7) in Eq.
(8) is now given by

h(xy,zm) = (13)
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F(x’y;z,ﬂ)

h(X,y,Zy )= ,
7= Dy

A (14)
F(xyzm) =Y F(xpzn).
1=0

Consider F(x,y,z,m) and D(x,p,z,m) in Eq. (14) as poly-
nomials in 9. If we perform a partial fraction decomposition’
on h(x,p,z,n) and use Eq. (9), we find that in the thermody-
namic limit of large N, g(NV,x,y,2) is given asymptotically
by6,8

g(Nxp.z) =c(1/9)", (15)

where 7, is the smallest root of D(x,y,z,7) which is consid-
ered as a polynomial in 77 and where ¢ may be a function of 5,
but does not depend on N. It should be emphasized that we
are only concerned with finite width lattices (M finite) at the
moment. The thermodynamic limit envisioned concerns
only the length of the lattice. When this model is used to
calculate adsorption isotherms, the lattice is exposed to an
essentially infinite reservoir of particles in the form of a gas
phase above the lattice. For a macroscopically long lattice
under these conditions it is entirely consistent to use the
expression of Eq. (15). This calculational procedure is well
known and covered extensively in the literature.®’* In this
same limit, the logarithm of the grand canonical partition
function becomes

In[g(Nx,y,2)] = Nln (1/9,). (16)

At this point it is clear that we need only calculate the small-
est root of D(x,p,z,7), the determinant of the matrix
P(xyzm) -1

Each element of the matrix P(x,y,z,77) contains a single
factor of 7, allowing us to write

P(x.p.zm) = 1Q(x,p.2), (17)
where Q(x,y,z) = P(x,p,2,7) /7. Thus solving
det{P(x,y,z,7) — I] =0, considered as a polynomial in %
for the smallest root 7,, is equivalent to solving

det [Q(x,p,z) —A, 1] =0 (18)
for the largest eigenvalue 4, = 1/7, of the matrix Q(x,,z).
In terms of 4, Eq. (16) becomes

In [g(Nxp,2)] =NInA,. (19)
With this explicit expression for the logarithm of the grand

canonical partition function, we can now calculate the ex-
pectation of the lattice coverage.

IV. EXPECTATION OF THE LATTICE COVERAGE

To determine the -expectation of the lattice coverage
{0 ) as » n» We define

<6)MxN=<q>M><N/MN, (20)
where
2 Nan 334 [ Nogn,,n, 1x"y 2"
(Duxn= o (2D
ZiNgnam A [Nogony,n, [ X7y 72
Thus
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d
(O aw === In[g(Nx.2)] (222)
_z A (22b)

MA, Jz

Since each element of the matrix P in Eq. (4) is strictly
greater than zero, the Perron-Frobenius theorem'* guaran-
tees that the largest eigenvalue is nondegenerate. The deriva-
tive dA,/dz can therefore be determined from the corre-
sponding eigenvector. Consider the eigenvalue equation for
A

Qv=A,v. (23)

From Eg. (4) it follows that each element in any given row
of Q(x,y,z) contains the same function of y and z, allowing
us to write Q(x,y,z) as

Q(xy,2) = Q,(»,2)Q,(x), (24)

where (Q); =28, and (Q,), = x*/ with &, the Kron-
ecker delta. If we now substitute Eq. (24) into Eq. (23) and
use the renormalization

viQ, lv=1 (25)
we obtain
viQv=4, (26)

By differentiating Eqs. (25) and (26) with respect to z and
inserting the identity matrix in the form Q,Q, ' or Q; 'Q,
where appropriate we are led to the result

1oh

A, 6z
Combining this with Eq. (22b) gives us an expression for the
coverage

(@) xn=2v'Q; *Qv/M. (28)

The form of Eq. (28) allows us to calculate (¢ ), y from
the eigenvector [with normalization defined by Eq. (25)]
corresponding to the largest eigenvalue of the SOM Q(x,y,z)
by standard numerical techniques,'*'® the power method"’
being most suitable in this case.

We have chosen an interaction potential,'®'® which
most likely describes a real two-dimensional system and cal-
culated numerically the coverage from Eq. (28) for values of
M ranging from 1 to 7. The relevant interaction potentials

—vI(Q; )'v. 27

-

<E>, COVERAGE

O L MW s o N®®D O

LN(2)

FIG. 2. The coverage for lattices ranging from one to seven sites wide as a

function of LN(z) with V,/kg = V,/kg = — 13.6 at the temperature of
140 K.
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FIG. 3. The coverage as a function of LN(z) under the conditions of Fig. 2
at the lower temperature of 20 K.

for the rare gas Ne adsorbed on graphite basal planes mea-
sured in kelvins are V,/ky=V,/ky = —34.6 and
Vo/kg = — 378. For fixed interaction energies the variables
x and y remain constant along any particular adsorption iso-
therm leaving only z to vary. Under these conditions, z varies
through the chemical potential u, which in turn depends on
the pressure p of the surrounding gas phase. In fact, for an
ideal gas

1= ke Tln(p) + C(D), (29)

where Cis a function of T only. Therefore, in plotting {0 ) vs
In(z) at constant temperature as in Figs. 2-4, we are actually
calculating adsorption isotherms of Ne adsorbed on graphite
and observing how the coverage changes when the pressure
of the gas phase is varied.

Figures 2 and 3 show the dependence of the adsorption
isotherms on M for two opposite extremes of the kelvin scale.
The transition from Fig. 2 to Fig. 3 through the temperature
scale is found to occur gradually, where in all instances the
adsorption isotherms approach their limiting value realized
for an infinite two-dimensional lattice quite quickly (as indi-
cated by the M = 7 curves). Figure 4 displays a set of ad-
sorption isotherms for the rare gas Ne adsorbed on graphite
modeled on a semi-infinite two-dimensional lattice seven
sites wide. Figures 2 and 3 in turn indicate that this set of
adsorption isotherms can be considered predictive of ther-
modynamic behavior for Ne adsorbed on graphite modeled
on an infinite two-dimensional lattice.

1.0
g [F=10K
& 8 |
g aE
& 7F |
2 6 |
o
. sp |
A 4 !
D s |
Vo, 3
A J
0 i L rutll HEPEE EEPRY J P | 1) 1 1
] 6 4 2 0 2 4 6 8
LN(Z)

FIG. 4. The coverage as a function of LN(z) over the temperature range of
10-120 K, in steps of 10 K, for a lattice seven sites wide.
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V. CONCLUSION

A procedure has been presented for calculating the
grand canonical partition function, starting from a set of
coupled recursion relations derived from the lattice system
of interest. Through the grand canonical partition function
one then obtains an exact expression for the lattice coverage
of an M X N rectangular lattice which depends on the width
of the lattice. It is evident from the plots of the adsorption
isotherms for Ne that the width of the lattice plays less of a
role at high temperatures and an increasingly important role
at very low temperatures.
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It is shown that there exist bound states of the operator H , ; = — (d */dx")
+ 3,260 — (2m+ 1)m) £ AW, W beingan L '( — w0, + o) non-negative function, in every
sufficiently far gap of the spectrum of H,= — d%/dx* + £,,.;8(° — (2m + 1)7). Such an

operator represents the Schrodinger Hamiltonian of a Kronig-Penney-type crystal with a
localized impurity. The analyticity of the greatest (resp. lowest) eigenvalue of H,; (resp.
H _ ;) occurring in a spectral gap as a function of the coupling constant A when W is assumed

to have an exponential decay is also proven.

I. INTRODUCTION

In this paper we investigate some properties of the spec-

trum of the one-dimensional Schrodinger operator
H, , =H,+AWwith1>0,
d 2
Hy= ——+ Y 8- — (2m+ )m)
dx meZ

and W being a non-negative L ' function.

The Hamiitonian represents the Kronig—Penney model
of a crystal with a localized impurity given by the short-
range potential W.

There have been several papers'~ investigating the
spectrum of the operator H , , when H, is the Schrédinger
Hamiltonian with a piecewise continuous periodic potential.
In Ref. 6 the case of a nonperiodic potential V' having a
“short-range” order, so that H, = d ?/dx* + Vstill has gaps
in its spectrum, is studied. The main tool in our analysis will
be the Birman-Schwinger kernel. Furthermore, we will ex-
ploit the Gel’fand expansion for the resolvent of H, (see
Refs. 7 and 8) in order to have a convenient expression for
the Birman-Schwinger kernel.

By doing so we show that there is a band in the spectrum
of H, such that there exist eigenvalues of A, , in each gap
on the right of that band and if A is sufficiently small we can
find eigenvalues in each gap of o(Hy) = 0, (H, 1).

Furthermore, we prove that under the stronger assump-

i

-5

cos [E, (0)x

€))] — 4@
n (x) _A n

e [cos JE, (6) (x — 2m)

—((1 —e®/1 4+ €®))cot \JE, (8) 7sin \[E, (9) x,

‘tion of an exponential falloff of W, the greatest (resp. low-

est) eigenvalue of H | ; (resp. H _ ; ) occurring in a spectral
gap is analytic as a function of the coupling constant A.

The other important problem related to the asymptotics
of the number of bound states in each gap will be studied in
another paper.

il. BOUND STATES OF A+ AW IN THE GAPS OF o(Hp)

In this section we shall be concerned with the existence
of bound states of H, + A W inside the gaps of o(H,).

First of all, let us recall that the spectrum of the unper-
turbed Hamiltonian H, is given by

o(Hy) = (kijo [Eps 1 (0), (k+ %)2])
(S, B k).

E, (0) being the nth root of the well-known Kronig-Penney
equation

cos 2rVE + (1/2E ) sin 27 JE = cos 6
with 6[0,7] (see Ref. 9).

For each fixed 4, {E,, (9)}7_ , are the eigenvalues of the

reduced Hamiltonian Hy(8) = ( —d?*/dx*), + 8(- — m)
whose eigenfunctions are given by

(2.1

—((1 —€/1 + e®))cot JE, (@) msin JE, (0) (x —2m) |, 7<x<2m,

4 ¥ being the normalization constant.

In the particular cases when 8 = 0, 8 = 7 the eigenfunctions can be written as

2k+1

2 E2k+ 1 (0)
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o1 (x) = (17’ + sin 277 By, 1 (0) ) - {COS vEz 1 (0)x,
cos \E,; 1 (0) (x — 2m),
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OLxgm,
(2.2)
Ogx«m,
< (2.3)
T<x<2m,
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$2(x) = (1/y27) sin kx (2.4)
and
0,1 (x) = (1/427) cos(k + })x, (2.5)

. 2 E —1
b= B2 )
2 JE,, (m)
{sin VE (m)x, 0<x<,
X
r<x<2r.

sin \[E,, (m) (27 — x),
(2.6)

By means of some boring algebra we can determine the nor-
malization constant 4 (», precisely

4O = 1T+sin27r\jEn(6) _+_(1—cos0)
14+ cosé

2\E,(0)
. —-1/2
Xcot? 7 JE, (0) (L \'E"(a))] )

2 JE, (0)

(2.7)

This immediately leads to the following result whose proofis
omitted since it only consists of tedious calculations.

Lemma 2.1: Let ¢? be the nth eigenfunction of the
reduced Hamiltonian Hy(0) = ( —d*/dx*), + 6(* — 7)
acting on L ?[0,27] with 6e[0,7]. Then the following esti-
mate holds: -

[ <71‘;[1 - (M)Z] e

2mVE (D)
for any neN and any 6<[0,7].
Remark: Since ¢2" =% = ¢‘?, because of the antiuni-

tarity of H,( @) and H,(8 — 2), the estimate (2.8) actually
holds for any <[ 0,27]. We shall use this property later.

After these preliminaries we consider the Birman-
Schwinger operator in our particular case. Since Wis a defi-
nite-sign function our Birman-Schwinger operator is self-
adjoint. Itis not difficult toshow that W'/2(H, — E)~'W'/?
(W>0) is trace class for any Ecp(H,). One can first prove
that this holds for E <0 since

” WI/Z(HO _ E)_1W1/2”1

<“ W1/2( _ d_2 . E) B IW”z“

h dx* '

(2.9)
for any E <0.

Then, by using the first resolvent equation and the con-
nectedness of the resolvent set of H,,, it follows that the prop-
erty holds for any Ecp(H,).

This implies that we are allowed to use the KLMN

theorem (see Refs. 10 and 11) in order to define the self-
adjoint operator whose quadratic form is given by

(, (Ho + AW)Y) = (¢, Hop) + A(Y, W)

for any YeQ(H,).

Furthermore, we can apply the Fredholm theory to our
Birman-Schwinger kernel. In particular, we can see that if
W>0, Eis an eigenvalue of H, + AWifand only if F lisan
eigenvalue of AW /2(H, — E) " 'W'/2,

In order to obtain some information about the eigenval-
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uesof W'/2(H, — E)~'W /2 when E belongs to some gap of
o(H,), we express the BS kernel by means of the Gel’fand
transform, namely,

WI/Z(HO_E)~1W1/2

o 27T |Wl/2¢(6)><W1/2¢(9)| d9
J; E,(0) —E 2

n=1

(2.10)

(¢$? having been extended to the whole real axis by means
of the @ condition), which makes sense for any Ecp(H,)
because of Lemma 2.1 and the fact that WeL '(R) as written
in the Introduction.

IfEe( — w0, E\(0)), W'?(H, — E)~'W"%isapositive
operator which implies that only H, — A W can have bound
states lying in ( — o0, E,(0)).

If E lies inside a gap the series on the rhs of (2.10) gives
rise to a negative term in the expectation value of the BS
kernel with respect to ¢ due to the integrals related to the
bands on the left of the gap containing E. For simplicity, let
us only consider the case related to H, — AW.

For our specific purpose we can neglect the negative
term related to

W”z(HO—E): Wl/2
2N 2T |W1/2¢(9)><W1/2¢(9)| do
- fo E—E(9) 7

since it can only lower the eigenvalues of the positive opera-
tor

(2.11)

n=1

Wl/2(H0 —E) :L IWIIZ

similarly defined.

At this point we can start our analysis about the bound
states of H, — AW. First of all, we show the existence of
bound states of H, — AW in every sufficiently far gap of

(2.12)

U(Ho)-
Theorem 2.2: Let
d2 +
Hy= ——+ z S— 2m+ )n)

2
ax* .,

and W be a positive function belonging to L '(R). Then, for
any fixed A > 0, there exists a certain band of o(H,) such
that every gap on the right of that band contains eigenvalues
of H, =H,— AW.

Proof: First of all, we notice that the integral related to
the (2N¥N+1)st band in the expression of
W'2(H,— E) 7'W""? diverges when E~E,y, ,(0)_ on
the one-dimensional subspace { W '/2¢{% . | }.

Therefore the norm of W'*(H,—E);'W'? in-
creases without limit when E—~E,, _, ; (0) _.

Since this operator is compact and positive its greatest
eigenvalue is equal to the norm of the operator. If
A|WVY(Hy— N?) 5 '"W'?|| <1, there must be an Eg(N?,
E,n.1(0)) such that AW'2(H, — E)~'W "% =y, for
some ¥eL 2(R). Of course, a completely similar analysis can
be carried out when E€((N + 1) E,y. , (7)) for any
fixed N. Therefore we need to show that
|WYV(Hy— N?);'W'?||>0when N— + oo.

For any i we have
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(¢, Wl/2(Ho . NZ) :Llwl/Z,‘/})

_ . J<27|(W1/2¢’(19),¢)]2 dG
= o E,(0) —N?2 2r

n=2N+1
||W|l 113 [ (sin 2m/E,(0) )2]—’
2 2mJE,(0)

29
& 1
X —d@).
(n=§V+1 (0] E,, (9)—N2
(2.13)

At this point we must prove that the series on the rhs of
(2.13) goes to zero as N goes to infinity. First of all, let us
consider

© 2
S s
n=dim+nnJdo E () — N

The term with n = 2N + 1 will be considered later.

We can bound each integral in the series by replacing
E,(6) by means of E,, (0) if n =2k + 1or E,_, (m) if
n=2k.

Hence

(2.14)

s 1

(2.14)<27r( z

o (n+DERN+nr+1)

i 1
. 2.15
+"§::o (n+1)(2N+n+l)) ( )

Since for any fixed N

'* 5 3 } =
[(n 2)(2N+n+ ) n=0
and

1 }“’
{(n+ DRN+n+1)la=0
are /, sequences dominated by

[l
(n+2 o ¥

by means of the dominated convergence theorem we get that
the rhs of (2.15) goes to zero as N— .

In order to complete the proof of the theorem we only
need to prove that

1
Eni1(0) —N?

1
0 E2N+l(9)—NZ

do—-0 (2.16)

as N- w.
For any 0 < € < 7 we have

7[1 — (sin 27 VE,(0) /27 VE, (0) )]

1 1
d9+f dé
Jo E;n,1(0)—N? e Eyn,1(0) —N?

< € T—€
En1(0) — E,y,.(e) —

since E, . | (8) is an increasing function of € (see Ref. 12).
By applying Taylor’s theorem with remainder to (2.1)

near\/f=,/E2N+1(0) we get

1 .
cos 27\ E,n 1 (0) + —————sin 27/ E, 5, ; (0)
2\EN,1(0)

— [(217 + —:—1———)sin 217,/E2N+ .
2E‘2N+1
cos 27,/E2N+ l]
E2N+ 1

X(VEzn11(8) —Esn,1(0))=cos (2.18)
[withE,u, 1 €(E vy 1(0), E oy, 1 (8))], whichimplies that
forf0=c¢

\/E21v+1(€)

(2.17)

_\/E2N+1(0)
1—cose

271"+ W/\’EzN_{._] (0) -+ 1/E2N+ 1 (O)

>—1—(1 — COS €) 2.19)
41
for N large, since
c08 27 \[Eyn 1 (0) + [2E,n 1 (0)] !
Xsin 27 (E,y . (0) = L.
Thus we obtain
([E2N+ 1 (6) - E2N+ 1 (0)] + E2N+ 1 (0) - N2)~l
<([Eany1(0)/27] (1 — cos €)
+ [Eny 1 (0) = N2])7H, (2.20)
which implies
(7~ €)/[Eyn, 1 (€) —N?]-0 (2.21)

as N— o forany 0 < € < wsincelimy_ _ [E,y ., (0) — N?]
= 1/7 (see Ref. 12).
Therefore, for any 0 < € < 7, we have

1

lim 5 de
N-ewJo E,y,,(6) =N
<lim —— =7 (2.22)
New By 1 (0) =N
which gives (2.16). Q.E.D.

Asaconsequence of Theorem 2.2, we have the following
corollary.
Corollary 2.3: If

”W” [(lnf1<n<eo[an+l —b ])~1+22;° 0((’1+%)2)— ]
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[(b,,a, . ;) being the nth gap of 0(H,)] and with the same
assumptions of Theorem 2.2, H, — AW has eigenvalues in
every gap of o(H,) (the infis different from zero since there
are no connected bands and a,, , ; — b, converges to 7' as
follows from the analysis in Ref. 12).

Proof: From (2.13) and (2.15) we get

AW 2 (Hy— N S W

< 17, [1 __(sin 2#I—E2N+.<0))2] B
77 2r \}EzN +1(0)

x[ 423

E2N+1(0)_ n=0

1
— |, 24)
(n +5)2]

which is less than one for any N since A satisfies (2.23). By
means of similar estimates we obtain the same result for the
gaps of the type (N — 1)?, E, (7)). QE.D.

Of course, completely similar results hold in the case of
H, + AW. At this point we are going to investigate the be-
havior of the eigenvalues of H, + AW occurring in the gaps

Hi. COUPLING CONSTANT THRESHOLD BEHAVIOR
FOR Hp—AWAT A=0

In this section we are going to show that in the case of a
non-negative potential W having an exponential falloff
E,n. 1 (4), the smallest eigenvalue of H, — AW inside the
spectral gap (E,5 (0), E, 5, ; (0)), is an analytic function of
A at A = 0. First of all, we notice that

}li“é Eyy1(A) =Eyn,,(0),

AW~ H, as -0 in the norm resolvent sense [in
1%, E,n (1)), E 15 (A) clearly con-

since Hy —
the case of the gap ((V —
verges to E,y (m)].

In order to show the analyticity of E, ye1(A)atd=0
we shall follow the strategy used in Ref. 8 (p. 337) since we
know that E€{E,y (0), E,y,;(0)) is an eigenvalue of

— AW if and only if

det(I — AW'"*(H,— E)"'W'?) =0 (3.1)
First of all, the BS kernel can be expressed as follows:
WI/Z(HO _ E)—IW1/2

1
_M(1)+M(2)+ ( dB)
27 E2N+1(9)

of o(H,) for small values of the coupling constant 4. X | WSR2 3.2)
with
wip = [ BRI R W) R o .
o Eoy, 1(0) — o
and
27 W1/2 (0) W]/Z (0)
W 1O) W) dg o

M@= ¥ f .
ntdN4+1J0 E () —F 2

First of all, we notice that the operator-valued function M {’ is analyticat E = E, . ; (0). At this point we are going to show
the boundedness of M ;) o, under a suitable assumption on W.

Proposition 3.1: If wir 2eD(x?) then M ! £, .o is a bounded operator on L (= o, + ).

Proof: First of all, the integral expression M };;H .0y €an be written in a more convenient form by using the antiunitarity of

the operators H,(8) and H,(2m — 8), i.e.,

MO j |W'2 @R W R+ (W2 W R —2AW R W2 81| de
EZN“(O) E2N+ 1 (8) — 2N+ 1 (0) 2ﬂ'
(3.5)
which can also be written
zr”IW’”WS’}’H)(W”%&?HI + [ W' FHR L I WFSR | — IW”2¢§§§,’+1)(W”2¢£‘}J+1|ﬁ_ (3.6)
E,x . 1(8) —E;n,,(0) 2

At this point we want to show that the norm of the operator defined by (3.6) is finite. From the Kronig-Penney relation we

know that the function £, _, , (6)
Furthermore, E,y , , (6)
d’E,n . (6)

o lo=0>0

— E,n 41 (0) has only a zero at & = 0.
— E,n, 1 (0) goes to zero like 82 when 6 goes to zero since E , 5, | (0) is an even function and

as can be seen by computing the implicit function derivative by means of the Kronig—Penney relation.

Therefore 8 = 0 is a removable singularity for the function 8 ~?[E, . ; (6)

inf @

Be[0,7]
since the function has no zeros in [0,7].

_2[E2N+l €)) _E2N+1 0)]>0

1388 J. Math. Phys., Vol. 30, No. 6, June 1989
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— E,n . (0)] which implies also
(3.8)
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Consequently the operator norm of (3.6) is bounded by

2( inf 6 *[E,n, () —E2N+1(O)])

6e[0,7)

LW IRGE W RER |+ WD

X ITHR |~ IR, R 15 | 39

Since Repi%, ; and F$i%., , are real analytic functions of @ we have the following McLaurin expansions:

BB =[S | o6 (3.10)
de 6=9
for some 9&(0,8) and
02
RHRo 1 = P51 + dezmm*']g:e.T (3.11)

for some 6 *(0,d).
Therefore (3.9) becomes

2( inf 6_2[E2N+](9) _E2N+1(0)])‘

6e(0,7]

I
1 /

2(:w1f2¢;%u (W”[W N] B [dez
02

do
I R
4 do? o P de? Paner oooe |l 2

By using the explicit expression of ¢, given in Sec. I1, it is not difficult to show that there are two positive constants
4™, B ™ such that
I I

die_%‘ﬁ;?\l)_;. 1 (x) ‘ <A gN)|x| + B(IN)

d d
WIIZ[ (9) ] ><W1/2[ (2] ]
d0%¢2N+1 o—b d0%¢2N+1 0B

m¢§73+.] )(W”%?JH )
8=6*

+ !Wllz

(3.12)

for any real x and any 0€[0,7). Similarly we have

5R¢§j"v’+ L) |<A R £ BN x| 4 C W

d 9
for some positive constants 4 i, B{™, C ™.

These estimates together with our assumption on W /2 imply that the operator-valued integral inside the normin (3.12)
has norm bounded by

2 f [llW‘“(A L]+ BEB + W 200, WA L5+ Bl + €O,

”Wl/z(A (Mx2 4 BV|x| + C™ |2 ﬂ<w, (3.13)

which completes the proof of the proposition. Q.E.D.

Since M ¢’ and M {»’ are both boimded atE = E,y ., (0) it follows that, if E(A) is a solution of (3.1) with the BS kernel
givenby (3.2), [I - A(M &2, + M ), )] isinvertible for any A sufficiently small. Therefore, following Ref. 8, we only need
to study the equation

[t
det} I — — ——de || WP
< [ 27\Jo Eon, (0 —E | 2y

X(W' QD N[I—AMP +MP)]"']=0. (3.14)
Since for any rank 1 operator B we have det(1 + B) = 1 4 Tr(B), (3.14) becomes

1
NN N W P
Foni (0 (W 738+ 1

[I-AMEP +MP)] ' W2 )=0. (3.15)
At this point we state and prove the main theorem of this section.
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Theorem 3.2: Let H, be the Kronig-Penney Hamiltonian. If W>0and W !/2eD(e** ) forsome a > 0, then (a) E,, (1), the
smallest eigenvalue of H, — A Win the spectral gap (E, _, (0), E, (0))for nodd, (E, _ , (7), E, (i)) for n even, is analytic at
A=0and

E,(A)=E, -

’71* oo . 2
z(f W(x)[¢,,(x)]2dx)/12+0(/12), (3.16)
where
i {E,,(O), n=2k+1,
E, (m), n=2k,

n

. [m:(O), n=2k+1,
"=\ mr (), n=2k
3. ( )_[¢§,°’(x), n=2k+1,
n(X)= 6 (x), n=2k,

m? () being the effective mass; (b) A = 0 is a coupling constant threshold.
Proof: By setting E = E() = E, 5, , (0) — 5*, 7> 0 and multiplying both sides of Eq. (3.15) by 7 we get the equation

2
n— _/1_( f Ui 2 de)
2r\Jo [E v 1(0) —E v, (O] +7

X(W2Q0 [T =AM, + M) 7' W 2R, 1) =0.

(3.17)
Thus we must show the existence of the function 7 (A1) solution of Eq. (3.17) in a neighborhood of 4 = 0 and its analyticity at
A=0.

Inorder to achieve this result we shall use the implicit function theorem applied to Eq. (3.17). Therefore we have to prove
that F(7,4) given by the left-hand side of Eq. (3.17) is jointly analytic in % and 4 at {,4 ) = (0,0) and that F(7,4) satisfies
the conditions F(0,0) = 0, (dF /d7)+#0.

First of all, we notice that M £ | is an analytic function of 7 at 0 since

2 |, W 12602 do
1M(2) = J‘ - 2
(M gy ¥) nein+1J0  [E,(0) —E, N, ,(0)] +7° 27

(3.18)

is an analytic function of 7 at 7 = O for any ¢L *(R) which implies the analyticity of the operator-valued function M £ (see

Ref. 13 for the relation between analyticity in the weak operator topology and norm analyticity). Now we must show the
analyticity of the functions

27
( )=f 7 do
s o [E2N+1(9)—E2N+1(0)]+772

and

MO - 7 WGR V(WP | = (W20, (W 2R, 1| a6
E(m) — b

[E2N+1(0)—E2N+1(0)]+772 27
aty=0.
Let us begin by considering the first integral which can also be written as
v Ul do

2O+ 21
with

32(9) =E2N+1(9) “E2N+1(0) = i 521921-

=1

Furthermore
i __”—ff_=_L[f” ——-—1——d0- i ___L.__de], (3.19)
8O+ 27 Arl)_-g(0) +in -~ 8(0) —in

First of all, we note that g(8) is real analytic and has an analytic extension to a complex neighborhood of ( — 7,7).
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If 7 > O the singularity of 1/[g(8) + i7] islocated in the
lower half-plane as can be seen by noticing that the leading
term of the MacLaurin expansion of g(8) is given by 3 ;20
with 8 /25 0 and therefore the solution of g(8) = — i lies
on the negative imaginary semiaxis.

Thus we can choose the path of integration shown below

A

and we have
j -————1——_—d0
—-8(0) +in
- 1 1
= — - df +f —_—
-x £(0) +in r: 8(0) +in
i 1
+f —————dé (3.20)
e g(0) +in

of course we must choose the opposite path for the other
integral

f _1._,19
-=g(0) — iy

[ L1 e +f — L

- g(6) —in r¢ g(6) —in

+ f _1 (3.21)
e 8(0)+in

Thus for any € > 0 we can find a suitable complex neighbor-
hood of the origin in which both integrals on the left-hand
sides of (3.20) and (3.21) are analytic functions of 7 since
the integrands on the respective right-hand sides have no
singularities along the path of integration. Therefore the
function f (%) is analytic at n = 0.

Furthermore, we obtain

T 2 — 12

lim _m 49 _ (2&”2&) . (3.22)
7-0J)_n 8(0) +7° 27 dé

By adopting a notation widely used in solid-state physics we
can write the right-hand side of (3.22) as

(m;N_f. 1 0)/2) 12 ’
m¥y . . (0) being the so-called effective mass evaluated at
the left boundary of the (2N + 1)st band.

Now we must show the analyticity of the operator func-

tion M ) at the origin which is equivalent to showing that
the function

6=0

(¢,M§El()17) ¢)
=r” (W20, DI = 1240, D do
0

[E2N+1(9)—E2N+1(0)]+172 27
(3.23)
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is analytic at 77 = O for any yeL *(R). Let us show that the
function
p(0) = |(BW' 2% D2 — (W20 )|

can be analytically extended to a complex neighborhood of
the origin. As follows from our analysis of Sec. II, the gener-
alized eigenfunctions of our Hamiltonian are given by the
Bloch functions

O(x) =A42e™[cos\[E, (0) (x — 2mm)
—((1 —€?)/(1 + €))cot JE, ()
XsinE, (0) (x —2mm) ],

for xe[ (2m — 1)m, (2m + 1) 7] and for any m.

Since the eigenfunctions (3.24) are real-analytic func-
tions of & it follows that

(3.24)

P(O) = |W' 2 W' 252

is a real-analytic rank-one operator-valued function due to
the fact that W'/2¢{9), | is a real-analytic L?(R)-valued
function. From (3.24) we have for € in a small neighbor-
hood of O

|¢§10;1)+1 (x)|<2elwaz~+|(0)|ﬂ'e‘5'9|I'"i (3.25)

for any xe[ (2m — 1)m, 2m + 1) 7).
We notice that for any |m|>2, ¢3! is bounded by
e/ D301 Ixl
Therefore if |6 | < 3a it follows from our assumption
on W that W'/2¢{%), €L *(R), which is equivalent to say-
ing that in any neighborhood of 0 satisfying |§€ | < 3a, P(0)
defined as above is an analytic rank 1 operator-valued func-
tion which implies that p(&) has an analytic extension to a
complex neighborhood of the origin. This fact allows us to
use a procedure similar to the one used for the function f (7)
in order to show that the function (#,M 1, ,¥) can be ana-
lytically extended to a complex neighborhood of 7 = 0.
By going back to Eq. (3.17) we obtain that the left-hand
side is jointly analytic in 5 and A.
Furthermore we get
F(W’A)L]:A:O = O’
OF 1 (3.26)
amlaizo .
Thus we are allowed to apply the implicit function theorem
in order to obtain the existence of the function 7(A4) solution
of (3.17) in a complex neighborhood of 0 and its analyticity
atA=0.
By computing the first term in the Taylor expansion of
7(A) around 4 = 0 we get
N(A) = (miy 1 (0)/2) 2| W22, (54 +0(A) ,
(3.27)
which implies
7°(A) = (miy 1 (0)/2)]] W1/2¢§(1)v)+ 1134 +o(4?)
(3.28)
and
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Epnii(A) =By, (0) _ﬁz%-li(—)_)—
e 2
X(j 'W(x)|[¢§%+1(x)]2dx),{2

+ 0o(A?).

In the case of a gap of the type ((V — 1)?, E, (7)) we have
the analogous formula given in the statement of the theor-
em. Q.E.D.

Remark: A similar result can be shown in the case of a
piecewise continuous periodic potential since also in that
case the Bloch eigenfunctions can be analytically continued
in a neighborhood of 8 = 0, if W has an exponential decay
and similar formulas can be found for the bound states oc-
curring in the gaps of the spectrum.
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